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DEVELOPMENT OF SLIP LINE OF PLASTICITY LOCALIZATION
IN CONSTRUCTION MATERIALS
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Abstract. Uniaxial dynamic problem for a rod made with a material with yielding peak is formulated. The
model used for formulating the problem takes into account an experimental observation that during the process
of yielding a slow wave exists which divides a specimen into domains of elastic and plastic behavior. Process of
yielding is described assuming the yielding peak and softening behavior is connected to the process of dislocation
release. Discrepancies created during this process in the form of Liiders strips are described as shear lines
between structural layers (e.g. ferrite-pearlite boundary, interatomic lattice) under an applied loading in a state
of plastic yielding.
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1. INTRODUCTION

Experiments in [1, 2, 3, 4] show the process of localization of plastic deformation in solids
in a form of Liiders strips. In empirical data [5, 6] localized band is shown to progress along the
solid body at a constant rate V' . However this works do not discuss the velocity this process occurs
at. The solution [7] proposes analytical solution to the problem of plasticity localization, yet it is
applicable to certain type of materials with strain-softening behavior under stresses that exceed
elastic limit and require the segment of negative slope on the stress-strain curve.

Localized plasticity bands in soft steels are developed as the lines of internal slip between
structural layers (e.g. crystal lattice, pearlite-ferrite boundary). A number of properties such as
displacement discontinuity , and shear stresses at the edges plastic bands share with mode Il cracks
[8]. At the same time an ability to «heal» due to the reversible slip set the localized bands apart from
the cracks. Steady crack propagation problem in given in [9]. The solution describes mode I crack
and healing does not correspond to experimental observations in this case.

This work describes development of localization slip at a constant rate that continues
research done in [10, 11]. The model proposed assumes slip to occur at the tip of the line and
healing process at the end. The model exhibit properties typical for moving dislocations and
allows characterizing physical processes in them.

2. PROBLEM DESCRIPTION

For modeling of development of Liiders bands in soft steel that consists of ferrite with
inclusions of sustainably more solid pearlite slip 7 (7=yd, where 7 is shear strain, d is
characteristic size of domain under consideration) of two neighboring grains of pearlite and
ferrite under shear force T (T =zd , where ., is shear stress) is considered. Considering of elastic-
plastic model for the ferrite grain and brittle collapse for the pearlite grain dependency of shear
stress T Dbetween two grains from shear deformation y can be expressed in a form of relation

that generalize model of crack mode 1l in an elastic solid by Novozhilov [12]
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r=G(rlyc)exp(-r1yc)+no(L+ar/yc)[l-exp(-r/7c)], )

where y. is deformation for ultimate shear stress

7c =Gexp(-1)+ 7o (1+a)[1-exp(-1)]. (2)

The terms in (1) correspond to disruption of pearlite grain and elastic-plastic deformation of
ferrite respectively.

It follows from (1) that system of two grains may exist in three equilibrium states
denoted as 1, 2 and 3 on the stress-strain curve 7~y (Fig. 1). First state stands for an ascending

slope of the stress-strain curve 7~y ; second state stands for the descending slope and the third

state stands for hardening. Points 2, 3 are states of stable equilibrium, while 1 is unstable. A
pair of grains interacting according to a descending segment of the stress-strain curve 7~y

inevitably transits to hardening state at point 3. If all pair of grains of two contiguous layers
crossings a body transformed to such state, then the whole body passed to the state of ideal
plasticity. Thus, elastic body being in a state of stable elastic deformation, interaction defined
by the law of descending area of stress-strain curve 7~y may exist only locally. Hereupon it is

possible to describe similar areas as the lines of displacement discontinuity in solid body or slip
bands. All grains are in a state of stable interaction described by the law of ascending stress-
strain curve r~y around these lines, thus there is no displacement discontinuities

3. MODEL DESCRIPTION

During theoretical research of equilibrium deformations of elastic-plastic bodies it is
always possible to interpret a body as a continuous environment using the methods of the
plasticity theory. However, it is possible to take into account not only the forms of equilibrium,
when all grains interact according to the law of ascending (stable) stress-strain curve r~y but
also the forms with displacement discontinuities with interaction occurring according to the law
of descending stress-strain curve 7~y between its edges (Fig. 1). The form and dimensions of
these bands are unknown beforehand. They can be obtained from relations of elasticity theory

describing the edge of each displacement band for corresponding boundary conditions,
following from (1), at » > 5.
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Figure 1. Stress-strain curve 7 ~ ¥ according to equation (1)
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Approximations according to the following assumptions are proposed since strictly
formulating and solving of this non-linear problem impose certain inconveniences:

