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Abstract. The paper presents formulations and mathematically justified solutions of nonlinear and
linearized models of the «filtration-consolidation» type in heterogeneous multicomponent media saturated with
nanoporous particle filtrate, described by boundary value problems for systems of integro-differential equations
of the second order. Proposed formulations consider equilibrium mechanisms, the system of multi-interface
interactions, and a two-level transport system micro- and nanopores of particles and interparticle space.

The direct and conjugate problems of parametric identification has been defined, the solutions were
substantiated and obtained, and analytical expressions of the gradients of functionals were obtained to restore the
studied identification parameters.
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1. INTRODUCTION

Mass transfer of the «filtration-consolidation» type in the medium of filtrate-saturated
particles of a microporous structure (solid-liquid filtration-consolidation) is critical
technological operation in the processes of liquids extraction from various biological materials
and food, chemical industry, pharmacology and other industries. The structure of moisture-rich
micro- and nanoporous media is a branched system of moisture-saturated particles, cells,
intercellular cavities, micro- and nanopores through which mass transfer is carried out [1, 2].

Mass transfer of the «filtration-consolidationy type is based on the provisions of the
theory of filtration consolidation of porous media [3—6]. At the same time, in the classical
theory, which is valid for incompressible media, the skeletons of the porous mass are mainly
considered to be linearly deformable or deformable in separate (so-called fine-grained) zones
of defined gradients. This assumptions do not justify themselves for medias of microporous
particles saturated with leachate that are subject to compression.

A factor that needs to be highlighted is that during such transport in a preformed layer of
thin saturated particles of a compressible microporous structure, internal and external pressure
gradients respectively arise in the particles and in the interparticle space causing leachate outflows
from the layer (skeleton) and particles. At the same time, the internal flows of the filtrate directed
from the middle of the micropores of the particles to particle surfaces. After that, intermediate flows
directed from the outer surfaces of the particles into the macropores of the interparticle space.
Macropores of the intraparticle space has external outflows of filtrate to the outside of the layer.
Such a phenomenological model in a linear formulation is considered in [7].

We consider a mathematical model of two-level transport «filtration-consolidationy in the
system «interparticle space — microporous particles» in nonlinear and linear settings in a
heterogeneous multicomponent medium, which takes into account, along with the flow of filtrate
in the skeleton, internal flows of filtrate from particles at the micro level. Additionally, model
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consider the influence of the transit flow of liquid between micropores intraparticle spaces and
macropores interparticle spaces. This model based on the relevant mass balance equations in the
intraparticle space, including the intra- and intercellular space, and the interparticle space.
According to this model, the flow of liquid from micro- and nanopores intraparticle spaces is
considered to be insignificant compared to the flow from particles to the outside - into interparticle
macropores and the flow of extraparticle spaces to the outside of the layer of the filtration medium.
In addition, the considered model includes the assumption of pseudo static flow between
intraparticle spaces and interparticle spaces, that is, the flow intensity from the middle of the particle
to the outside is directly proportional to the pressure difference inside and outside the particle.

2. MATHEMATICAL MODEL

A mathematical model of two-level transport «filtration-consolidation» in the system
«interparticle space — microporous particles» defined for a heterogeneous nanoporous medium
that consists of a limited number (n) layers. Such of thin nanoporous layers are perpendicular
to the direction of transport (Fig. 1). The model takes into account the interaction of the system
of multi-interface interactions, caused by the interface conditions between heterogeneous
nanoporous layers of the medium, along with the «particle-media» interaction. Additionally to
the two spaces mentioned before like intraparticle space (space of micropores of particles) and
interparticle spaces (the space of macropores), here took into account the segment spaces (the
space of a separate segment of a heterogeneous environment). Mass transfer in a separate
segment is considered in the system of interaction of all other elements of the system.

