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IlepeamoBa

Cepen TexHIYHUX HayK 1H(QOpMaIliiiHi TEXHOJIOT1I Ta eJEKTPOHIKA Y 3HAYHIN
MIpi BUKOPHCTOBYIOTh MaTeMaTuky. JliiiCHO, (KO NOTJISHYTH Ha MpoTrpaMu
HaBYaHHs cTyneHTiB B yHiBepcutTeTax CIIIA Ta €Bpocoiosy, TO JIETKO BHUSBHTH,
10 MaTeMaTH4HI JUCUUIUIIHK 3aiiMaloTh B HUX 3Ha4yHe Micue. B ocTaHHl poku
0COOJIMBY BaXXJIMBICTh MPUI0ATH Ti PO3IIIN MAaTEMATHKH, SIKI MAlOTh BiTHOIICHHS
0 Taly3l 3HaHb 1HGQOPMATHKKA Ta OOYHCIIOBAILHOI TexXHIKH. bazow s
BUKJIQJIAaHHS UWX JUCHUIUIIH TOpAN 3 KIACHYHUMHU METOJIaMHU  aHajizy
HEMEepPEepPBHUX (PI3UYHUX MOJIENIeH, M0 CTAaHOBIATH Y CBId 4Yac CTaHOBWIU
OCHOBHMM TIpeIMET KOMIT'IOTEpHOI HayKd, CTalld aireOpaiudi, JIOT14HI 1
KOMOIHATOPHI METOJIU JOCIIPKEHHSI PI3HUX MOJIEIEeH TUCKPETHOT MaTEMAaTHUKH.

[Ipote, B cepeaniil KO Ta BUIIMX HABYAIBHUX 3aKjIa/laX UM MPEAMETaM
HE MPUIUISETbCS JOCTaTHbOI yBarn. TomMy OCOOJMBO BaXKJIMBOTO 3HAYEHHS
Ha0yBalOTh CIELiaIbHI KYpCH, MOB’A3aH1 3 TPO(ECiiTHOI OpIEHTALIEI0 CTYEHTA.
[{s kHura Oyna 3agyMaHa caMme SIK CHEUIaIbHUA Kypc 3 Teopii JUCKPETHHX
CTPYKTYp Ji1 CTYAEHTIB MEpPUIOr0 Ta TPEThbOro KypCiB, IO HABYAIOThCS Ha
HampsiMoM  “lHkeHepis mnporpaMHoOro 3a0e3mnedeHHs’”. JlaHa KHUTra 3HAYHO
PO3IIMPIOE MOXKJIMBICTH BHOOPY MatTepially i YUTaHHS a00 BUKJIQJaHHS 3
ypaxyBaHHSM MONEPEAHBOI MIATOTOBKH 1 IHTEPECIB TIET UM 1HILOT Ay TUTOPII.

Kuura npusHayeHa siKk JUisi CTYyJEHTIB MOYATKOBUX KYpPCIB, SIKI BUBYAIOThH
OCHOBM BHIIOI MATeMaTHKW, TaK 1 Ui CTYAEHTIB CTapIIMX KypcCiB, IO
MPUCTYNAIOTh JO CaMOCTIMHMX JOCIIPKeHb. Marepiadl KHUTH 1 CHoci0 Horo
BUKJIQJy MIOMpaINcs TaKUM YUHOM, 1100 ii MOkHA OyJI0 BUKOPHCTOBYBATH 1 SIK
MIIPYYHUK, 1 SK CHCMIaTbHUM MOCIOHUK. 3 JTOJATKOBUMH MUTAHHSIMH, SIK1 JIHIIE
YaCTKOBO TOPYIIEHI B KHU31, MOYKHA O3HAHOMHUTHCS , CKOPUCTABIINCH BKa3aHUMU

B KHU31 JDKEepelIaMH.
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PO3JILII 1. AJITEBPAIYHI CTPYKTYPH

1.1. MeTrox MmaTeMaTHU4YHOI iHIYKIIi

PosrasiHemMo nBa migxond A0 3a/laHHS MHOXHUHU HaTypalbHUX YHUCEN.
[Nepuumit miaxig — KOHCTPYKTUBHUN — TO3BOJISIE TIPEICTABISATH HATYPAIbHI YHCIIA Y
BUTJISAI OO €KTIB, IMOOYJOBaHUX 13 TMycTOi MHOXUHM. J[lpyru#i maxig -—
aKCcloOMaTHUYHUH. 3T1IHO BOTO MIAXOAY HATypaJbHI YHCIa YTBOPIOIOTH MHOXHUHY,
sKa 3aJJ0BOJILHAE JCIKOMY HaOOpy akcioM (BJIAaCTHUBOCTEH), 1 IPH IbOMY MPUPO.IA
€JIEMEHTIB MHOXKHHH HE € BaXXJIMBOIO. TaKuM YMHOM, 3 OJIHOT CTOPOHU, BKa3y€ThCS
MHO>XHMHA HAaTypaJbHUX YHCEJ, a 3 1HIIOI CTOPOHU — BCl BaXUIMBI (BU3HAYaIOUl)
BJIACTUBOCTI I1€1 MHOKUHH.

Jiis BusnadeHocti BizbMeMo: 0= ;1< {0}=J; 2<{0, } ={I, {J}},
..., n={0,1,...,n—1}... MuoxuHu, gxi mo3Hayarotecs sk 0,1, 2,..., Ha3UBAIOTHCSA
HaTypadbHUMU 4YHcliaMu. OO’€IHYIOYM Il MHOXKHUHHM, OTPUMAEMO MHOXKUHY
Hatypainbhaux uncen {0, 1, 2,..., n,...}, sxy no3Haunmo N .

Taxkum yrHOM, MOkHa 3amucatu, mo skmo A={0,1,..,n-1}, B=2={0, 1},
to 2"=B"={f|f:n—{0,1}}. lle nosHayeHHs Y3rOMKycTbCA 3 TUM, IO Y
MHOkuHI B* micturhes 2" dynkuii. [lificHo, ockinbku ¢ynkuis f Ha aprymenri
I €N MoO’Ke MPUMAaTH OJIHE 3 IBOX 3HaYeHb 0 4ym 1 1 KUIBKICTh TaKMX CJICMCHTIB | €
PIBHOIO N, TO BCHOTO MICTUTBCS 2-2-...-2=2" pi3HUX QYHKIIIH.

Amnarnoriuno maemo, 1o 2° ={f | f :@ —>{0, 1}} - MHOXUHa, fiKa CKIaTAETHCS
3 YCiX MOKJIMBUX TMOCTIJOBHOCTEH HYJIIB Ta OJUHUIIb.

Sk yxe BIAMIYANIOCh, IPYTUd MiAXIJ 10 BU3HAUYCHHS] MHOXXUHU HATypalbHUX
qyuces € akCcioMaTUYHUM. B mojaneiioMy po3risitHeMo akcioMatuky Jleaekinaa-
[Teano.

Hexaii maemo nesky MHoxuHy N, B sKkiii BUOpaHO eJNeMEHT, SKUU
no3Havaetbcss 0, 1 QyHKUisg, ska AOBUIbHOMY eineMeHTy Ne N craBuTh y
BinnoBifHicTh eneMeHT N' € N, AKkuil HA3MBAETLCA HE3NOCEPEOHBO HACHYNHUM

(enement N’ Bimirpae ponb umciaa N+1). TakuM YMHOM, 3a JOHOMOIOK0 (PyHKII



n—n' Moxna onHosHauyHo 3Haiitm exementn 0',0”,0” i 1.1 (ememenr O™

Bifirpae ponb unciaa N). MuoxkuHa N Ha3MBAa€TbCd MHOKMHOIO HATypajJbHUX

yucel, Skio cucreMa N = <N, 0, ' > 3aI0BOJIbHSAE TAKUM aKC1IOMaM:

1) 1714 Oyab-axkoro M = 0 3HaigeTsess Homep Ne N Takwuit, mo N’ =m;
2)  nnaOyae-axkux M, ne N, gkmo m' =n', To m=n;
3) n' #0 gns Oyas-saxoro ne N ;
4) (akcioma MaTeMaTW4yHOi I1HAYKIII) 1 Oyab-skoi BmacTuBoCcTI P
(ynitapHoro BifgHomeHHS Ha MHOXHHI N ), sikimio P BuUKOHyeThcs Ha eneMeHTi 0
(to6Tto Mmae BiactuBicTh P), 1 mma Oyab-sskoro NeN 3 BHKOHYBAaHOCTI
BIIACTUBOCTI P I eleMeHTa N BUILIMBAc BUKOHYBaHICTh P 1y enemenra N, To
BJIACTUBICTh P BUKOHYETHCS 1Jisi Oyib-Kkoro eneMenta Th e N .

OcTaHHsl akcioMa € HalOLIbII 3MICTOBHOIO, BOHAa CHMBOJIYHO 3aIlUCYETHCS

HaCTYITHUM YHHOM!

vP((P(0), vn(P(n) = P(n")) = VnP(n))), (1.1.1)
a TAKOXK:
P(0), vn(P(n) = P(n+1))
vn P(n)
abo

0OeP,Vn(heP=(n+1)eP)
P=N '

3Ha4YMTh, TBEPKCHHA ‘g Oyab-skoro Ne N BukoHyerbes P(n)”
BBaXKA€THCS JOBEACHUM, SIKIIIO BCTAHOBJICHUMHU € Oazuc indykuii (noseneno P(0))
Ta KpokK inoykyii (oBeieHo, o 11 Oyab-skoro Ne N crnpaemiuBuM € P(n+1)
B MPHIMYIIEHHI, 110 BHKOHYeThcst P(N)). B 1poMy 1 mossdrae mpUHIIMIT
MaTeMaTUYHOI 1HTYKIIi.

[Ipuniun  MaTreMaTWyHOl 1HAYKINI JO3BOJSIE  3aMaBaTu  {HOYKUIUHI

8u3HaAueHHA, TOOTO BU3HAUCHHS MOHATH P(N) I1s BCIX HaTypajIbHHUX YuCel N, sKi

OYyIyIOThCS 3T1JIHO TaKOi CXEMHU:

1) 3agaerses 3HaveHus P(0),



2) 3aJIa€ThCS TPABWIO OTpHMaHHS 3HaueHHs P(N+1) 3a guciom N i
3HaueHHsIM P(n).

Busnaunmo 3a iHgyKiiero omneparii gogaBanHs a+b 1 MHOkeHHs a-b Ha
MHOXKMHI HaTypalbHuUX uyHcel. BizsbmMemo a+0=a (6asuc inaykuii). Axmro
BioMo 3HaueHHa a+N, To a+n'=(a+n) (kpox iHAyKUii). AHagOriuHO
a-0=0. SIkmo 3agano a-n,To a-n’ =(a-n)+a.

BukopucToByoUn omneparito JoJaBaHHs, KOXKHA BUBECTH BiTHOIICHHS < Ha
MHOXHHI HATypalbHUX uncer: a<b <« 3c (a+c=Db).

Busnaunmo 3a  iHgykmiero  ¢yHkmiro  nl (N - daxTopian):
0=1L (n+1)!=nk(n+1).

IHoai BoaeThcst BcTaHOBUTH TiTbkM BukoHaHHS P(K) mist mestkoro k>0 i
BiractuBicte P(N) = P(n+1) s Bcix n>k. Tomi, 3rigHO NPHHIUITY

MaTEeMaTHYHOI IHAYKI[iT BJaCTHBICTh P BHKOHYETHCS IS BCIX N>K !

P(k), vn>k (P(n) = P(n+1))
vn>k P(n) '

(1.1.2)

[HIIOFO €KBIBAJIEHTHOIO (POPMOIO MPHUHIMIY MATEeMaTHUYHOI IHIYKLII €
MIPUHIIAIT ITOBHOT 1HAYKITIT:
Akmo i Oynb-skoro Ne N 3 npunymeHas, mo P(K) e npaBuibHEM s
JOBUIBHOTO HaTypanbHoro K <n, umuBae, mo P(K) € BipHuM Takox 1 mpu

k=n, o P(n) BUKOHY€ETHCSA 1 1715 OY/1b-SIKOTO HATYPAIBLHOTO N

vn((vk <n P(k))= P(n))
vn P(n) '

(1.1.3)

[{s hopma BUKOPUCTOBYETHCA B TOMY BUNAJKY, SKIIO ISl TOBECHHS BUKOHAHHS
BiactuBocTi P(N+1) HEoOXiTHO BHMKOPUCTOBYBATH BHKOHYBAHICTh BJIACTHUBOCTI
P He TUIbKH U1 eeMeHTa N, ajie 1 Ha MoNepeaHIX eJIeMEHTaxX.

IMpuxnan 1. lopectr MeTo10M MaTeMaTHYHOT 1HAYKIIIT, 110 9" — 2" nimuThes Ha 7

JUTSL TOBUTBHOTO HATYpPaJbHOTO N .