1) relation between stresses and strains on ascending (stable) segment (<, ), i.e. in
the volume where solidity remains, is the linear Hooke’s law;

2) the problem is treated as geometrically linear;

3) descending segment of the 7~y relation is approximated in the simplest way

T:z'CH(yl—y*),(y*:y—yc,;/*>0), 3

where H (X) is Heaviside step function.
Parameter ;, can be determined from the best approximation of stress-strain curve
T~y as y >y . Determine ,; from the condition

Tcnn=u (4)

demanding the area of an approximating curve (Fig. 1) to be zero in an interval ;. <y <y, .

This condition is equivalent to the requirement for the approximating dependency to give the
same value surface energy density. Accepted simplifications lead to linearization of all
equations of the problems and enable to get its approximate solution.

The model of slip bands formation described reminds of the model dislocation
motion, when the «quantum» of plastic slip is defined as the displacement of the dislocation
on distance equal to length of the Burgers vector b,. In the model it is accepted for
polycrystalline material that plastic deformation develops due to the plastic slips of separate
grains (crystallites) and the «quantum» of plastic strain is defined as a slip within the limits
of a pair of grains J.

Displacement discontinuity line is shown on Fig. 2. In spite of cracking processes the
edges do not diverge there, thus the displacement u not v is shown. Energy independent healing
on the tailing side is considered. Considering Coulomb friction and Barenblatt process domain
the linearity of the problem is well imposed.

_— = —>»  —» @ — | —>»  —»  —>»  —>»  —>

Tey = —T0 Ty = Tay(X)
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Figure 2. Yoffe problem for mode Il crack

Solution for propagating slip band is determined from the static solution multiplied by
the Yoffe function parameter Y, (,B) Parameter g is a ratio between slip band propagation
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velocity and elastic wave velocity in the material g=v /cp . It follows from the superposition
principle that the shear tress reaction 7, :rf(’y(x) on Y =0 is determined from the static

solution from the influence from shear stresses 7,y = r)?y (x) multiplied by Y), (ﬁ)
In follows from model on displacement jump surface

Ty =70. ®)

Since the equations remain the same, the solution in this case can be acquired
directly from the solutions of slip problem [9]. Thus the solutions presented in [9] change
to

X+:+ro for |X|>a (6)

o0
Tyy = (z'xy —70)

au+:(ri'§"0)Yn (F) [axX for [X|<a -
OX 2(1—k2)/1 a—X

71'(2';.((;/ —To)aY” (,B)
2(1— kz),u

A=

(8)

Here static solution [13,14] is multiplied by Yoffe function Y}, (ﬂ)

2\ p2 [ 2 p2
2k(1 k),B N -

R(A)

Yi (B)=

Model is suitable for the description of both plane strain and plane stress. Model type is
chosen by the parameter k, that is introduced as the ratio between the velocities of § and P
waves:

2 (1-2v)/2/(1-v) for plane strain 10
B (1-v)/2 for plane stress (10)
where R(/) is Rayleigh function
2
R(f) =43 1- 2k - 2 - (22 - ) =k*R(ap,a5) (11)

where a, and a, are dimensionless velocity parameters for S and P waves
ap fol—ﬂz. ap >0, (12)
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ag =\1- B2 /K%, ag>0. (13)
In this case
,Ll)/Lh/(Toa)Z)/L/}/'h/a
kp?\k? = p° (14)
2
2k3\j1—ﬂ2 \/kz _ 2 —(2k2 _ﬂz)

=7z(r;§, /7 —1)

It concludes from (6) that
Ki =2(75%y — 70 )N7a (15)

Introduction of Barenblatt model and Barenblatt process was made for the slow
propagation of mode Il crack [5]. The acquired results will be used further for dynamic pre-
Rayleigh case. Crack length (including the process domain) is denoted as 2a, and shear stress
atY =0:

g for —a<X<a-rp
Tyy —{ (16)

rgy(X) for a-rp<X<a

where rp is crack development domain length, z')(()y(X) is a value in case of smooth closing