In the nonlinear formulation of the model, the system of consolidation equations for the

n+l

heterogeneous region D ={(t,x,2):t >0, 0<r<R, ze U(IH,Ik);Os I, <l... = I} will have the

i=1

form [8]:
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Here: G,,—r ;i=12; k=1,n+1 represents the compressibility modules and
k ﬂkrik k
filtration coefficients for the interparticle space and the micropores space of particles for the
k-th layer of the medium.
The initial conditions:

P, (1.2),=Pg (2), P, (L.X%2)_, = Pes, (X.2) 3)

boundary conditions and a interface conditions between segments of a heterogeneous medium)
by the variable z

Py, (:2)],., = P, ) Zp, (12,0
5 Z @)
=P (t,R,z)=0; p, (tx2) . =p (t.2).
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Py (L) Py, (LD)] =0
(5)

é? . —
E[plk(t,z)—gk p1k+1(t,z)L:§k ~0;k=1,n

The linearization scheme based on [9] is used to linearize the consolidation equations
of the model (1)—(5).
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Figure 1. Mass transfer in a two-level pore system for a heterogeneous medium

The direct problem formulation. Let us consider the linearized model of «filtration-
consolidationy transport in a heterogeneous media of moisture-saturated microporous particles
as the system of boundary problems for partial differential equations: to build a solution of
consolidation equation for one layer of nanoporous medium in the domain

P, (t.2) b, 0 0 P, (t.2) _le(t,x,z)
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o Ra)|_afjo b, o[ RD)|| 10505y
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P, (t.2) b, 0 07 [P (tz)]
0| P,(tz)| 2] 0 b, 0 |9|PR,(tz) |,
ot . ez
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The initial conditions:
Plk (t’ Z)|t:o = PEK (Z); sz (t’ X, Z)|t=0 = PEZK (X’ Z) ! (7)

The boundary and interface conditions on z

oP
P, (t,2)|,.=0; =, =0 ®)

[Plk(t,z)—PlkJrl(t,z)]Z:Ik =0; kzl,_n.

P ’ )
E[Plk(t,z)—(kPlkJrl(t,z)L:Ik =0;
The boundary conditions on x
0P,
a_xk|x:0:0; P2k|x:R :P1k ('[,Z). (10)

Here Plk, sz — pressure distributions in interparticle spaces and intraparticle space for

k -th layer of heterogeneous dispersed medium; { = e

rk+1
Considering that the consolidation factors b1m : b2m problems (6)—(10) are unknown and

that solution traces for m-th segment are known (m=1,n+1):

-1 (t2)

, Py (62)

P, (t.2)

=g, (t.2), (12)

7m 7m 7m

R
P, (t,R/z,z)zéjpzm (t,r,z)rdr is average pressure in the particles concentrated in a location
0

r=R/2 for m-th layer of the heterogeneous medium, m=1,n+1.

According to [10], obtained on the basis of
The initial-boundary problem of filtration consolidation (6)—(10) are the similar to the problem
of successive thin filtration microporous layers of particles [10] with corresponding conditions:

- first n segments, k =1,n

P (tz) =Py R (t,z)‘lk =P, , k=Ln+1 (12)

Ik—l

- last n+1 segments

0
P(t2), =Ry R (62) =0, (13)
" Z |n+1
and consists in finding functions b, €D, b, €D in domain

D:{v(t,z): v, ec(@, ) v>0,m=Ln+1 }

mr
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The discrepancy function that determines the deviation of the desired solution from traces
of the solution obtained empirically on the surface of 7, [10]:

,* [P, (z.R/2.byb,) - 9|l

o) 9T (4

Lo (¥m)

3 (o)=L ([P (rozbub) - 1

||¢||i2(7m) - J¢2d7 ||(p|||—2(7m) B ‘(D(I, Z)‘

Vm

2=y

Analytical solution of the model. Let apply the finite integral Fourier transform [11]
to equation (6) with conditions (8). As the result we obtain

t _b 2 t—
P, (t.x,2)=P, z—e b, 7t cosnmx+;Z( 1)”“b2k77mje iy

R 7, m=0 0

)Plk (z,z)dzcosn, x> (15)