JloBenennst
Teepmxenns P(n) mossrae B tomy, mo 9" —2" ninutbes Ha 7.
[epeBipuMo 0a3y iHaykiii, To0TO BctaHoBuMO TBepkeHHS P(0), sike moisrae B
Tomy, o 9° —2° =1-1=0, o4eBUIHO, AIIUTHCS HA 7.
[Ipunyctumo, mo ictuanum € teepmikenns P(K), To6ro 9 —2° minuthes Ha 7.
[TepeBipumo icTuHHICTD TBepKeHHS P(K +1):
9t 21 =9.9-2.2"=7.9+2.9 -2.2 =7.9" + 2. (9" - 2).
[lepunii 10@HOK, OYEBUIHO, IUIATHCS HAa 7, a JAPYruil JIUIMThCS Ha 7 3a
OPUMYIIEHHAM 1HAYKIii. TakuM YWHOM, 3T1IHO 13 MPUHIMIIOM MAaTeMaTHYHOl
IHAYKI[T TBEPAKECHHSI € TOBEACHUM.
Hpuxnan 2. JloBecth  MeTOAOM  MaTreMaTHU4HOI  IHJYKLII, 10
1+3+...+(2n-1)=n?,

JloBenennst
Hexali tBepmxenns P(n) momsarae B Tomy, mo piBHicts 1+3+...+(2n—-1)=n?
BUKOHYEThCSA JUIS 3amaHoro N. HeoOximHo moBecTH, mo TBepukeHHS P(N) €
ICTUHHUM JUIA BCiX N>1.
s n=1 maemo, mo 1=1%, mo € npaBuIEHUM.
Hexait P(K) € ictuaaum s gesxoro K, 1o6To 1+3+...+(2k —1) = k>,
JoBenemMo ictuHHicTh TBepKeHHS P(K +1) :
1+..+(2k-D+(2k+1) =1+3+..+(2k-1D))+(2k +1) =k* + 2k +1=
=(k +1)°.
Takum yuHoM, 3 ictuHHOCTI P(K) BummBae ictuHHiCTh TBepkenHs P(K +1), a
3HAYUTh, 3T1THO MPUHLUITY MATEMATUYHOI IHAYKIIIT TOTOXXHICTh € TOBEAEHOIO.
Ipuxknax 3. JJoBectu METOAOM MaTEMAaTUYHOI 1HIAYKII, IO JJs1 OYIb-SIKOTO
HaTypaJbHOTO N BUKOHYETHCS HepiBHicTh 3" > NP,

JloBeneHHs1

[Tepesipumo 6a3y imaykuii: 3° > 0%, ockinbku 1> 0.



Hexaii HepiBHicTH BUKOHyeThca npu Nn=k, To6T0 3*>k’. Maemo:
3** =3.3“>3k?, srigHo iHAYKTUBHOI Timore3n. Jlus 3aBepIIECHHS JOBEICHHS
tpeba nmosectH, mo 3k’ >(k+1)?, Tak SK B I[bOMY BHIIQAKy OTPUMAEMO, IO
3' > (k +1)*. Po3p’sxemo HepiBHicTh 3K > (K +1)%:

3k? >k?*+2k+1; 2k* —2k —1>1.
1&} {1+J§ j
U oo |.

3HauuTh, K €| — 0,
2 2

Ockinpku <2, orpumaemo 3K* > (K +1)* mna k > 2. Ipore gina k =0; 1 ns

HEPIiBHICTh He BUKOHYEThCA. ToMy MH He 3MOkeMO goBecT, mo 3 > (kK +1)* s
X 3HAaYeHb K 1 [N HUX TPUHACTHCS TEPEBIPUTH BUKOHAHHS HEPIBHOCTI
Oe3nocepeIHbO:.

3' >1%, ockinpku 3>1,

3% >2% tak sk 9> 4.

Cnucoxk pekoMeHJ0BaHUX 10 PO3B’A3YBaHHS 3a/1a4.

1. JloBecTr METOJIOM MaTeMaTHIHOT 1HYKIIIT TOTOXHOCTI.

a)l-14+2-2+...+n-nl=(n+1)H1,;

n(n+1)(n+5)
3 ;

B) 1.042-145-2M+...+ (n* +1) - nl=n(n + 1) 4+1;

0) 0-3+1-4+...+n(n+3)=

r1-3+3-3+..+(2n+1)-3"=n-3"" +1;
n(n+1)(2n+1)
6 )

23—1.33—1. .n?’—l_g 1+ 1
2°+1 3+1 " n*+1 30 n(n+1))

m) 1 +2°+..+n*=

e)

2. JloBeCTH METOJIOM MaTEMaTUYHOI 1HTYKIII1 TBEPIKEHHS:
a) N’ —n pinuThes Ha 6;

0) 12" —5" ginuthes Ha 7,



B) 8" +1 ninuThes Ha 9;

r) 2" + 9" ninnteed Ha 11;

n) 7" —6n—1 mimuThes Ha 9.

3. loBecTn MeTOIOM MaTEMaTUYHOI 1HTYKIIlT HEPIBHOCTI:
a) 2" >N st HaTypalbHUX N

0) 2" <n! st HaTypanbHUX N >4

B) 3" >n-2" nng HaTypaibHUX N

r) 3" >n-2"" g HaTypanbHUX N> 7 ;

2n)! 4
) —— IS HATypallbHUX N
(N> n+1
1 1 1
€) — +——+...+— = — JUIg HaTypaJibHuX N=>1;
) n+1 n+2 2n 2 A P

1 1
n) —+—+ _\/_I[J'ISIHaT allpHuX N>1.
N RN RN P

3. JoBectw, 1o uncio, ckiageHe 3 3" OaUHULb, JITATHCS Ha 3",
4. JloBecTH METOJAOM MaTE€MAaTHUYHOI 1HAYKIi, 110 YUCJIO €JIEMEHTIB B MHOXKHUHI

P(A) piBHe 2", e N - KUIbKICTh €JIEMEHTIB B MHOKHHI A.

5. IlepeipuBum crmispigHomenns C'+CrK=C" , mosectu ¢opmymy 6Ginoma

n+12

HproToHa MeTo10M MaTeMaTHYHOI 1HTYKITII.



1.2. BiaacTuBocTi HiJINX YK CeT

BrniopsinkoBaHiCTh.

[loznaunmo uepe3 Z MHOXKHHY YCiX wimux umcen. L{imi ymcma maioTh
NpUPOJIHIM nopsok: ...—3, —2, -1, 0,1, 2, 3...

Ile o3Hauae, 1m0 IIUII YKCIA MOB’SA3aHl CIIBBIIHOIICHHSM ‘“‘OlbIlIe-MEHIIE
K€ YCTAHOBJIOE, IO YHUCIO, SIKE 3HAXOIWUTHCS CIIpaBa 3aBXKIW € OUTHIIMM BiJ
YHuCiIa, SKe 3HAXOAUTHCS 3J11Ba Bil HBOr0. MHOXHHY yCiX JOAATHUX IUIUX YHUCEI
no3Haunmo sk Z . [Ipu 1ipoMy 3ammc CriBBiTHOMIEHHS & <D, sike 03Havae, mo y
NPHUBEJICHIA BUIIEC IMOCIIJOBHOCTI YHCIO & 3HAXOJWUTHCS 37iBa Bij yucia b e
CKBIBaJICHTHUM TOMY, 0 h—a e Z".

Buznauumo OiHapHe BiTHOIIEHHS "<, AK€ Ma€ TpU OUYEBHUIHI BIACTHUBOCTI:
a) (PednexcuBnictp): a<a,
0) (AHTHCHMMeTpHYHICTB): sikio a<b i b<a,to a=b;
¢) (TpansutuBHIicTB): sikmo a<b i b<c,to a<c.

3rajgaHi  BJIACTUBOCTI ~ HA3WBAIOTBCA  akclomMaMu  mopsaky.  Kpim
CIIBBITHOIIIEHHS TIOPIBHSHHS LUIMX YHCEJ aKCiOMaM TMOPSAKY 3a70BOJIbHSIOThH
TaKOXX CITIBBIHOIICHHS BKIIOYEHHS C, IO CHOPaBSMIMBI 3 JIAMH  Haj
MHOXMHaMH. SIKiio Ha feskiid MHOWHI G Bu3Ha4eHe OiHapHE BigHOIICHHS "<,
SKE 3a/I0BOJIBHSE aKCiOMaM a)-C), TO MHOHHA G Ha3WBAETHCS YIMOPSAIKOBAHOIO.

k1o st JOBUIBHHUX €JIEMEHTIB X, Y € Z, 000B’s13K0BO X <Y abo Y < X, TO TaKy

YIOPSAIKOBAHICTh HA3MBAIOTh IMOBHOIO, a B IHIIOMY BHUIIQJIKy il Ha3WBAIOTh
YaCTKOBO YIOPSAKOBaHOIO. BinHomieHHs ‘‘Oulblie-MeHIe” y MHOXUHI Z €
BiTHOIIICHHSM TIOBHOI YITOPSIIKOBAHOCTI.

MiHIMadbHUM €JIEMEHTOM HEMyCTOi MHOXXMHHU S Ha3UBAEThCS €JIEMEHT
Se S, Takui, mo S < X I OyIb-IKOTO X € S..

Sxmo nmoBiTbHA HEMycTa MIJIMHOXKHHA BIOPSAIKOBaHOI MHOXHHH G Mmae
MIHIMaJbHUM €JIEMEHT, TO MHOXHHA G Ha3MBA€THCA IIJIKOM BIIOPSIKOBAHOIO

MHO>KHHOIO.



Teopema 1.2.1. MHOXHMHA BCIX LITUX JOAATHUX YHUCEI € I[IIKOM BIOPSIKOBAHOIO
MHOJKMHOIO BIJJHOCHO BIJHOIICHHS ‘‘OUIbIE-MEHINE”, a ¥HOoro MiHIMAJIbHUM
CJIEMEHTOM € 9HuCIIo 1.

Hampuknan, MiHIMIBHHA €1E€MEHT MHOXHHHU JOJATHUX IMAPHUX YHCEN €
qyucio 2. MHOXKHHA BCIX UIMX Yucesl Z MIHIMAQJIBHOTO €JI€MEHTa HE Ma€ 1 TOMY He
€ IIJIKOM BIIOPSIKOBAHOIO MHOKHHO¥O.

Hacuainox 3 Teopemu 1.2.1. Hexail nesika MHOXWHA IITUX JOAATHIN 9uCeT S
3aJI0BOJIbHSE HACTYITHI yMOBH: 1) 1€ S; 2) sxmo neS, 1o n+1eS. Tomi S=2".

Sxmo mns gucen a, b, Q€Z BuKOHyeThes cHiBBiIHOIICHHS a=Dbq, To

KaXyTh, IO @& € KpaTHUM D, a b - minpHMKOM a. [Ipu 1IbOMY TaKOXK KaKyTh, IO
b minmuTh @, 1 3aMUCyrOTh 1ie y BUIJIsLaL: b|a.
O4eBHUIHO, 1110 BUKOHYIOThHCS TaKl BIACTHUBOCTI:
1. 3akoH peduieKCHBHOCTI: a|a;
2. 3akoH Tpan3uTHBHOCTI. SIkmo a|b i b|c, o a|c.
[Tpu 11bOMY 3aKOH aHTH CUMETPUYHOCTI HE BUKOHY€eThCs. Hampukman uncna 2 1 -2
JIATHCS OJTHE Ha OJIHE, ajie PIBHUMHU IIPH IIbOMY HE €.
Teopema 1.2.2. JlinpHukamu uncia 1 € Tinpku uncna +1 1 -1.
Hacuainok 1 3 Teopemn 1.2.2. Slkuo a|b i b|a, o a=b a6o a=-b.
JloBeeHnst
Ockineku a=bd, i b=ad,, To roni: a=ad,d,. Tomy 1=d.,d, i, 3rizHO Teopemmn,
d, =+1.
JlaHuii HacHiIOK TMOKa3zye, IO B MHOXHHI IIJIMX JOJATHUX YHUCET 3aKOH
AHTHCUMETPUYHOCTI BUKOHYETHCS.
Hacuainok 2 3 Teopemu 1.2.2. Slkmo 8, beZ i alb i b|a, ro roni a=Db.
Haii0iip11 yacTo BUKOPUCTOBYBAHI BIACTUBOCTI MOALIBHOCTI BUPAKAIOTHCS
y HaCTyITHHUX TeopeMax.
Teopema 1.2.3. Sxkmo Bci 1im  49ucna, sIKI  MICTITbCS Yy  PIBHOCTI

K+l+...+4m=p+Q+...+S, 32 BUKIIOYCHHSIM OJHOT0, € KpaTHUMH unciy b, To i

YHUCJIO JAKE 3aJIMINHUIIOCA TAKOX € KpaTHHUM 1O b.



Teopema 1.2.4. JIng noBUIBHOTO LIJIOTO YKciaa & € Z 1 UIJIOTO JOAATHOTO YHCIa
beZ" omHO3HAYHO BW3HAYAIOTHCSA HEMOBHA 4YacTka (| 1 ocTaya I Taki, IO
a=bg+r,0<r<b.

[Tpumyctumo, 1m0 Jesika HemycTa MHOXKMHA IUIMX YHCEN S € 3aMKHYTOIO

BIJIHOCHO oOIllepallii JgoAaBaHHS 1 BIJHIMaHHA. [Hakme Kaxydw, MU OyaeMo

yBa)kKaTH, IO JUIsI JOBUIBHMX yucenl a,beS ix cyma a+b Ta pisanmg a—b

TaKOX € eJleMeHTaMu MHOXUHH S . [lpumyctumo, mo S wmictuth enement a#0.
Tomi a—a=0 1 3gaunTh, 0—a=—-aecS. Tom abo a, abo —a - 1uIe JOJATHE
YUCJI0, MHOKMHA S MICTUTh, SIK MIHIMYM OJIHE IIUJIe TOJAaTHE YHUCI0. 3HAYUTh, B
MHOKHMHI S MICTUTBCS MiHIMaJIbHE TOJATHE YUCIO D.

SIKIO TOALIUTH IOBLIbHE 4yucio a€S Ha b, To HemoBHY uacTky ( i
octady I, sIKi 3aJI0BOJIBHAIOTH ymMoBaM Teopemu 1.3. Tak sk a€S 1 bgeS, To
r=a-—bqeS. Takum unHOM, sikIiIo r >0, TO HEPIBHICTH I <D cynepedynuTs TOMY,

o b - e miniMasbpHe yncao B S . 3HauuTh, =0, 1 4ncio a € kpaTHuM uuciy b.
Lle Bupa)ka€ThCsl HACTYITHOIO TEOPEMOTO.

Teopema 1.2.5. Hemycra MHOXXHMHA HUJIMX YHCEI, 3aMKHYTa BIJHOCHO OTEpaIliif
JI0JIaBaHHSA Ta BIJHIMAHHA, CKJIaJaeThbcs ab0 TiIIbkM 3 oxHoro uyucia 0, abo B
HbOMY MICTHTBCS TIJIbKU MIHIMQJIBHE JTOJJATHE YUCIIO D 1 MHOXKHHA CKIIAIA€ThCS 3

ycixX 4mcen KpatHux D.