1.8 |my(§)-olds
e

For dynamic pre-Rayleigh case usage of static solution [8, 9], that corresponds to neutral
healing energy (so that there is no process on the tailing) concludes

:Xx/Xz—az
a2

=r;§/ ((f)—ro (17)

Txy (f)dﬁf

J'_a ’a2_§2(x _5)

X

— (18)
XX - @ [Txy(f)_fo}dg_ﬂ_ Jinit s |X|>a
N Ty f
7Z'|X| a_rP\/aZ_é:Z(x_é:)
0
au+=\/a2—X2Y”(ﬂ)ja [Txy(ég)_foJ o [X|<a 19)
OX 27r(l—k2),u a-fp /az _52 (X -¢&)
for Y =0, and r, <<a slip on each crack side is
A~ Y () |a
2(1-k2)u V2 (20)
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Equality becomes strict on the limit I' /a—0 and then corresponds to (7), as T, is
Barenblatt adhesive module for mode Il crack

T” :\/gK“ :ﬂ(f;.(oy—fo)\/g (21)

Values 1, and K, during dynamic crack propagation depend on g and on the history

of the crack propagation
It follows from (21) that the length of slip band

28— T
" () (22)
xy
and slip on the crack edges
TitYu (8)
(23)

) 47r(1—k2)y(r;§, —To)

This equations depend on adhesive modulus T, , over-stress z,, -z, and the velocity.
During slow slip band propagation its length is determined unambiguously when T, and
7y — 7o are known. But in dynamic case even when the ratio between T, and the velocity is

unambiguous and known, the equations above do not lead to determination of the velocity.
Band length and accumulated slip cannot be determined from the dynamic solution from
the ratio of stable state only: the history of the loading and the stable state must be
introduced.

Energy dissipation on the leading edge is calculated in the same way as in
the case of slow crack growth, but full energy dissipation also include friction
energy along the whole slip band domain. Thus energy dissipation on the unity
length along the interface after the uni-axial slip impulse is moved through the
domain is

(24)

It should be denoted as the equation does not depend on r, . The approximation turn to
equality in the limit I' I'a— 0. It will be shown further that corresponding equation for energy
dissipation for pre-elastic wave crack velocity depends on r, /a and disappears at the limit
rp/a—0.

The simple result is acquired for the ratio Wy, between the energy dissipation in the slip
process domain (heading edge of the slip band) and full energy dissipation

Wpr :(T;(; —To)/Z‘O (25)
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In case of non-uniform material slip where weak interaction between band edges is
considered, healing modulus H,, should not be omitted. Changes for non-zero value H,, are

not drastic [15,16]. Thus the substitution T, = (T}, —H}; ) should be made in equations (20) and
(22), and substitutionTp? _)(Tﬁ_Hﬁ) in (23) and (24). However (25) remains the same.

Equation (21) should be replaced with

T =\/§Kn (26)

Ty —Hy :ﬂ(T;;—To)\/g (27)

The described approach and achieved solutions line allow describe for development of
localization slip lines in plasticity states of materials with yielding and strain-softening. The
results might be used to estimate stability and loss of structural stability for structures that use
this kind of materials.

4. CONCLUSIONS

1. Solution of the dynamic problem for a material with yielding peak was
determined. The model takes into account existence of a slow wave that divides material
into domains of elastic and plastic behavior. Estimates for the velocity of the slow wave are
noted.

2. Solutions for slip bands propagation in complex shift conditions are proposed. The
solution is built by solving a static problem and then transforming the resulting equations by
functions of the special kind that introduce time parameter into them.

3. The method under consideration can be applied to a variety of problems of
localization bands dynamics and problems of slip bands propagation under other external
conditions can be solved.
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PO3BUTOK JITHII IJIACTUYHOI JIOKAJIBAILUI
Y KOHCTPYKIIMHUX MATEPIAJIAX