R

J' txz)dx_P(z) z—e b 7ot szzki

0 m=0//m m=0

j. —bzkﬂmt T) (z-yz)dz-. (16)

2m+1

where 3(X,77, ) =C0S7, X, 5 = 7, m=0,00 are spectral functions and spectral values of

integral transformation.
After that, applying the integral Laplace transform [12] to the problems (6)-(9) and
taking into account (15), (16) leads to

d*p, (s.2) fo2 57)=
L dZZ RZ mzoi+n2 ’
bZk "
’ 17)
z 1
== (1+:B2 5182 Z PEk(Z)
m=0 i+n2
Um[bzk mJ
* . dP
P, |2—0=0 ; —ntt | =0. (18)

dz

* * a * *
[Plk(s,z)—P1k+l(t,z)L:Ik =0; E[Plk(s,z)—g’kPlkH(s,z)L:Ik =0;k=1,n. (19)

And applying integral Fourier transform for an inhomogeneous medium [12] to the
problem (17)—(19) gives the equation

2 2 2 1 * 2 2 b21
Ay +s|1-fr— =2 25— || =|1-5 1—¥ X —F— || (20)
mzob—wm m=0,2| 3 4,2
2 b21
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In result of transformations

PLn(s) = Pe, ' (1)
{qub? \/Tlth/ } ,/ Reh bzR
1

In equations (21) back to originals [12] gives

sthTR
- 1 -1 1 -1 % ;

P ()=P L ~pL s 22
1n E, ) \/_\/E 2 ) \/g\/@ 5 S S ( )
s+in =By Lth be S+in =P Lth R ER'Ch QR

2 2 1 1

where * represents two functions convolution.
Finally, we get back to original, based on the Heaviside expansion theorem, [12, 14]

(23)

-2t

UL — e e

j=1

1&\/_1 1

nR \/71 cos’ VinR
F

= ILII =, = ’(x)
/bzl 2R

The transition to the original by variable z gives an expression for vector function
P, (t, Z) . This function describe the pressure distribution in the interparticle spaces [11, 13, 15]

|
n+l K

P, (tz)=) j H, (62, )P, ()¢, (24)

k=1 s

Where: [H H,kl (t,z, 5)] k,k; =1,n+1 are elements of influence function’s matrix. Such elements

defined by expression:

.. & i 2 egog A
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After substitution equation P, (t,z) in (15), we calculate components of the vector function

sz (t, X, z) . Such function define pressure distribution in micropores intraparticle spaces

—h, nt
PEk(z)e 2" |

~1)" cosn_x
B (LXx2)==2 ] nah () cosmax (25)

Rl +3 [ HY (t.2,8)P. (£)dE T

k=1 |k171

where: [H Qk (t,z, 5)] k,k; =1,n+1 are elements of the influence function’s matrix.
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3. NUMERICAL MODELING AND DISCUSSION

The numerical modeling based on the analytical solution of the described model (6)—(9)
was done with specialized high-performance computing software. We have modeled the
pressure distributions in the macropores of the interparticle space P,(t,z) and pressure
distributions in intraparticle space micropores P,(t,X,z) under different initial process
conditions. For the modeling process, the results of which are given below, the following
characteristics of the physical process were used: h=0.01, R=0.008, A, =0.05,
Gy ll, =210, G,/r,=110"°,4=10"°, «=0.0002, P, =1. Pressure distribution curves are
presented as functions of time and dimensionless geometric coordinates X =x/R and Z=z/h

Fig. 2 shows the pressure changes in macropores P, (t,Z) during process time t for

different coordinate of media layer Z. The pressure Pl(t, Z) decreases exponentially over time.
and in comparison with the linear model, clearly observable nonlinearities in the pressure
profile associated with the dependence of the ratio b, /b, of the consolidation coefficients on
the pressure for every layer.
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Figure 2. Pressure profile evolution in macropores at time for various locations
at a heterogeneous media Z=1.0 (yellow), Z=0.7 (orange),
Z=0.6 (green), Z=0.2 (cyan), Z=0.05 (blue)
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Figure 3. Pressure profile evolution in micropores at time for various position
of the particle in the medium: a) Z=1; b) Z=0.5; c) Z=0.05;
X=1 (yellow), X=0.8 (orange), X=0.6(green), X=0.4(cyan), X=0.05(blue)

Fig. 3 shows the profiles of pressure in micropores of intraparticle
spaces P,(t,X,Z) changes in time for various particle thickness coordinate X.