1.3. Hal0iabuii cnijibHuii JiJIbHUK.

Yucno P HA3HMBAETHCA CHUIBHUM KpaTHMM 4ducen &, b,...,l, sxio BoHO €
KpaTHUM 70 KOXXHOTO 3 IuX yucen. O4YeBHUIHO, M0 MHOXHHA S YCIX CITUTBHHX
KpaTHUX uyucen a,b,...,| € 3aMKHyTHM BIJHOCHO omepaiiii JgoJaBaHHA 1
BiHIMaHHs. 32 BUKIIOYCHHSIM BHITIAJKY, KOJM OJHE 3 uncen a, b,...,| € piBaum 0,
B S 3aBXJHM MICTHThLCS JOJATHE IiIe uncio. e uncimo Ha3uBaeThcs HAaWHMEHIITUM

CHUIBHUM KpaTHUM. [HIIMMH cjoBamMu, HaWMEHIIMM CHUTBHUM KPAaTHUM JAESKO1

CYKYITHOCTI BIIMIHHUX BiJl HYJIS YMCEJI HA3UBAETHCS € HAWMEHIIIE I[iJI€ YUCIIO 3 €T



CYKYITHOCTI. 3TiTHO TeopeMu 1.5. MHOKMHA BCIX CIUJIBHUX KPaTHUX S CITIBMAJAE 3

MHOKHHOIO BCIX IUIMX YHCEJI, KpaTHUX HAWMEHIIIOMY CITUTBHOMY KPaTHOMY.
Yucino P Ha3UBAETHCA CIUIBHUM JITBHUKOM 4ucel &, b,...,| skio BoHO €

JTUTBHUKOM KOKHOTO 3 HMX. 32 BUHSTKOM OCOOJIMBOTO BMITAJIKY, KOJHM BCl 4HCIIa

a,b,....| € piBEUMEH HyTIO, cepea CHUIBHUX JUIBHHUKIB 32)KIH MICTHTHCS

HAWOUIBIINK, OCKUILKM BCl BOHU IO a0COJIIOTHIM BEIWMYMHI HE € OUIBIIMMHU Bif

HAWMEHIIION0 3 YHCEN \a\, ‘b‘,..., ‘I‘ Ile#t MITLHMK HA3WBAETHCSA HANOLIBIINM
CHIJIbHUM JiIBHUKOM 1 Mmo3Ha4yaeThesa (@, b,...,1). dAxmo (a, b,...,l1) =1, To uncna
a, b,...,| e B3aeMHO mpocTHMH.

Mpuxnan 1. ITokaxite, 1mo skmo b|a i beZ", To MHOXHMHA CHIIBHUX TIIHHHUKIB
yrcen @ 1 b Ta MHOKMHA TUTBHUKIB unciia b criBmaaaroTe, 30kpeMa, (@, b) =Db.
Po3B’si3aHHs

OdeBHIHO, 1110 CIIJIBHHK AUTBHUK a 1 b € mimpHukoMm b. HaBmakwu, skmo X |b, To
X|a, ockinpku b|a. 3HaunuTh X € crinbHUM IiTBHUKOM @ 1 b. ToMy CyKyIHICTB
CMUJILHUX JUTBHUKIB unces @ 1 b cmiBmamae 3 cykynHicTio iabHUKIB b . Ockinbku
beZ", To cepen minbHukiB b HalOiLIBIINM € BOHO caMe, Tak 1o (a, b) =b.
IMpuxnan 2. (camocriiino). Skmo aeZ*, to (a,0)=a; sxkmo —aeZ”, To
(a,0)=-a.
Aaroputvm EBrkiiga. [loBenite, mo skmo a=bQ+r, TO CyKymHICTh CHUIBHUX
JUTBHUKIB yucen a 1 b cmiBmagae 3 CyKyNmHICTIO CIIUIBHUX TUTBHUKIB unces b i 1,
3okpema (a, b)=(b, r).
Jliis BU3HAYCHHS HAWOUIBIIOrO CIIBHOTO AiTbHHMKA (&, D) mns umcen a,beZ 3
BUKOPHCTAaHHSAM HACIIIKIB puKiIaaiB 1 1 2 cpaBeayiiBa Taka cxema:

a=bg,+r,, 0O<r,<b; )
b=rq,+r, 0<r<r,;

r=rd,+r, O0<r,<r; (1.3.1)




OcCKUIbKH OCTava BiJ JIJICHHS 3 KOXHUM KPOKOM QJITOPUTMY 3MEHIIYETHCS,
TOMY KUIBKICTh KpOKIB anroputMy EBkiiga € ckiHdeHoro. Toni, OCKUIbKH
(@ b)y=0O,r,), b r)=(r,r),..., 1@ b)=(r_T).

Toni 3 cxemu anroputmy (1) maemo:
r, =a+(—q,)b,
r,=(-q,)a+(@1+0.,)b.
[IpomoBxKytoun mporec, 3HaXoAuMo Taki S, te Z , mo r =sa+tb.
Takum 4YMHOM, OTPUMYEMO TaKy JIEMY.
Jlema 1.3.1. Jlna Oyap SKUX LIJIMX HE PIBHUX OJHOYACHO HYJIO ymcena a i b
ICHYIOTh uncia S, t € Z, Taki, 1o
(a, b)=sa+tb. (1.3.2)

Hexaii S - MHOXMHA BCIX LIJIMX YHCEN, OO0 OTPUMYIOTH CsI IPH J0JABaHHI
9uceN, KpaTHUX YHCIy g 1 4HCeN, KpaTHHX duciay D, ToOTO:
S={neZ}n=sa+tb, st eZ}.

O4eBuHO, IO MHOXKMHA S € 3aMKHYTOIO BITHOCHO OTepalliid J0/laBaHHs Ta

BiHIMAHHS, TAKUM YHHOM:
(s,a+tb)xt(s,a+tb)=(s, £s,)a+(t, £t,)b.
Ockinbkr @ 1 b omHOYACHO HE € PIBHUMHU HYJIO, TO B MHOXHHI S MICTUTBCS
4HCIIa, K1 € BIAMIHHUMU BiJl HYJIs. 3r1IHO TeopeMu 1.2.5, B MHOXKHHI S MICTUTHCS
MIHIMAJIbHE [IJIE JOJATHE YUCJIO:

k=s'a+t'b, (1.3.3)
1 MHOXKMHA S CIHiBIaaae 3 CYKYMHICTIO KpaTHUX 1boro uncia K. Tomy K| (a, b).

Ockineku (8, b)|a i (a, b)|b, To BpaxoByrouu (1.3.3):

(a, b)|k. (1.3.4)
Tomi 3 (1.3.3) 1 (1.3.4) i Hachiaxy 3 Teopemu (1.2.2) BurumBae, mo (a, b) =K.

Ha ocHoBi1 oTpuMaHnoi n1oBesieHoi JeMu 1.3.1. 1o0BOASTHCS HACTYIHI TEOPEMH.



Teopema 1.3.1. Hexaii @ i b - aBa miux 4mWcia, OJHOYACHO HE PiBHI HYIIIO.
MinimManbHe I1iJIe JoJaTHEe YMCIIO B MHOKHHI BCiX 4mcen Buay Sa+th, me s it -

JOBLIBHI 11T YKCIIa, € HAMOLIBIIUM CIIBHUM JiIbHHKOM (@, b) uncem a i b.
3ayBakuMo, 1110 Ko C|a i ¢|b to 3rigHo (2.2) c|(a, b), To6TO MHOXMHA BCiX
CIUIBHUX IIIBLHUKIB YyKcel @ 1 b crmiBmagae 3 MHOXXHHOIO IUIBHHKIB yrcia (a, b).
Teopema 1.3.2. fdxmio (a, b)=1, b|ac, o b|c.

JloBenennst
Sk cmingye 3 memu 1.3.1, icHyroTh Taki uncna S,teZ, mo sa+th=1. Skmo mro
pIBHICTH MIOMHOXKHTH Ha C, 1 BpaxyBary, mo ac = bq, maemo: sbq +thc =c, rodro
b(sq +tc) =c. Lle i TOBOANUTH TBEPIKESHHS TCOPEMH.

IMpuxnan 2.3. (camocriiino). JloseiTh, mo skmo me Z*, ro (am, bm)=m(a, b).

1.4. Po3ky1alaHHs HA MPOCTIi CIiIBMHOKHUKH

JloBlIBHE IiJe YMCIIO @ 3aBXKIM Ma€ MIIbHHUKH ta 1 1. SIkmo mine momaTtHe

yucio P >1 He Mae IHIMMX JUIBHUKIB OKpiM £ P 1 1, TO BOHO Ha3MBA€ETHCSA

npoctuM. JlogaHi 1yl 4ucia, siKi HE € MPOCTUMHU 1 OLbIn 3a | Ha3MBaKOTHCS
CKJIaJICHUMHU.

JIist mepeyrciaeHHsl BCiX MPOCTUX YHMCEN, SIKI HE MEPEeBUIIYIOTh 3aJaHe LIe
yucio N, icHye meron “pemiera EpaTtocdena” sikuil mossirae B TaKomy.

Bumnucyrotecs Bci umcna: 1, 2, ..., N. Yucno 1 He € mpoctum, a ToMy 3 3aaHOl

CYKYITHOCTI BUAQISIEThCSA. UUCIO 2 € MPOCTUM 1 TOMY 3ayihiaeThest. Jlani 3 3aganoi
CYKYITHOCTI BHUJAQISIOThCS BCl yucia, KpatHi 2. HaliMeHmie 4ucio, 3 THX, 5Kl
3aIUIITWIACH, YUCJIO 3, BOHO € MPOCTUM, a ToMy 3anumiaerbes [lami 3 3amaHoi
CYKYNHOCTI 4YMCENl BUAAIAIOTHCS uucia, kpatHi 3. IloBroproroun 1mi omepaiiii,
MO>KHA OTPUMATH BCl YKCIIA, IO MICTIAThCS B CyKymHOCTi 1, 2, ..., N .

Teopema 1.4.1. SIxmo a - miie gomaTHe 4yucio, OiIbIne Bix 1, TO MiHIMaNbHUN
BIIMIHHUM Bij 1 JITBHUK YUCIa & € MPOCTUM YHUCIIOM.

JloBenennst



Hexaii >1 - MiHIMaapHUA BiAMIHHUN Bix 1 HOJaTHWM IIIRHHUK 4ducia a>1.
Skmo g - ckiazeHe uuciao To d=q,9,, >0, >1, >0, >1, 3Biaku ciiaye, 10
g, 1 g, € IIbHUKAMH &, MEHIIUMHU Bif (. CynepedHicTh J0BOJUTH TEOPEMY.

[Ipocti yucna, Mo € MITPHAKAMH IIUIOTO YUCia 8, HA3WBAIOTHCS MPOCTUMHU
CIIIBMHOXXHHUKAMH a .

Teopema 1.4.2. SIkmo p - mpocTe YKUCIIO, TO JUIS JOBUIBHOIO IIJIOTO YKciaa a abo
pla,a6o (p, a)=1.

JloBenennst

Tak sk qOJJaTHUMH TITbHUKAMHU YHCcIa P € TUIbKK yucia P i1, To ado (p, a) = p,
110 piBHOCWJIBHE P|a, ado (p, a) =1.
Hacainok 3 Teopemu 1.4.2. Hexait a, b - HenynpoBi i uncia, d =(a, b). Toxmi

gucna a/d i b/d B3aemno mpocri.

Teopema 1.4.3. fIkmmo p - npocte uncioi p|ab, o abo p|a,abo p|b.

JloBenennst

Skmo pla, To BpaxoByroun nomnepeanto reopemy (p, a) =1. Ockinpku p|ab, o
3 Teopemu 1.4.2 puruBae, mo p|b.
Hacainok. SIkmo p - npocre yncnoi plaa,..a,, To pla, s neskoro 1<i<n,

Teopema 1.4.4. (OcHOBHa Teopema eJleMeHTapHOI Teopii uucen). Byap-ske e
YHUCIO0, AKe OUIbIe Bl 1, 0HO3HAYHO PO3KIANAE€THCS Yy BUTIIAL T00YTKY MPOCTUX
YHCEJL.

JloBeneHHs1

PosrissHeMo noBuibHE wHije uyucino a>1. Skmo P, - MIHIMAJIBHUN NOPOCTHH
CIIBMHOXKHUK 4uCia &, ToO a= P,a,. fJxmo a, >1 1 p, - MIHIMaAbHUN POCTUH
CHIBMHOXHUK a,, TO & = p,a,. Lleli mpouec MokHa NpoROBXKUTH. OCKIIbKU
a>a, >a,.., To B Iedkuil MOMeHT a =1, 1 nmpouec 3akiHuuTheA. [Ipu nbpomy
qyucao a,_, = P, Oyzae mpoctum.

Taxkum unHOM:

a=p,p,..p,, (1.4.1)



TOOTO YKCIIa & PO3KIANAETHCS Y JOOYTOK MPOCTUX YUCE.