Pacim J1a06iooB; Terssna XoaaneH

JHinposecvkuti nayionanonuu yuisepcumem imeni Onecs [ onuapa,
Jninpo, Ykpaina

Pesrome. Posensnymo ocobausocmi noeedinku KOHCMPYKYIHUX Mamepianie 3 MatloaH4YUKoM NIUHHOCI
6 ymosax niacmuunoi Oegpopmayii. 3 excnepumenmie 6i00Mo, W0 nepexio 6i0 NPYIHCHO2O CMAHY 00 CMAHY
NAACMUYHOCMI 8I00Y8AEMbCS 8 YCbOMY 00 °cmi 3paszka nocmynogo. Ilpu yvomy 6 mamepiani 6UHUKAIOMb 08I
obaacmi 3 piSHUMU MEXAHIYHUMU BIACMUBOCMAMU MA NEGHOIO 2PAHUYEI0 MIXHC HUMU, KA PO3NOBCIOONCYEMBCA 3
BU3HAYEHOI0 WBUOKICMIO. /15 MOOen08anHsa MAaKoi N0GEJIHKU CPOPMYIbOBAHO 3a0aty OUHAMIKU O MaAmepiany,
w0 Mae nik-3y6 na diazpami 00HOBICHO20 po3ma2y, ma noby0osawo ii po3e a3zok. lpuiinamo zinomesy npo 36 130K
no8ediHKU Mamepiany Ha NiKy-3y0i Ha ROYAMKY NAACMUYHOL meuii ma nodarbulo2o pisko2o NAOIHHS HANPYIHCEHb
i3 eusinbHeHHAM Ouciokayiu. Heoowopiowocmi, ski npu yvomy eunuxaromv y eueniadi cmye Jloodepca,
PO3210AIOMbCSL AK CMYSU 3CY8Y CMPYKMYPHUX Wapie (Hanpukiao, 3epen epumy ma nepaimy 0ns cmainet, abo
wapie KpucmaiiyHux Ipamox y 3a2aibHOMY 6UNAOKY) N0 GNAUBOM 308HIUHbLO20 HABAHMAICEHHS 6 CMAHI
nracmuunocmi. Ilosedinka cmyeu 3cysy npu naacmuunii depopmayii € nodibHow 00 po36uUMKy MpiWuHU, d
D038 130K NOCmMasneHoi 3a0aui mac ocobausocmi, nOOiOHI 00 NOBEOIHKU PYXOMUX MPIuH Y HEeOOHOPIOHUX
mamepianax, wo ONUCYEMbC MOOEILII0 ﬁogbqbe. Ax i pyxomi mpiwunu 6 mooeni Hvo¢qbe, cmyea noKanizayii
maxoxc mae nepedniil gponm, Oe 6i0Oysaemvbcs npoyec GIOPUSanHs, ma Qponm, oe 6i00ysacmvbcs npoyec
3aKpUmms («3a20€HHAY). [N CnpowjenHs MoOoeni 8UKOPUCMAHO O0COOIUBOCHI NOBEOiHKU CMY2 3CY8Y, W0 €
BIOMIHHUMU 8I0 npoyecie y mpiwunax. 30Kpema, npoyec «3a20€HHA» NiHii 3CY8y GIOPI3HAEMbCA 6i0 npoyecy
PO3PUBY MUM, WO eHeP2is NPU «3A20E€HHIY BUBIILHIOEMbCA, A He po3citoembes. OOHAK KiNbKiCmb UNPOMIHIO8AHOT
enepeii nabazamo meHwie enepeii po3cilo8ants Ha nepeonbomy poumi. Omoice, 3HAYEHHAM SUNPOMIHIOBAHOT
enepeii MOJICHA 3Hexmysamu, Mmool NPoYec «3A20EHHA) CMAE OOHO3HAYHO BU3HaYeHuUM. Ompumanuil po3e 130K
00360.15€ 3pOOUMU BUCHOBOK PO ICHYBAHHS NOGLILHOL XEUIL, WO 8UBHAYAE PYX (DPOHMY naacmuyHoi depopmayii,
ma oyinumu weuoKicmo yiei xeuni. 3anpononoganull nioxio 00360J5€ ONUCYBAMU NOBEOIHKY KOHCMPYKYIUHUX
enemenmie pizHOi ¢hopmu, sKi 6U20MOGIeHI 3 Mamepianié 3 MAUOAHYUKOM NIUHHOCMI, MAd OYIHI8AMU IXHE
nooanvuie 3MiYHeHHA Ul NPOSHO3Y8AMU 8MPAMY CMIUKOCHI.

Knwuoei cnoea: nanpyscenns, oegopmayii, mexkywicmv, HIACMUYHICMb, JOKALI3AYI, CMyeU 3CY8Y,
sadaua Hopge.
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