On the graph, curve Z=1 corresponds to the position of the particle on the
surface of the layer, Z =0.5 corresponds to the position of the particle in the
middle of the layer and Z =0 corresponds to the position right next to the
filtration membrane. As for the pressure in the interparticle space, we can observe
a general similarity with the linear models and well-defined non-linearity in the pressure
profile.
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The fig.4 shows the dependence of nonlinear consolidation coefficient on the pressure

b (P
value. The plots (b), (c) and (d) represents the dynamic changes in the ratio b_l[Fl] of

2 2
nonlinear consolidation coefficients in interparticle and intraparticle spaces over time for

various positions in a dispersed medium.
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Figure 4. Consolidation coefficients a) - Dependence of the nonlinear consolidation coefficient on the
pressure value, b), c), d) - Ratio of nonlinear consolidation coefficients in the interparticle and intraparticle
spaces b) Z=1, ¢) Z=0.5, d) Z =0.05, X=0.95 (blue), X=0.5(cyan), X=0.05 (green)

4. CONCLUSIONS

The formulations and solutions of a nonlinear «filtration-consolidation» type model are
proposed. The model described by mixed boundary problems for systems of integro-differential
equations of the second order in heterogeneous multilayered media of nanoporous particles, and
considers the mechanisms of equilibrium, the system of multi-interface interactions, the two-level
transfer of the system micro- and nanopores of particles (micro-level) and interparticle space
(macro-level). Such a model allows the study the parameters of filtration consolidation and
imprinting of media saturated with filtrate of nanoporous particles.

Moreover, the formulations of direct and conjugate problems for parametric
identification for heterogeneous «filtration-consolidation» systems give the opportunity for
substantiated and obtained, and analytical expressions of gradients of functionals and to restore
the studied identification parameters.
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BUCOKOE®EKTHBHI METOI! MOJEJIOBAHHS TA
JIEHTU®IKAILIT JBOPIBHEBOT'O ®LILTPAIIITHOTO
TPAHCHOPTY B HEOJHOPITHOMY CEPEJOBHUIIII
HAHOTIIOPUCTUX YACTUHOK

Muxaiino Ilerpuk; Amutpo Muxaauk; Bitaaiii Unk;
Bacuan KoBoammuu, Crenan banaoan; MuxkoJsa Bacuiis

TepHoninbcokull HAYIOHATLHUU MEeXHIYHUU YHigepcumem imeni leana 1lynros,

Tepuonins, Ykpaina

Pe3tome. Jlocnioaceno sucoxoeghekxmusni memoou mMooento8anus ma inoenmugixayii 08opieneso2o