Hexaif yucno a iHImKM CIOCOOOM PO3KIANAETHCS y TOOYTOK MPOCTHX YHCET
a=0q,0,..q,,, TOAL
P Pz---P, =0,y - (1.4.2)
VY poskianal Ha npocTi MHOKHUKHU (1.4.2) feski MHOKHUKH MOXYTh CHIBIIQIaTH,
TOMY BUKOPHCTOBYETbCS CTAaHAAPTHUIN PO3KIIAA Y BUTIISIIL:
a=ptp Pt (1.4.3)
e a,, ,, ..o, €21 P, P,,..p, - IPOCTI YHCIA.
Hacainok 3 teopemn 1.4.4. Skmo (1.4.3) cranpapTHuil po3kian uyuciaa a>1 Ha
IPOCTi CHIBMHOXHHKH, TO CTaHAApTHHUN po3kian uncina d € Z*, d|a nHa mpocri
CHIBMHOKHUKH Ma€ BUTJISI:
d=plpZ.pl,0<B <a (i=1...k). (1.4.4)
Ipukaax 1. Maemo: 588800=2°-3-5°-7°,

1.5. Konrpyenuii npocTux 4yuce..

PosrasiHeMo ocTadi, sIKI OTPUMYIOTHCA HpPH AUICHHI LIJIMX YKUCEN Ha YHCIIO
meZ", ske HasuBaeTbcs MoayideMm. Llimi yucma a 1 b HasuBawoTheA
KOHTPYEHIIIsIMH 32 MoayiaeM M , skmo M| (a—b). CumBoniyao 11e 3anmuCyeThCs
TakK:

a=b(modm). (1.5.1)
Posainaroun yuciaa a 1 b Hza m, maeMo:
a=mq,+r, 0<r <m;
b=mqg,+r,, 0<r,<m.
3po3ymisio, 1m0 & i b OyayTh MOPIBHIHMMH 3a MOJYJEM M TOJI 1 TUTBKH TOI,

SKIIO I, =T,. BiqHOIIEHHs NOPIBHAHHOCTI 3a/I0BOJIbHSIE TAKUM 3aKOHAM:

1. PednexcuBHicTh: a=a;
2. CuMeTrpuuHicTh: ko a=b, o b=a;
3. TpansutuBHICTS: : sikio a=b i b=c, 10 a=cC.

3 BUKOPUCTAHHSIM 3aKOHIB OPIBHSAHHOCTI BUILIMBAIOTh TaKi TEOPEMHU.



Teopema 1.5.1. [lo Oyab-sikoi 3 YaCTHH KOHTPYEHIIIT MOXHA JOJATH YUCIO, SIKE €
KpaTHUM MOAy/ 0. JIo 000X Y4acTWH MOPIBHSHHS MOXHA JOJATH OJHE 1 TE&X came
gyucio. Kpim Toro, oOuaB1 4acTHHU MOPIBHSHHS MOKHA MIOMHOXKHUTH Ha OJIHE 1 TE

K came 4Kclio. [HmuMu ciaoBamu, ko a=b(modm) i k € Z, to:
a+mk =b; a+k=Db+k; ak=bkmod(m). (1.5.2)
Teopema 1.5.2. KoHrpyeHiii MOXXHA MOWICHHO JOJABaTH Ta MEPEMHOXYBATH.
Tobro, sxmo a, =b;; a, =b, mod(m), Toxi:
a +a,=b +b,; aa, =bb, mod(m). (1.5.3)
[TopiBHSHHS 3aJIMIIAETHCS CIPABEUIMBUM TPHU MHOXCHHI 000X HOro 4acTUH Ha

OJIHE 1 T€ K YMCJI0, ajie TIPH A1JICHHI 000X YaCTHH Ha OJHE 1 TEX caMe YHCII0, BOHO

MoKe mopymryBarucsi. Hampukiaa 3 nopiBHsHHs Cca =cbmod(m) He 000B’s3k0BO
BUILIMBaE, o a=hbmod(m). /s 11poro HaPHUKIIAL PO3TITHEMO TOPIBHIHHS IS
skoro C=5;a=1 b=2; m=5. 3 n1aHoro BIacTUBICTIO MOB’s3aHa TaKka TeOpeMa.
Teopema 1.5.3. fxmio ca=cbmod(m) i (¢, m)=1, To a=bmod(m).
JloBeneHHsI

Ockinekr M| c(a—Db), (c, m)=1, To BpaxoByroun Teopemy 1.3.2. mMaemo, MO
m|(a—b), 3Bigku a=bmod(m).
IMpukaan 1. Sk a=bmod(m), to (a, m) = (b, m).
Ockinekr a=bmod(m), o a=mt+b. BuxopucroByroun anropurm EBkiiza,
maemo, o (a, m)=(b, m).

[Ipunyctumo, mo Ha MHOXHMHI G 3a7aHO BIAHOIIEHHS TOPIBHSHHS, SIKE
3a7I0BOJIbHsIE YMOBH 1-3. BimHOIIEHHS, sIKE 3aJ0BOJIBHSE IUM YMOBaM, Ha3MBaIOTh

BIIHOIIEHHSIM  €KBIBaJIEHTHOCTI. [Ipy  1bOMy  CYKYIHICTb  €JIEMEHTIB,
eKBIBAJICHTHUX €JIeMEHTYy a € Z ,

C={beG|a=b} (1.5.4)
HA3UBAIOTh KJIACOM €KBIBAJICHTHOCTI, III0 BHM3HAYAETHCI €JIEMEHTOM a. 3TrigHO

3akoHy peduekcuBHocti a=a;a€C_;C #U.



JlBa xinacu eksiBasieHTHocTi C_, C, abo He MawoTh JKOJHUX CIIIBHHUX
eJEeMEHTIB a00 CITIBIaAal0Th MIXK CO0010, TOOTO:

C,NC, = abo C, =C,. (1.5.5)

Hexaii mepiie 3 3aaHUX CMiBBIAHOLICHh HE BUKOHYEThCS. TOMA1 3HAWIETHCS

takuii enemMeHT Xe€G, mo xeC, i xeC,, Tobro a=X i b=X. [Ipote B npomy
BUIAAKY 3 3aKOHY CHMETPHYHOCTI BHIUIMBA€E, MO a=X 1 X=Db, a 3 3aKkoHy
TPaH3UTHUBHOCTI MaeMo: a =D. 3Biacu BUAHO, MO AKIO a=Y, TO b=Y 1 SKkmo
b=y, 10 a=y.3naunts C, =C,.

Koxuuit enmemeHT G HaleXUTh 10 OJHOTO 1 TUIBKA OJHOTO Kjacy
CKBIBAJICHTHOCTI, a 3HA4YUTh, MOXHAa TOBOPUTH TIpo po30utrs G Ha Kiacu
CKBIBAJICHTHOCTI. Po3riisHEMO poO3OUTTS MHOXHMHHU IIJIMX 4ucel Z Ha KiIacu

CKBIBaJICHTHOCTI 3 JOIOMOIOI0 BIJHOIICHHS ekBiBajcHTHocTi = (modm). Jlus
CHOpPOLIEHHS! KJACH €KBIBaJEHTHOCTI OyAeMO BHM3HAa4yaTH BIAMOBIAHO 1O OCTad
0,1 2,....m—1, 10 OTpUMYIOTHCS MPHU IIJICHH] [UIKX YUCET Ha M

C,={..—2m, —-m, 0, m, 2m},

C,={..-2m+1 -m+11 m+1 2m+1};
(1.5.6)

C.={..—m-1-1 m-12m-13m-1 ..}
Take po30UTTS HA3UBAIOTh PO3OUTTAM Ha KJacH JUIIKIB 3a MoayiemM M. [lpu

bOMY KJIACH €KBIBAJICHTHOCTI (JIUILIKIB) MMO3HAYAIOTHCS SIK:

©,,®,,....,(m=-1),_. (1.5.7)
B 3arasibHOMY BUMajAKy Kjiac JIMIIKIB, IO MICTUTH LILJIE YUCJIO &, MO3HAYAETHCA
@),
Ao B3SITM 1O OJHY YHCIYy B KO)KHOMY 3 M  KJaciB  JIMIIKIB

©),,®,,...,(m=1)_, To oTpuMaHa CyKYITHICTb LIIUX YKcen OyJe Ha3UBATHCS

IIOBHOIO CHCTEMOIO JHMINKIB. [IJIs NpHKIagy IMOBHOK CHCTEMONO JHIIKIB €
cykynHicte {0,1, ...,m—1}, sKka OTPUMY€EThCS, SKIIO BHOpPATH y KOKHOMY 3 M

CYMDKHUX KJIaClB HaWMEHIINNA HEBiJ €EMHUN JTHIIOK.



Teopema 1.5.4. fxmo xomHi nBa 4YuMcia 3 3aJaHOT MHOXKHHH IIJTUX YHCET
a,, a,,...,a, He MOPIBHAHI MK cO00I0 3a MOJyJIeM M, TO Ll MHOXKHMHA € TIOBHOIO
CHCTEMOIO JIMIIIKIB 32 MOJTyJIEM M.

Tax sk KOJHI J1Ba YKclia HE HAJIEKATh OJHOYACHO JO OJHOTO i TOTO X KJIacy
JIMIIKIB, TO 3pO3yMLNIO, IO CYKYIHICTh 3 M ILIJIUX YUCENI OTPUMYETHCS BUOOPOM
TUIBKH OJTHOTO JIMIIIKY 3 3arajbHOi KIJIbKOCTI M JIMIIIKIB.

HacJinok 3 Teopemn 1.5.4. Hexaii (¢, m)=1. Toni, sxmo {a ,a,, ...,a_ } - HOBHa
CHCTEM JIMINKIB 3a MoOAyleM M 1 b - 1ime 4wWcno, TO CYKYIHICTB

{ca, +Db, ca, +b,...,ca_ +b} Ttakox Oyae MOBHOIO CHCTEMOIO JHIIKIB 32 MOIYJIEM
m.
JloBenennst

Hexaif 1# j. SIxkmo mpumyctutn, mo €a, +b=ca, +b(modm), To nerko mpuiitn
1o cynepedyHocti. JIiICHO, SKIO 10 000X YaCTHH MOMEpPEAHbOI KOHIpYeHIl — b,
orpumaeMo: ca, =ca (modm). Ockimeku (C, m)=1, To 3rigHO Teopemmu 1.5.3.,
a =a(modm). Ane me cynepeunth TOMYy, mo {a,a,,... & } € TOBHOIO
CUCTEMOIO JIMIIKIB.

Jis mpukiamy po3TIISTHEMO MOPIBHSHHS TIEPIIOrO IMOPSIKY, IO MiCTHUTh
HEBIOME YHUCIIO X .

ax=b(modm). (1.5.8)

VY neskux BHIAJKax Iie TMOPIBHSIHHS MOXKE HE MaTh Po3B’s3KiB. Hampukiman
nopiBasHHS 2X=3 abo 2X—3=0(mod2). Ockinbku 2X € MapHUM YHUCIOM IS
Oyap-sSikOoro X, a 2X—3 - HEMapHUM, TO JlaHE TMOPIBHAHHS HE Ma€ PO3B’S3KiB.
PosrnsiHemo Takoxx nopiBHsiHHA 2X = 0(Mod4), po3s’s3ku sikoro X =01 X=2. B
IbOMY  BHUIQAKy  OOMaABa  KJIacH  JIMIIKIB {..-8,-4,0,48,..} i
{.../76, -2, 2, 6,...} BimoOpaxatoTh PO3B’SI3KH JJAHOTO ITOPIBHIHHSL.

[Ipu po3B’si3yBaHHI 33/1a4 4YaCTO KOPUCHOKO € HACTYITHA TEOpPEMa.
Teopema 1.5.5. Sxmio (a, m) =1, To kourpyenitiss ax =b(modm) mae po3s’s130k y
HUIMX YHCTaX, IPU LbOMY CYKYMHICTh YCiX PO3B’S3KIB YTBOPIOE OJMH KJIac

JIMIIKIB.



JloBenennst
3rizmHo 13 1emMoro 2.1, icHyIoTh Taki uncna S i t, mo sa +tm=1. JlomHOXYyIO4H IO
piBHicTe Ha b, orpumyemo a(sb)+ (bt)ym=>b, to6T0 a(sb)=b(modm). Tomy
X=Sb € po3B’SI3KOM pO3IIIAAYBAHOIO IOPIBHAHHS, HPU I[BOMY PO3B’sI3KaMHU
OyayTh BCI 11T YUCIIa, TIOPIBHSAHI 3 Sb 3a Moxymem m.

IMpuxnan 1. Po3s’s3atu kourpyexmio 6x =1(mod7).

Po3B’s13anus

[TimcraBuMo 3amicTh X B 11e nopiBHsHHS yucia 0,1,...,6. Otpumaemo:
6-0=0;6-1=6;6-2=12=5(mod7); 6-3=18=4(mod7); 6-4 =24 =3(mod7);
6-5=30=2(mod7); 6-6=36=1(mod7).

OTrxe, PO3B’SI3KOM JAHOTO NOPIBHSHHS € KJ1ac JIUIIKIB

®6), ={....—8, -1 6,13, ...}.

1.6. O6aacTi miJricHoCTI TA MOJIA.

Jloci MU KOPUCTYBAJIMCHh YOTUPMA apU(PMETHUIYHUMU OTEPalisIMU HaJ IIIJTUMHU
YHCIIaMH, YBXKAIOYH MPHU I[bOMY 1X BIACTHBOCTI BITOMHMH.

VY MHOXHMHI UIIUX yucen Z € BU3HAYEHUMH JIBl omepanii: AoJaBaHHA “+” 1
MHOeHHS 7. [lepepaxyemMo iX OCHOBHI BIIaCTUBOCTI:

Al. AcomiaTHBHICTb JomaBaHHsA . (X+ Y)+Z=X+(y+2).
A2. KoMyTaTHBHICTb JOJIaBaHHs: X+ Y =Y + X.

3 acoIlaTUBHOCTI JI0JaBaHHSl BUIUIMBAE, 110 MPU JO0JIaBaHHI JYKKH MOXKHA
PO3CTaBIISITH JOBUIBHMM YHHOM a0o0 K B3arajgli ix HE MHcCaTH, TOOTO
BHUKOPHCTOBYBATH CIIPOIIEHY PiBHICTh: (X+Y)+Z=X+(y+2)=X+Yy+2z. Kpim
I[bOTO, 3 KOMYTaTUBHOCTI BUIUIMBAE, IO MPHU JOJaBaHHI JOJAHKH MOYKHA MIHSATH
MICIISIMU.

A3. IcHyBaHHsS OJWHWUYHOTO IO BIJHOMIICHHIO 7O JOJaBaHHS eleMeHTa. 100To
ICHY€E Take 4yuciio @, mo X+ 6 = X 15 JOBIILHOTO X.
Y MHOXHWHI IUIUX YHUCEN POJIb OJUHUYHOTO IO BIJIHOLIEHHIO 0 J0JIaBaHHS

eneMenTa Biairpae umcino 0. B egHOCTI iCHyBaHHA Takoro ejJeMeHTa MOXKHA



YIOCBHUTUCA HACTYIIHUM YHHOM. ﬂKH_IO quciia 0, 0/ € OJUMHUYHHMMH II0

BiIHOILIEHHIO 10 HojaBaHHA eeMeHTaMu, To @ =60+60' =60' + 9=6'. Lle o3Hauae,
10 pOJIb €JeMeHTa 6 B MHOXKHHI IIIJIUX YKcel Bigirpae uyncio 0.

A4. IcHyBaHHS OOCPHEHOTO IO BIHOIIEHHIO J0 J0JaBaHHs eeMeHTa. /(s Oyab-
AKOTO X icHye eneMeHT X', Takuii, mo X+ X =0. B MHOXUHI IITMX YKMcen pOJIb
exemenTa X' Bimirpae 4mcio — X.

OnucaHuMHU BWINE BIACTUBOCTSMHM OIEpallis J0JaBaHHS BOJIOJIE HE TUTHKU B
MHOKHHI IIJIUX YUCEeNl, ajle ¥ y MHOXKHMHI BCiX paIllOHAJbHUX YHUCEN, Y MHOXHHI
BCIX JIMCHUX YHCEN, Y MHOXXHHI BCIX KOMIUIEKCHUX 4YUCes. 3arajioM, MHOKUHA G,
3 BU3HAUYCHOIO Ha HIM olepalliero J0JaBaHHs "'+, 10 3aJ0BOJIbHIE 3aKoHaM Al-
A4, Ha3uBaeTbCs KOMYTAaTHBHOIO TPYIOIO II0 BIJHONIEHHIO JIO oOmepari
JIOJaBaHHS.

Po3rissHeMo MHOKHMHY KJIaciB JIMIIKIB 32 MOJTYJIEM:

Z, ={(0),, @, (M-1), }. (16.1)
Knac mumkiB (i) mpezacraBisie co0or0 AesKy MHOXHHY Iinux uncel. [Ipote mpu
JNOCHIJ)KEHHI MHOXUH Z ~ BIH pO3INAAAETbCA AK OJUH  eleMeHT. Skio
a, a,e(a),,b, b, e),, TO 3TiTHO 3 TeopeMoIo 15.2.:
a +b =a, +b,(modm), tobto (8, +b), =(a, +b,),.
[le o3Hauae, 110 cCyma J0/IaHKIB:

@), +({), =(a+b)_. (1.6.2)

OJHO3HAYHO BU3HAYA€E ONEPALi0 JOJABAHHSA B MHOXKHHI Z .

Teopema 1.6.1. Z_ € rpymnoto 1o BiIHOLIEHHIO JIO onepalii JoJaBaHHs.
JloBenennst

Acomiartusnicte. PiBaicts ((), +(b) )+(c), =(a), +((O), +(b) ) e Hacmiakom

TOTO, IO B CHJIy aCOIlIaTUBHOCTI JIOJIaBaHHS YHCEJN SIK JIiBa TaK 1 MpaBa YaCTUHU

piBHOCTI € (&+Db+C), .

Komyrarusnicts. Pinicts (a), +(b) = (b) +(a), BummmBae 3 Toro, mo ooumaBi

HI0r0 YaCTWHM B CHITy KOMYTAaTUBHOCTI JOaBaHHs YKCEN CHiBmagarmTh 3 (a+h), .



Od4eBuHO, MO OJUHUYHUM TIO BiJHOIIECHHIO JIO Omepallii TOJAaBaHHS B JTAHOMY
Bunaaky € kiac yumkiB (0) , a 0OepHEHMM KIacoM IO BiIHOWICHHIO /IO KJacy
(), - knac (-a),.

MHOX€EHHS [IJINX YUCET MAa€ TaKl BIaCTUBOCTI:

AS5. AcomiatuBHicTh MHOKeHHS: a-(b-c)=(a-b)-cC.

A6. KomyTtaTHBHICTh MHOXCHHS: a-b=Db-a.

A7. IcHyBaHHS OJMHWYHOTO €JIEMEHTA IO BiJHOIICHHIO O OmNeparii MHOKEHHI.
IcHye enemeHT, Takuii, mo X-€=¢€- X=X JJs yCiX X.

B MHOXMHI IUIMX YHCEI OJWHUYHHUM IIO0 BIJHOIIECHHIO O MHOXKEHHS €
enemeHT 1. Sk 1 1715 Ao/1aBaHHsA, ICHY€ TUIBKM OJIMH €JIEMEHT IO BIIHOUIEHHIO /10
omeparii MHOXEHHS. B MHOXHHI IIJIMX 4YHCed OOCpPHEHUH eJIEeMEHT II0
BIIHOILICHHIO JI0 OTepallii MHOXEHHSI, 3a3BUYail € BiACYTHIM. OJJUHUYHUN €JIEeMEHT

10 BIJHOIICHHIO JIO OIeparii MHOKEHHS IMO3HA4YaeThes K 1, 1 Touka (-), sKka

M03HAYa€ OTepallito MHOKEHHS B TIOJAIBIIOMY OyZe OMmyCKaTHCS.
AS8. lucTpuOyTHUBHICT.

JIJ1s1 OBUTBHUX YHCeN X, Y, Z BUKOHYETBHCS PIBHICTB: X(Y + Z) = Xy + XZ.

3  BJAcTUBOCTI  JAWCTPUOYTHBHOCTI  BUIUIMBAIOTH  Takl  BaXKJIMBI

CI1BBIIHOIIICHHSI:
X0 =0 mns Oyap-sKoro X, (1.6.3)
X(—=y) =—xy, (1.6.4)
X(y—2)=xy—xz. (1.6.5)

Hns  orpumanns  piBHocTi (1.6.3), 1m0 000X YacTUH  PIBHOCTI
X0=x(0+0) =x0+ x0 Tpeba TOJIaTh —(x0). [Tpu IbOMY:
0=x0+ (—(x0)) = x0+ (x0 + (—(x0)))=x0+0=x0.

Hani 3 piBaocTi XY + X(=Y) = X(Y + (—Y)) = x0=0 BUIIMBaEe crpaBeIUBICTh
piBHocTi (1.6.4).

3 piBHocTi X(Y—2)=X(Y+(=2)) =Xy + X(—Z) = Xy — XZ BHILIMBAE PIBHICThH

(1.6.5).



AHanoriuHo, SKki 1 y BHUOaAKy omnepamii J0AaBaHHS JIOBOAUTHCS
CIIPaBEJIUBICTh CIIBBITHOIIICHHS:
(@), (b), =(ab),, (1.6.6)
1110 O/IHO3HAYHO BU3HAYAE ONEpallio MHOXKEHHI B Z .

Omepartiisi MHOXKEHHSI, 1110 BU3HAUC€HA HAa MHOXKHMHI IIUTMX YKcel Z Ma€e KpiM
BHIIIC 3a3HAYCHUX, IIIC TaKi BIIACTUBOCTI.

A9. IlpaBuio ckopoueHHs. Axkmo X#0 1 Xy =XZ,T0 Y=2.

3riIHO JaHOro TpaBWia, OyAb-fKI YAaCTUHM PIBHOCTI MOXKHA PO3JUIMTH Ha
CHUJIbHUM BIIMIHHHUH BiJl HYJIS CIIUJIBHUN MHOXKHHK.

[IpuBeneHe BuLIE NPaBUIIO CKOPOUEHHS A9 € TaKOXK €KBIBAJIGHTHUM TaKOMY:

A9 (*). IlpaBuno ckopouenHs. Axmo X#0 1 y=0, o xy #0.

HiticHo, sixiio npumyctuth, mo X =0, y#0, ane Xy =0, to xy = X0. Toxi 3Bijacu
1 mpaBwia A9 BurumBae, mo Y =0. Orpumanu npoTupiyus. TakuM YUHOM, 3
BIacTUBOCTI A9 BuruuBae BiacTuBICTh A9 (*). HaBmaku, SIKIIO BUKOHYETHCS
BiaacTHBICTh A9 (*), TO 3 piBHOCTI Xy = XZ, BuIumBae, 1mo 0= Xxy —xz = Xx(y —z).
Takum ynHOM, sikio X#0, 0 Yy—2=01y=2.

Axmo Ha MHOXMHI G BH3HAYeHI oreparlii JoJaBaHHS Ta MHOXKCHHS, IIIO
BH3HAYAIOThCA 3riHO 3aKkoHIB Al-A9, To mHOXMHa (G Ha3uUBa€eThCI 00JIACTIO
ILTICHOCTI.

SKIo M CcKiIajgeHe YMciIo, TO HOro MOKHA 3amucaTh y BHIIsai: m=ab,
npudomy m>a>1 i m>b>1. 3nauute: (a), #(0)., (b), #(0) , ame
(@),(), =(m)_ =(0),, T00T0 mOOYTOK HEHYJIHOBHX EJIEMEHTIB pPIBHUI
Hyi1boBOMY. Lle o3Hawae, mo B gaHoMy Bumazaky Z Ul CKJIQJEHMX M He €
00JIaCTIO IIJTICHOCTI.

Hpuxnax 1. JloBediTe, 1O SK YUCIO [P - MPOCTE YHUCIO, TO Zp - o0OJsacTh
ILTICHOCTI.

Po3B’si3anusa



Hexaii (a), #(0), i (b), #(0),. [IpumycTnmo, mo wi a, Hi b He € AiNbHUKAMK
gucia P, a (a),(b), =(ab), =(0),. Toni p|ab, i srinHo 3 Teopemoro 1.10 abo
p|a,abo p|a.Orpumanyu CyrepedHicThb.

B MHOXWHI 1iamx yucen Z oOOEpHEHWH TO BIMHOMICHHIO A0 OTIeparii
MHOKEHHSI €JIEMEHT MOXke OyTH BIJCYTHIM. AJie BiH 3aBXKIU ICHYE B MHOXKHHI
parioHAIPHHUX YHCEJ, Ta B MHOKHHI TIMCHUX YUCEN.

A.10. IcHyBaHHS 0OEPHEHOTO MO BiJHOILIEHHIO J0 OTepaliii MHOXEHHS €JIeMEHTA.
Jlns kosxHOro X # 0 icHye enement X' Takwmii, mo XX’ =1.

OGepHeHH €EMEHT BU3HAYACTECS OJHO3HAYHO, Oy1eMO II03HAYaTH Horo X .

3 BnactuBocTi A.10 Bigpa3y BUILIMBAE MpaBuiio ckopoueHHs A.9 JlilicHo, SIKIIO

X#0 i Xy =Xz, TO IOMHOXYIOYH OCTaHHIO PIBHICTb HAa X, OTPUMYEMO:

XT(xy)=(x*X)y=1ly=y=x"(x2) =(x"'X)z=1z=z.
Sxmo Ha mHOXHMHI G BHM3HauyeHI omepallii JA0JaBaHHA Ta MHOXKEHHS, IO
3a70BOJIBHAIOTE 3aKkoHaM Al.-A8. 1 A.10, o G mnHa3uBaerhca mojieM. B 1ol

3aBKIM MOXJIMBOIO € ormepaiis aieHas. ToOto, skmo Y#0, To pesymbrar
JiJTEHHS Y Ha X BHM3HAYA€ThCA AK Xy . KpiM moss pamioHaabHHMX YMCEN i mojis

JTIACHUX YMCEeN ICHYIO 1HIII TOJIsA, HAIPUKJIIA 1M0JIe KOMIUIEKCHUX YHCET.

Teopema 1.6.2. SIkuio p - mpocte yKcio, To Z, € moyem.

JloBeneHHsI

Axmo (a),](0),, To pla. 3sigcu i 3 Teopemm 1.5.2.. BunmBae, IO

(p, @) =1. 3rigHo Teopemm 1.5.5., mopiBusHHs ax=1(modp) mae po3B’s30K

X=b. Ockinekn (a),(b), =(ab), =(@),, To (b), € obepHeHHM MO BiIHOIICHHIO

0s
JI0 omeparii MHOKEHHS elleMeHToM 1is (@), .

OOJylacTh IUTIICHOCTI 1 TOJEe, SKE MICTHTh CKIHYEHE YHCJIO €JIEMEHTIB,
HA3MBAETLCS BIAMOBIIHO CKIHYEHOIO OOJIACTIO IUJIICHOCTI 1 CKIHYEHHUM IIOJIEM.
3aBKIu MOKHA TOBECTH, IO CKIHYEHA 00JaCTh LIIICHOCTI 3aBxau € moaeM. Crin

3ayBa)XUTH, 110 Zp € CKIHYEHOI 00JIacTIO IUIICHOCTI, IO CKJIAIA€ThCs 3

enemeHTiB. Skmo G - mone, To ans Oymab-sikoro enementa cykymHocti G —{0},



gKa OTpUMYeEThC 3 G BUAANEHHSAM OJWHUYHOTO IO BIAHOIIEHHIO JIO OTepartii
nonaBaHHs enemeHTa (), iCHye OOEpHEHHI €JIeMEHT IO BIJHOIICHHIO J0 Omepartii

MHOXeHHS, 3HauuTh G —{0} € rpymnoro mo BiJHOIICHH!O 10 MHOKCHHSI.