Ginbmpayiiinoeo mpancnopmy 6 HeOOHOPIOHUX CepedosUAX HAHONOPUCTUX YACTHUHOK, NPU AKOMY 8 OKPEMO
834Amomy cermenmi maconeperoc po3eisiHymo 6 cucmemi 83aemoesniuesy ycix [HWUX elleMeHmI8 CUCMeMU.
intraparticle spaces — segment interparticle spaces — medium interparticle spaces. Jus yvo2o suxonano
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Qizuxo-mamemamuyny NOCMAHOBKY MA MAMEMAMUYHO OOIPYHMOBAHI PO38 A3KU HEeAIHIUHUX md
JIHEapu308anux mooenel muny «Qilbmpayisn-KoHCON0ayis» 6 HeOOHOPIOHUX 0a2amocKiA006Ux
cepedosuyax, HACUYEHUX @ilbmpamom HAHONOPUCIIUX HACMUHOK, WO ONUCAHI KpAtosUMU 3a0auamu
iHmeepo-oughepeHyiaibHux piGHAHL O0pPY2020 NOPsIOKY, SKI 6PAX08YIOMb MEXAHI3MU PIi6HO8AcU, CUCMeMU
bacamoinmepgeticnux 63aEmo0ill, 080PIBHEB020 NEPEHOCY K CUCIEMU MIKPO- MA HAHONOPUCMUX YACTNUHOK,
mak i Mmidcuacmunkogoeo npocmopy. Ilocmanoexy 6uxoHano 6 HeniHIUHIl Gopmi ma npoedeHo
JiHeapu3ayilo PIGHAHbL KOHCOAIOayii 3anponoHO8aHol MoOeli 3 3ACMOCY8AHHIM CXeM JdiHeapu3ayil.
Ananimuuni po3e’azxu mooeni a6aa0ms coboro QyHKyii muckie 6 interparticle spaces ma intraparticle spaces
ma noby008aHi i3 3acMoCcy8a8aAHHAM CKIHUEeHHUX IHmeIpatvHux nepemseopens @yp’e ma Jlanaaca i meopemu
npo poseunenns Iesicaiida. BukoHaHO NOCMAHOBKU NPAMUX [ CAPAXCEHUX 3A0ay NaApaMempuyHoi
idenmugpixayii  Onsa  cucmem muny «@pirbmpayisi-KkoHconrioayiiy 8 HeOOHOPIOHUX  cepedosuUax
MIKPpOROpUCMuUX 4aCmuHoK, 00TPYHMOBAHO MA OMPUMAHO iX po36 a3ku. IIposedeHo yuciose M0OOen08aHHA 3
BUKOPUCIMAHHAM B8UCOKONPOOYKMUBHO20 NPOSPAMHO20 3a0e3neyenHs, po3pobieH020 HA OCHO8I N0OYO008AHUX
PO36 A3KI6 MAMeMAMUYHOi MOOell ma NpsamMux i CApSAdCeHux 3aoay napamempuunoi i0denmugpixayii. B
pe3yabmami 3M00eab08aHO PO3NOOINU MUCKIE Y MAKPOROPAX MIJCHACMUHKOB020 Cepedosuula ma po3nooiiu
MUCKI8 Y MIKPONOPAX, A MAKONC OMPUMAHO 3ALEHCHOCII KOeiyicnmie KOHCONIOayii 6i0 4acy Ut NOLONCEHHS
6 cepedosuwyi ma OUHAMIYHI 3MIHU GIOHOWEHHS KOeIiyieHmie HeiHIIHOT KOHCOIOayil 6 MIJDCUACMUHKOBOMY
ma HYmpiuacmuHKOB8OMY NPOCMOPAX Y YACi O PI3HUX NON0XHCEHb ) OUCNepCHOMY cepedosuny. Ompumani
PO3NOOINU MUCKIE NPeOCMABIeHi K QYHKYIL uacy ma 6e3po3MipHUx eeomempudnux koopounam. Ompumani
pe3yabmamu Mo*Cymos Oymu GUKOPUCMAHI 011 00CTIONCeHHs napamempis ginbmpayitinoi konconidayii ma
8i0mMucKy cepedoguuy HacuueHux itompamom Hanonopucmux yacmurnok. Ompumari aHarimuyHi upasu
2paodienmis yHKYIOHANI8 MOJNHCHA 3acmoco8ysamu 014 i0eHmugbikayii napamempie 6HympiiHb0i KiHemuKu
00CNIOACYBAHUX NPOYECI8 MACONEP EHOC) .

Kniwowuosi cnoea: Osopisnesuii inompayiiHuii nepeHoc, HAHONOPUCMI YACMUHKU, [HMeSPAibHI
nepemeopenusi, onepayiunui memoo I esicaiioa, napamempuuuna idenmugpixayis.
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