Jlns  BU3HAYEHHs ~ €JIEMEHTIB  CKiHYeHOro  mons  Z 3aMicTh
0, @,.2),,...(p—1), moxna BuKOpUCTOBYBaTM cuMBoIM 1, 2,...,p—1.
Haii0O11p11 IIMPOKO BUKOPHCTOBYBAaHA MHOKMHA Z, € MOJEM, L0 CKJIAJAA€ETHCS 3

OJIMHUYHOTO TI0 BiJTHOIICHHIO JIO0 Oreparlii mofgaBaHHs eneMeHTa 0 i OMUHUYIHOTO
10 BIJHOIICHHIO 10 MHOXXCHHS eieMeHTa 1. JlomaBaHHS Ta MHOKCHHS B I
MHOYHHI 3a7al0ThCsl (HOPMYIIaMHu:

0+0=0;0+1=1+0=21+1=0;0-0=1-0=0-1=0;1-1=1. Bci i piBHOCTI, 3a
BUKJTFOYCHHSAM PiBHOCTI 1+1=0, BUKOHYIOTBCS TIO BiJHOIIEHHIO 10 OJMHHUYHOTO
o J0/JaBaHHIO ejdeMeHTa O 1 OJMHUYHOrO IO BIJHOMIEHHIO O OJMHUYHOTO IO
MHOXEHHIO eleMeHTa 1. SIKIo mpumycTuTH, 10 B MOJI, SIKE HE MICTUThH 1HIIHMX
enemeHTiB okpiM 0 i 1, TO omepartis momgaBaHHS € Takoro, mo 1+1=1, 10 1+0=1,
1, BIAMOBIAHO, I eleMeHTa | He ICHye OOEpHEHOTOo IO BITHOIICHHIO 10
JI0JaBaHHS €JIeMeHTa. TakKuM YMHOM, B IIOJI1, SIKE CKJIAJIa€ThCS 3 JBOX €JIEMEHTIB,

NIOBUHHA BUKOHYBatucs piBHICTh 1+1=0. Lle o3Hauae, mo Z, - €quHe noine, sKe

CKJIQIA€THCH TUIBKK 3 OIWHHUYHOTO IO BIAHOIIEHHIO 10 HomaBaHHs eixeMmenTta (O 1
OJIMHUYHOTO 10 BiJHOIIEHHIO IO MHOKEHHS ejieMeHTa 1.

IMpuxnan 1. 3uaiitu (84, 66) .

Po3p’s13anHs
Maewmo:
84=66-1+18;
66 =18-3+12;
18=12-1+6;
12=6-2.
OcraHHs, BiIMiHHA BiJ HyJIsl OCTaya piBHI 6, 3HaUnTh, (84, 66) =6.

IMpukaan 2. Po3p’sa3atu giodantose piBHIHHS 35X + 22y =1.

Po3B’s13anus



Bukopucraemo anroputm EBkiifa, 3anucyroun yci BUKIAIKU y cToBOeb. Maemo:
35=22-1+13;, =13=35-22;
22=13-1+9; =9-22-13;
13=9:1+4,=4=13-9;
9=4.2+11=9-4.2
OCTaHHBOTO KPOKY MO’KHA HE BUKOHYBATH, TaK SIK OUYEBUHO, 10 OYIb-SKE YHCIO
0e3 ocraul aiuThes Ha 1. Tenep OyaeMo moyeproBo po3risaaTH PIBHOCTI IPaBOTO
CTOBOIIS 3HU3Y BBEpX 1 MIACTABIATH iX OJHA B OJIHY 3 METOIO BUPA3UTH 4YUCIO |
yepes 351 22. Otpumyemo:
1=9-4.2 =9-(13-9)-2=

=9.3-13-2 =(22-13)-3-13-2=

=22-3-13-5=22-3-(35-22)-5=

=22-9-35-5.
TakuMm 4YMHOM, 4YacTKOBHH pO3B’A30K pIBHAHHA: X, =-5, Y, =8. Ockuibku
(35, 22) =1, To 3araibHUl pO3’SI30K PIBHIHHS:
{x, y}={(-5-22m, 8+35m)| me Z}.

IMpukaan 3. Po3s’s3atu mopiBHsaHHS 23X = 4(mod36).

Po3B’si3anHs
CrniouaTky posrisiHeMo nopisasHHs 23X’ =4(mod36). Skmo X' - po3B’430K 1BOTO
nopiBHAHHSA, TO icHye Y’ Take, mo 23X’ +36y’ =1.
Buxopucraemo anroputm EBkiina:
36=23-1+13;, =13=36-23;
23=13-1+10; =10=23-13;
13=10-1+3;, = 3=13-10;
10=3-3+1, = 1=10-3-3.
Posrisgaroun piBHOCTI MPaBOTo CTOBOIS 3HU3Y BBEPX 1 MIJACTaBISAIOUN iX OJHA B

OJIHY, MA€EMO:



1 =10-3-3 =10-(13-10)-3 =

=10-4-13-3 =(23-13)-4-13-3 =

=23-4-13-7 =23-4—-(36-23)-7 =

=23-11-36-7.
Takum unnoMm, X' =11. Tak sk mpaBa YacTHHA IOYATKOBOI PiBHOCTI piBHA 4, TO
orpumyemo: X=11-4=44. Tomy po3B’sI3KOM 3aJaHOTO TMOPIBHIHHS € OyIb-sKe

3Ha4YeHHS X, Take, mo X =44 mod(36). SIkio HeoOXigHO 3HAWTH HAWMEHIIIHH

BIIMIHHUN BiJ] HYJIA JIMIIOK, TO BPaxOBYIOUH, IO BIJl JAHOTO MOPIBHIHHS MOKHA
BIJIHIMATH YucCia KpaTHi 36, MaeMo:

x=44-1-36=8 (Mod36).

IMpukaan 4. Po3B’g43aTu CUCTEMY MOPIBHSHbD:

X =2 (modb);
x =1 (mod 8);
Xx=4(mod 9).

Po3B’si3aHHs
3 mepuoro piBHSIHHSA MAaeEMO:
X=5X +2.
[TincTaBUMO 11€¥ BUpa3 B pyre MOPIBHSIHHS CUCTEMU. Maemo:

5x, +2=1(mod 8), Toni orpumyemo: 5x, =—-1(mod 8).
Po3B’skemo nopisasuas 5x, =1(mod 8) . 3 mporo BummBac, mo 5x; +8y, =1.

BuxopucroBytouun anroputm EBkiiga, MaeMo:
8=514+3, =>3=8-5;
5=3-1+2,=2=5-3;
3=2:1+1, =1=3-2.
[TizcTaBnsitouM MOYEProBO PIBHOCTI MPABOTO CTOBOLISI OJJMH B OAHOTO 3HU3Y Bropy,
OyJ1eMo MaT:
1 =3-2 =3-(5-2)=
=3-2-5 =(8-5)-2-5=
=8-2-5-3.



Takum gunom, X, =-3(mod 8). JloMHOKyHOUM HA -1, OTPUMYE, IO PO3B’A3KOM
nopiBasHHA 5X, +2 =1(mod 8) € x, =3(mod 8), Tobto: X, =8X, + 3.
[TigcraBmsiroun y po3B’sI30K NEPIIOTO MOPIBHIHHS, 3HAXOIUMO:

X =5(8x, +3) +2=40x, +17.

[TizcraBisiroun B TPETE MOPIBHSAHHS CUCTEMH, OyIEMO MaTH:

40x, +17=4(mod 9). Ockinpkn 10 000X YacTHH IHOTO MOPIBHAHHA MOXKHA
J0JIaBaTH YMCiIa KpaTHI 9 3a MOIyJieM, TO BiJl IIbOIO PO3B’SI30K MOPIBHSIHHS HE
3MIHUTBCSA. Maemo:

40x, —9-4x, +17—-2-9=4 (mod 9), 3Bigku 4X, —1=4 (mod 9), To6T0:

4x, =5 (mod 9).

3HalizeMo po3B’sa30k mopiBHAHHA 4X, =1(mod 9). BHKOPHCTOBYIOYH alrOpUTM
EBxiiga, MaeMo:

9=4.2+1,=1=9-4-2.

3Bincu BuIUMBaE, mo X, =—2=7 (mod 9). [1{o6 oTpuMary po3B’sI30K TOPiBHAHHS
4x, =5 (mod 9), ToMHOXKMMO OTpUMaHUil pe3ynbTaT Ha 5. Tozi oTpuMyeMo:
X,=7-5=35(mod9). 3HaliieMO0  HaAWMEHIUWHA  HEBIJI €MHUNW  JIMIIOK:
X,=35-9-3=8(mod 9). Tomy x,=9x,+8. IloBepratouncb a0 pO3B’sI3KY
JPYroro MOPiBHSHHS, 3HAXOIUMO:

X =40(9x, +8) +17 =360x, + 337.

3Ha4YKTh, pO3B’SI3KOM CHCTEeMH MOpiBHsHB €: X =337 (mod 360).

CnuCcOK peKOMeHI0BAHUX /10 PO3B’sI3yBaHHS 3a1a4

1. Josemits, mo sxkmio (a, b) =1, To (ac, b) =(c, b).

2. JoBemiTh, 10  SAKIIO (m, m,)=1, TO CUCTeMa  IOPIBHSIHB
x=b,(modm,), x=b,(modm,) mae po3B’d30K, i, KPiM TOr0, MHOXHHA BCIX Ii

PO3B’SI3KIB CHIBIAAA€E 3 OAHUM 13 KJIACIB JIMIIKIB 32 MOAyJIEM MM, .



3. JoBenitp, 110 SKIIO JesKa MHOYKHHA IIUIMX YUCENl S € HE MYCTOI0 1 3aMKHYTOIO
Opo BIAHOUICHHIO N0 oOmepalii BigHIMaHHS, TO BOHA Oy/ae 3aKpUTOIO 1 IO
BiJTHOIIICHHIO J0 OTepallii 101aBaHHs.

4. IToOGyayiiTe TabINII MHOKEHHS Ta JOJJaBaHHsI sl CKIHYEHOTro nous Z. .
5. 3naittn HCJ] uncen 3a mormomororo anroputMmy EBkimifa:

a) 1221 305; 6) 124148;

B) 8521483;r) 5881861.

6. JloBectu, 110 /IS AOBITHHUX IUTHX YHCEN @, D, C BUKOHY€ETHCS PiBHICTB:
(a, b, c)=((a, b),c)=(a, (b,c)).

7. dosectn, mo sk (a, b)=d, o (a/d, b/d)=1.

8. loBecty, mo skmo alb i b|c, To alc.

9. loBecTw, 110 JUIs TOBUTBHKX Ynced &, b, ¢, d € N cnpaBemiiBa piBHICTB:
(a, b)(c, d)|(ac, bd).

10. Po3B’si3atu mdiHiiHI 110aHTOB1 PIBHSHHS:

a) 35x+82y =1; 0) 42x+ 65y =1; B) 28X+ 37y =4,

r) 9/X+74y=5; n) 44X+ 62y =6; ¢) 63x+108y =12;

K) 76X+52y=10; 3) 45x+81ly =18.

11. Po3B’s13aTH MOPIBHSHHS:

a) 43x=1(mod82) ; 6) 39x =1(mod?25); B) 38x =3(mod45);

r) 45x=8(mod64); n) 35x =14(mod9l); ¢) 84x =12(mod36) ;

x) 82X =7(mod38); 3) 108x =15(mod72).

12. Po3B’s13aTu cuCcTEMY NOPIBHSHb:

(x =5(mod7); (x =3(mod7);
a) { x =3(mod5); 0) < x =2(modl1l);
X =2(mod9); x =1(mod3);

X =2(modb); X =1(mod3);
x =1(mod3); X =4(mod7);
x=6(mod7); | x=4(mod117):
x=9(modll); [x=10(mod13);




X = 2(mod13); e) { x = 7(mod25);

x=3(mod7); X = 2(mod15);
hy)
x =1(mod1l); X =7(mod40).



PO3JILJI 2. KOMBIHATOPHUI AHAJII3. POSMIIIIEHHSI,
KOMBIHAILIL, MPUHIUII BKIIOUEHHA-BUKJIIOYEHHA

2.1. BiaacTuBoOCTI HJINX YHCEJI.

Cnoci6 po3MilleHHsT B TIEBHOMY BHU3HAYEHOMY TMOPSAKY JESKOTO YHCIa
€JIEMEHTIB 3 33/1aHOT MHOXKMHU S, UM T€ caMe, 110 CIOciO BUOOPY IMX €JIEMEHTIB 3
MHOXHHHU S, KOJU BaXKJIMBOIO € IMOCIIJIOBHICT BUOOPY €JIEMEHTIB, Ha3UBAETHCS
PO3MIIIEHHSAM. SIKIIO K MOCI1OBHICTh BUOOPY €IEMEHTIB, € HECYTTEBOIO TO TaKUN
cnoci® BUOOPY HAa3UBA€ThCA cOAyYeHHAM. [Ipy IbOMY € MOKJIMBICTb IOBTOPEHHS
ab0 He MOBTOPEHHS BUOOpPY OJHUX 1 THUX K€ eneMeHTiB. Hampukian, komnu

MOBTOPCHHSI €JICMEHTIB € HEMOXXJIMBHM, TO 3 TpPbOX €JIEMEHTIB a, D, C nBa

€JIEMEHTH MOXHa BHOpaTH IMIICTbOMA PI3HUMHU CHOCO0aMU, AKIIO HPH LBOMY

BpPaxOBYBaTH IIOCIIIOBHICTh BHOOpY ejeMeHTiB ab, ac, ba, bc, ca, cb, i Tproma

PI3HUMH CcrHoco0amu, SIKIO HE BPAaXOBYBATH IOCIHIJIOBHICTb BHOOPY €JIEMEHTIB

a, b, a c b, c. SIkimo € MOBTOPEHHS €IEMEHTIB € MOXJIMBHM, TO ICHYE JEB’SITh
PO3MIIIICHD aa, ab, ac, ba, bb, bc, ca, cb, cc i IiCTh CTIOJTyYeHb
a,a; a, b;a c b bbccc.

3aranpHe 4YMCIO PO3MIIIEHh 0€3 MOBTOPEHHS 3 N PI3HUX EJIEMEHTIB mo I

no3Havaetescs sk | P . Ilpu npomy:

P =n(n-1...0-r+1),n>r=>1. (2.1.1)

OCKIUJTbKY TTIOBTOPEHHS CJIIEMEHTIB € HEMOXKJIMBUM, TO 3aBXIU N> . byaemo

yBaxaTu, mo mnpu =0 € Jume oaHe pPO3MIMICHHS (EJIEMEHTH B3arajl He
BUOUPAIOThCA), TOOTO CIpaBeIuBa PIBHICTD:

P =1 (2.2.1)(*)

Po3mimieHHst ' eleMeHTIB MOXXKHAa YSBUTH COOl SK 3allOBHEHHS JCSKUAX I

MO3UIIINA eJIeMEeHTaMU 3aJaHoi MHOXWHU. [Ipu 1ipoMy mepiry MO3UINI0 MOXHA

3alOBHUTUA N pi3HUMU criocoObamu. Ilicis Toro, sik 1-a mo3uilisi 3amOBHEHA, TO

eIIEMEHT ISl 3alOBHEHHsI 2-1 mo3uiiii Mo)kHa BuOpaTtu Bke (N—1)-a crocobamm.



Axmo el mporec MPOAOBXKYBATH, TO IICIsS 3allOBHEHHS Mo3uiliid 3 1-oif 1o
(r—-21) -y oyae mictutucsa mo (n—r+1) crmocoOiB 3almoOBHEHHS OCTaHHBOI I -i

no3utii. [lepemHoXyroun 11 yucna, orpumaeMo gopmyny (2.1). JoOyTok, skuii

(r)

MICTUTBCSl y TpaBiii yacTUHI piBHOCTI (2.1) mo3nauumo sik N*’. B dacTtkoBOMY

BUITAJIKY, KOJH I =N, MaeMO:
P =n(n-1)..3-2-1=n. (2.1.2)
Uucno pizHux KoMOiHaIiii 0e3 MOBTOPEHHS N PI3HUX €JIEeMEHTIB OyaemMo

no3Hayatu sk C . Ilpu npoMy, KOXKHOMY CIIOJIyd4€HHIO Binmosinae I! pi3Hux

Croco0IB  yHOPSIAKYBAHHS €JIEMEHTIB, IO BXOMASITh JO HBOro. Ko Take
YIOPSAIKYBaHHS BUKOHATH IS YCiX CIOJYY€HB, TO MU TPUMAEMO yCi PO3MITIICHHS
0e3 MOBTOPEHb 3 N €JIEMEHTIB MO I' 1, BIAMOBIIHO:

C - P _ n(n—l)...(n—r+1)’ N>
r! r!

r>1. (2.1.3)

bynemo yBaxkatu, mo npu r =0 iCHye JullIe OJlHa MOXJIMBICTb JJIsi BUOOPY
€JIEMEHTIB — He BUOMpATH iX y3araji, TOOTO:
Co =1 (2.1.3)(%)
Bupasu, sxi posmimieHi y mpaBiii yacTuHl Bupasy (2.3), Ha3UBaIOTHCS
n

O1HOMIaIbLHUMU KOoe(]illleHTaMu 1 TO3HAYal0Th . IIpu upomy:
r

n _n(n-9..0-r+y _ n

,Nn>r=>0, (2.1.4)
r r! r‘(n—r)!

ne 0l=1.

2.2. IlepecTaHOBKM Ta NMiICTAHOBKH.
Hexait 3amama muoxmna M ={a,a,,...,a,}. IlepecraHOBKOIO €NEMEHTIB

MHOXXUHU M Ha3uBaeTbes Oyab-SIKUN KOPTEXK (ail, & . &, ), IKUI CKJIaJaeThCs

3 N pI3HUX €JIEMEHTIB MHOXKHHU M .



[lepecTaHOBKH BiJIpI3HSIOTHCSA OJTHA BiJl OJHOT TUTBKH MOPSAKOM BXOISYHX 10
HUX eJeMeHTIB. UMCcIo BCiX NEpecTaHOBOK MHOXHHHM 3 N €JIEMEHTIB piBHE:
P =n!

biexuia o: M <> M Ha3zuBaeTbCca mMiACTaHOBKOIO MHOXMHUA M . Hexait o -
MMiCTAaHOBKA MHOKWHHA M={, 2,...,n}. Tomi o(k) =s,, e
1<s <n,k=12,...n,{s,Ss,, ., S,}={ 2, ...,n}, i TOMy MiJICTAHOBKY O MOXHa
MPEACTaBUTH Y BUTJISII MaTPHIIi, IKa MICTUTh JIBa PSJIKH:

[G]:£1 2 .. nj. (2.2.)

s, S S

, e S,
3p0o3yMiJio, 1110 SAKIIO B MATPHIll [0] mepecTaBUTH MicLIMU CTOBOIII, TO OTpUMaHa
MaTpullsl Oyle TakoXK BU3HAYAaTH MIJACTAHOBKY o . MHOXHMHA BCIX IiJICTAHOBOK

MHOXUHHU {1, 2, ...,N} mo3Havaerbes sk S . s mMiACTaHOBOK O, 7 €S MOXXHA

BU3HAUUTH JOOYTOK O -7 SK J0OYyTOK JBOX (YHKUIA. 3HAIOYM MaTpUIl

1 2 ... n
S S S

j i [7], 1 mepecraBuBmM cTOBOII MaTpul [7]
, . S,

HiJICTaHOBOK [o] = (
1

Tak, mo0 11 mepImi psAAOoK CIiBIAB 3 APYTHM PSAKOM Matpii [o]:

OTPUMYEMO:

1 2 ... n\s s, .. S 1 2 ...n
[o7]= = :
s, S, ... S, A\t t ..t t ot ...t
Teopema 2.2.1. Anre6pa <Sn> € rpymnoto. [Ipu N >3 BoHa € HEKOMYTaTUBHOIO.

JloBenennst

(IR L]

Onepartis € acOLIaTUBHOIO fK omepamis A00yTky ¢QyHkmii. Jlerko

) . . 1 2 ... n).
IIEPEBIPUTH, 1110 ICHYE€ OAUHUYHA M1JICTAHOBKA & 3 MaTPHULEIO (1 5 1 1J1
.. N



) 1 2 ny .
Oyab-KOi MiJCTAaHOBKM O 3 MaTpHIel [o]= icHye obepHeHa
Sl SZ Sn
. 0w . S, S, ... S,
H1ACTAaHOBKA O ', SK1U B1AIIOB1IA€ MATPHUIII 1 2 .
S

SAxkmo n>3, TO pO3TILTHEMO TIACTAHOBKM O 1 7 3 MaTPHISIMU

(1234 .0, (1234 . n
[G]_(z 13 4 .. n]l[f]_(s 2 1 4 .. nJ'

1 2 3 4 .. n 1 2 3 4 ...n
Maemo: [o7]= , [ro]= , TOOTO
2 1 3 4 ...n 3214 ...n

ot # 7o . TakuM 4uHOM, rpyna (S, ,) € HEKOMyTaTHBHOIO.

I'pyna (S,,-) Ha3HBa€TbCS CHMETPHYHOI0 TPYIOK cremeHio N. Yucno
eNeMeHTIB 1i€i rpynu | S | piae P, =nl.

[lizctaHOBKa O HA3MBAETHCS IMKIOM JOBXKHHU I, SKIIO Matpuiio [o]

IIEPeCTaHOBKOIO CTOB6HiB MOJKHA IIPUBCCTU 10 BUITLAAY:

OdyeBugHO, 1O B I1BOMY BHIAJKy O 3a7a€ Olekiilo, B  SKii

S, <>S,, S, <>S,,...,S, =S, a pelITa eJIEMEHTIB € HepyXoMUMH. ONMCaHUN UK

o To3HaydaeThes uepes (S;S,...S,).

1 2 3 4 56

156 4 3 ZjeuHKHOM (2536), a

IMpukaaa 1. IlizcTanoBka 3 MaTpUIIEIO (

1 2 3 456

IIMKJIOM HE €, OCKIIbKM 3 HEi
4 5 2 16 3

MIJICTAHOBKA 3 MaTPUIIEIO (

MOJKkHa BUAUATH ABa nukin (14) 1 (2563).

Mukma — (s;S,...8,) 1 (4t,..1)) Ha3sMBalOThCA  HE3AIEKHHUMH,  AKILIO

{s;s,..s 3N{t.t,..t }=.
Teopema 2.2.2. Byab-Ky MIJCTAaHOBKY MOXHAa OJHO3HAYHO (3 TOYHICTIO [0

MOPSAKY CIIBMHOXHUKIB) TIPEJCTABUTH Y BUTJISAII TOOYTKY HE3aJIC)KHUX ITUKITIB.



BukopucToByouH nonepenHii mpukiiag MaeMo:

123456 123 456
=(2536), a — (14)(2563).
156 43 2 452 16 3

JIBoenemenTHmid 1k (i J) Ha3WBaeThCcs TpaHcmo3uiier. [Ipu TpaHcmo3umii
-1 ]-W eJICMEHTH MIHSIOTBCS MICIISIMH, a pelITa 30€piraloTh CBOE TOJIOKEHHS.

Teopema 2.2.3. Koxxna mijicTaHOBKa € TOOYTKOM TPaHCIO3HIIIHN.
JloBenennst

3rinHo Teopemu 2.2.1. 1O0CTaTHRO BCTAHOBMTH, IO JOBUIBHMH IMKI (S;S,...S,)
MOJKHA NPEICTAaBUTH y BUIIISAII AOOYTKY TPAHCIIO3UIIIH, aje JEerko NepeBipuTH, 10
(s,8,...5,)=(s,8,)(s,8,)...(5,S,).

Mpuxnan 2. (1234) =(12) (13)(14).

2.3. PosmileHHs i komOiHamii

Hexait M - MHOXMHA, sIKa CKJIAQJAa€ThCA 3 N eJleMeHTiB, M < N. Po3mimeHHsam 3
N eJeMEHTIB 0 M YU BHOPSIKOBaHOI (N, M) - BUOIPKOI HA3HBAETHCS OYIIb-
AKUA KopTek (Q, , @, ,..., 8, ), AKMA CKIAAEThCA 3 M MONApHO Pi3HUX EJIEMEHTIB
MHOXMHM M . Po3MillleHHsT MOXHaA pPO3MISIAATH SK Pi3HO3HAYHY (PYHKIIIIO
f{L, 2. m—>M, asxoi f(j)=a,.
Mpuxnan 1. JInga muoxkuan M ={a,b,c} napu (a,b) 1 (b,a) € po3mimennsamu 3 3
no 2, Tpitika (a,C,b) - po3mimennsm 3 3 no 3, a Tpiiika (b,a,b) posmimenus we
YTBOPIOE.

Yuco po3MinieHs 3 N mo M no3HavaeTbes sk A" un P(n, m). Josexemo, 1o

Aﬂz(n_L!m)!:n(n—l)...(n—m+l). (2.3.1)

JliicHO, pO3MIIIEHHS M eJEeMEHTIB MOJKHA INMPEJICTABUTH SIK 3alIOBHCHHS JCIKHUX
M mo3uiiii enmeMeHTaMu MHOXMHH M . Tlpm oMy mepiry MO3HIND MOXHA
3alOBHUTA N pi3HUMU crnocobamu. Ilicis Toro sk 1-a mo3uins 3amoBHEHA,

CIIEMEHT ISl 3alOBHEHHS 2-1 mo3uili MoxkHa BuOpatu (N—1) cmocobamu. SIkio

MPOJIOBXKYBATH JTaHWK TIPOIEC Jajii, TO MICHsS 3almOBHEHHS MO3ulliid 3 1-1 1o



(m-1) - y 6ynemo mMatu (N—mM+1) crmocoOiB 3amOBHEHHS OCTaHHBOI, M - 1

no3utii. Toi, mepeMHOXKYI0UH 111 Yucia, oTpuMaemo hopmyry (2.3.1).
[ToeqHaHHsSM 3 N €JIEMEHTIB IO M YM HEBHOPSIKOBAHOI BHOIpKOO (N, M) -

BUOIPKOIO HA3UBAETHCS Oynb-iKa MIAMHOXHHA MHOXKMHU M , sika CKJIaga€eThes 3

M eJIeMEHTIB.

IMpuxnan 2. Sdxkmo M ={a, b, c}, To {a, b}, {a, c}, {b, c} - Bci xomOiHarmii 3 3 1O

2.

) . n
Yucno koMOiHamii 3 N mo M no3Havaerbes C, [ J g C(n, m).
m

k110 06’enHATH PO3MIIIEHHS 3 N €JIEMEHTIB MO0 M, SIKi CKJIAJal0ThCS 3 OJHUX 1
TUX Ke eJeMeHTIB (0e3 ypaxyBaHHA TMOPSAKY iX PO3MIIICHHS), B KIacu
€KBIBaJIEHTHOCTI, TO MOXXHa BCTAaHOBUTH OI€KIII0 ¢ MDK KOMOIHAIUsSIMU 1
OTPUMAaHUMH KJIACAMH 3T1THO TIPaBHUIIA:

olfa, a ,..a }<{0,b,...b) {0, b,...bl=f{a, a,.a I} 232

Ockuibku 3  KOxkHOI KoMOiHamii C  moxkHa orpumatd Ml po3MilleHb
(BmopsnkoBytoun enemMeHTH 3 MHOxkuHH C m! cmocobamu 3a 4HCIOM

nepecTaHoBOK MHOXHMHM ('), TO KOXHHMM KJac €KBIBaJEHTHOCTI MICTUTH Ml

A

po3mimiens, Tooto: A =mtC", 3Binku C" = o TakuMm unHOM:

o n!

S e ek (2.3.3)

Yucno C' mMae Taki BIacCTHBOCTI:
m n-m.

1) C:n = C:n !
m m+1l m+1.

2)C'+C" =C

n+l ?

3) (a+h)" = Zn:Cnmamb"’m s Oynp-sakux @, be R, ne N (6inom HetoToHa).
m=0

3 ypaxyBanHs BractuBocTi 3) umcna C Ha3uBarOThCs OiHOMiaIbLHUMHU

KoedilieHTamu.



2.4. Po3mileHHst i KOMOiHALI 3 MOBTOPEHHAM

Po3milieHHsIM 3 MOBTOPEHHSM i3 N €JIEMEHTIB MO0 M YU BHOPSAKOBAHOIO
(n, m) - BUOIPKOIO C TIOBTOPEHHSIMH HA3UBAEThCA OyAb-akui KopTexk (a,,...,a, )
eJIEMEHTIB MHOKUHN M , st sikoi | M |=n.

Ockineku B KOpTeX (@, @,,...,8_ ) Ha JOBUIbHE MiCIe MOXE INPETEHIyBAaTH
Oynb-sSKAi 3 N €JIeMEHTIB MHOXKUHU M , TO 4UCIIO pO3MIlIeHb 3 MOBTOPEHHIMHU

m.

P(n, m) piBee: N-N-...n=n
\—W_J

mpasis
P(n, m)=n". (2.4.1)
BuszHaunmMo  BIJHONIIEHHS  €KBIBAJEHTHOCTI HAa MHOXHWHI  PO3MIIIEHb 3
HOBTOpeHHssMH 3 N mo m: (&, 8,,..,a,)~({O,b,,..,b )< nmu1 Oyns-axoro
ceM uucio enemMeHTiB &, sKl JOPIBHIOIOTh C, CHIBIAJA€ 3 YUCIOM EJIEMEHTIB
b,, sIKi JOPiBHIOIOTH C.
Komb6iHariiero 3 mMOBTOpPEHHSIM 3 N €JIEMEHTIB MO0 M YW HEBIOPSIIKOBAHOIO
(n,m) - BuOIpKOIO 3 TIOBTOPCHHSIMH HA3MBAETHCA OyAb-SIKUH  Kiac

€KBIBaJIEHTHOCTI MO BIJHOLIEHHIO ~ MHOXXHHH PO3MIIIEHb 3 MOBTOPEHHSAMHU 3 N
eJleMeHTiB 1mo M. IHmuMH croBamMu, KOMOIHAIli 3 TOBTOPEHHSIMU — 1€
BJIACTUBICTh €JIEMEHTIB MHOXHHH, SKa CKJIQJa€TbCcsl 3 BHOpaHUX M  pasiB
€JIEMEHTIB MHOXKMHM M , mpuyoMy OJIMH 1 TOM K€ €JIEeMEHT MO)XKHa BHOUpaTH
IIOBTOPHO.

Uucno komOiHaIiM 3 MOBTOPEHHSIMHU 3 N EJIEMEHTIB MO0 M IMO3HAYA€ThCS

C(n, M) i OGUUCITIOETHCS 3rigHO dbopmymnu:

é(n, m)=C" ~_(n+m-1)!

n+m-1 — m|(n_1)| . (242)

Mpukaag 1. KiibKicTh pI3HUX pe3yJbTaTiB KUJAHHS JBOX OJAHAKOBUX KYyOHKIB
pisma C(6, 2) =C2=21.
Mpuxnaxg 2. JJosectu, mo umciao (N, r) - mepecTaHOBOK Oe3 MOBTOPEHb PiBHE

(n),.



Po3B’sa3anus
CkopucraeMocsi METOAOM MaTeMaTH4Hoi 1HAykmii mo . Ilpm r=1 wwucio

crioco6iB BUOOpy ogHOro eiemeHrta 3 N piBHe N=(n),. Hexail g nesxoro r>1
BUKOHY€EThCS piBHICTH P(N, r)=(n),. doBenemo aHajoridny piBHICTH aus I +1.

Bynb-sika CyKymHICTb, SIKa CKJIAJIA€ThCs 3 I +1 eleMeHTIB Moke OyTH yTBOPEHOIO

IIISIXOM TIOTIEPETHHOTO BUOOPY €IEMEHTIB, yTBOpIOoUnX (N, I') - IepEeCTaHOBKY, i
HoJIajIbIIOT0 JogaBaHHs g0 Hei (r+1) - ro enemenra. SIkmio BuOpaHo I
enemeHTiB, To (r+1) - mif eneMeHT Moke OyTH BHOpaHUM N—TI crmocobamu. 3

ypaxyBaHHSM IMpaBuiia J00yTKY, OTPUMY€EMO, IIIO:
P(n,r+1)=P(n,r)-(n—r).
3 BUKOPUCTAHHAM 1HAYKI[IHHOTO IPUITYIIIEHHS 3B1JICH OTPUMYEMO, TIO:
P(n,r+1)=(n), -(n—-r)=(n),.,.

Takox 3HaYHAa YacTUHA KOMOIHATOPHUX 3aJad 3BOJUTHCA JIO MiJIPaxyHKY
KUIBKOCTI JIBINKOBUX BEKTOPIB.
Hpuxknaxg 3. Ckimpkoma criocobamMu MOKHA TPEACTABUTH YUCIO Ny BUTIISII
cymu Kk HeBim’emHux nonaskiB? ([IpencrtaBieHHs, SKi BiIPI3HSIOTHCS TUIBKH
TIOPSIKOM JIO/IaHKIB, YBKAIOTHCS Pi3HUMHU. )

Po3B’si3anHs

KoxxHOMY po30UTTIO uKciia N Ha K IIMX HEBiJ’ €MHUX JOAAHKIB IIOCTABUMO Y
BIJIIOBIHICTD BEKTOP HOBXKHHH N+ K —1, 110 MicTuTh N oxuuuip ta K —1 HymiB,
B SKOMY YHCJIO OJWUHHWIIb, IO MICTSATHCSA TEpea MepIIuM 1 APYTUM HYJSIMHU,
JIOPIBHIOE JPYyroMy JoAaHKy 1 Tak pgaidi. Toal BIAMOBIAHICT € B3a€EMHO
OJIHO3HAYHOI. 3ayBaXMMO, IO KOXXHOMY JBiiikoBoMy BekTopy ¢ Nn+k-1
KOOpJIMHATaMU 1 N OAMHUIIIMU B CBOIO YEPr'y MOKHA MIOCTaBUTH Y BIANOBIAHICTH

migvHoxunny A wmuoxwman U ={a,a,,.., a, ,} HACTYIHUM YHHOM: | - a
KOOpAMHATa BeKTopa piBHa 1 Toxi i TimbkH Togi, ko a € A (=1 2, ..., n+k -1).

3p03yMiJio, M0 YMCIO0 TaKUX MiaMHOKKH piBHa C(N+k —1).

: v [ 00
Ipuxnan 4. 3HaliTH HAWOLTBIINN YJIEH y pO3KiIaal OiHOMA: (1+ \/§)1 .



Po3B’sa3anus

. o . 00 .
Hexait T, - HailOunbpmuii ujeH po3kiany 3aAaHoro OiHOMa (1+ \/§)l , TOJ1

T, =C/ 1 . (\/g)k Toni ouyeBMIHO, IO BUKOHYIOTHCA HepiBHOCTL: T, >T, | 1
T, >T,,,. OTpuMmyemo cucTeMy HEPIBHOCTEH:
1koo ) (\/g)k > C1ko_0l ’ (\/§)k_l’
abo
K K+1
1koo ) (\/é) > ClkoJI)1 ) (\/g) )
100t A 100! k-1
— " 3] > . \/é ,
k!(100 - k)! ( ) (k =1!(101-k)! ( )
100' \/_ K :I_OOl K+1
E— P i B BN . \/§ ,
k!(100—k)! ( ) (k +1)!1(99 - k)! ( )
V3 1
_ k = 101-k’
ITicns cripoleHHs MaeMo: abo
1 3
100-k k+1
(101—K)~/3 > k, k(1++/3) <101V/3,
, 3BLJIKU: , OTPUMYEMO:
k+1> (100 - k)/3 k(L++/3) <100+/3 -1

100+/3 -1 ke 101+/3
1++/3 1++/3°

3HAYEHHS /3 = 1,732, otpumyemo: 63,135 <k <64,64.

NOJIBIHY HEpPIBHICTH Jiis K : [ligcTaBisroun HAOIMKEHE

€auHe mije 3Ha4eHHs K , sike 3a10BOJIbHSIE OTPUMAaHy HEPIBHICTD € 64.

3HaunTh, HAWOINBIIMI 4YJEeH pO3KjIaay OiHoMa Mae HOMep, piBHUHA 64 1
p y
64 4100-64 54
T64 = ClOO -1 ) (\/é) '
HMpuxaan 5. 3 3amanoi nporopuii C'*:CY :C'* =2:2:1 3Haiitk X i Y.
Po3B’si3anns

3anucyroud OKpPeMO BIJHOIICHHS MEPIIOro 4jieHa Mpomnopuii A0 APYroro Ta

TPETHOTO, MICJISI CKOPOUCHHS, OTPUMYEMO:



X! _ X! _X-Yy,
(Y+DUx =y =D yi(x=y)! y+1'
x X! _x-y+1
Y=y (y-Dix-y+t y

BuUKOpUCTOBYIOYH YMOBY, OTPUMY€EMO CHCTEMY PIBHSIHbD:

x—y:L

y+1

x—y+1_L
y

3BIOKH: X =5, y=2.

Ipukiaan 6. 3naiitu xoedimienr npu X*° B pO3KIadi BUpasy (3—X2 +X5)19 3a
MOJIIHOMIANIHOIO (POPMYJIOI0, OTPUMAHUM TMICIs PO3KPUTTSA Y>KOK 1 3BEACHHS
Mo110HUX YJICHIB.

Po3B’si3anHs

3aranbHUM WIEH pO3KJIaay 3a MOJIHOMIANBHOI (OPMYJIO Ma€ BUIJISA:
n k
3" (=x?) - (x°) - P(m, nn k).
JUis BiflIyKaHHS BCIX BHIAKIB, B AKMX BHHHMKAac X°, OTPUMY€EMO Tio(paHTOBE

PIBHSHHS B IIUIMX HEBiJ eMHUX unciax: 2N+ 5k =30.
Bupaszumo k: K :6—%. Bugno, mo K mnpwuiimae mijli 3HaY€HHS, SKIIO N
KpatHe 5. BunuiieMo Bci Taki BUNIAIKH:
N=0=k=6,n=5=k=4
nN=10=k=2;n=15=k =0.
JIis KOXKHOI 13 3HaWJACHMX Map 3HA4eHb N, K 3HaYeHHAs M 3HAXOAMMO 3
piBHsHHS: M+ N+K =19. Otpumyemo tpu Habopu (M, N, K):
13; 0; 6), (10; 5; 4), (7;10; 2), (4;15; 0).
JlonaHkH, sKi MicTaTh X*°, Taki:

32.(-x*) - (x°) - P@3, 0, 6); 3°- (- x*) - (x°)' - P10, 5, 4);

1

3 (—x?)°-(x*) - P(7,10, 2); 3 - (= x*)* - (x°) - P(4, 15, 0).



Taxum unaOM KoedimienT npu X*° Mae BUTIIAA:

9I. 313 B 310 N 37 B 34
(1310161 1015141 7RO 4M510! )

Chnucok PEKOMECHIAOBAHUX 10 pOSB’ﬂSyBaHHH 3agav.

1. Ckinpkoma crmoco0aMu MOXKHA pO3MOIUIUTH Tpu Oinetu cepen 20 CTyAEHTIB,
SKIIO:

1) po3noaisarOTECS O1IETH B Pi3HI T€aTpH, a KOXKEH CTYJEHT MOXKE OTPUMATH
He OLJIBIIIE OJHOTrO OLIETa;

2) pO3NOAUISAIOTHCS OUIETH B Pi3HI TeaTpH 1 HA PI3HI JHI, a KOXKHUN CTYIACHT
MOKE OTpUMAaTH Oyab-sike (HE IEPEBUIILYI0OUE TPHOX) YUCIIO OLIETIB;

3) pO3NOAUIAIOTHCS PIBHOIIHHI OLIETH HAa BEYlp 1 KOXKEH CTYJIEHT MOXE
OTpUMAaTH He OlIbllle OJHOTO OleTa?
2. 3’scyBaTH, CKiJIbKOMa CIIOcO0aMy MOKHA B BUCTPOITH JIEB’SITh YOJIOBIK:

1) y KOJIOHY 110 OTHOMY;

2) B KOJIOHY MO TpH, SKIIO B KOXKHIM IIIEPEH31 JIIOJIU BUCTPOIOIOTHCA 32
POCTOM 1 MpH ILOMY HEMa JIFOJIeH OJTHAKOBOT'O POCTY?

3. HoBectw, mo:

1) P(n, r)=n"; 2) C(n, r) :(n]; 3) (f(n,r):thr r—lj.
r n-1
4. 1) SIxkor0 € KUIBKICTb MATpHIlb, IO MICTATH N pPAAKIB 1 M CTOBOIIB 3
enemeHTamu 3 MHOxuHA {0, 1}?
2) Te x came Mpu yMOBI, 1110 PSIIKK MATPHUIIl € TTOTAPHO PI3HUMH?
5. Jlano m mnpeaMeTiB OAHOTO COPTY 1 N 1HIIOro. 3HAWTH YHUCIO BUOIPOK,

CKJIQJICHUX 3 TIPEMETIB MEPIIIOT0 COPTY 1 S MPEAMETIB 1HIIIOTO COPTY.

6. loBecT B1acTUBOCTI OIHOMIAILHUX KOE(IILIEHTIB:

o Al



7. doBectn , m10:

n
1) k] 3pocTae 1mo N mnpu GpikcoBaHomy K ;

n—r ,
2) y j cragae mo I npu ¢ikcoBanux N i K;
—r

n
3) sxmo N ¢ikcoBaHe, TO [k] 3pocrae mo K mpu Kk < [g} i cmagae pu K > ]g[

n+1 n n
8. Imaykiiero Mo N 3 BUKOPUCTAHHSM CIIBBIIHOIICHHS ( " jZij+(k J

JIOBECTH TOTOKHICT:

k=0

(L+1)" =i(£jtk | (1)

9. Hexait n 1 M - nun xoAaTHI 4ucia. 3 BUKOPUCTaHHSM TOTOXKHOCTI (1) um

THIITUM CITOCOOOM JIOBECTH HACTYITHI PIBHOCTI:

1) Z@ ~2":2) g(—l)"(m ~0:3) zk@ _n2m

4) knzzk(k —1)@ _n(n—1)2": 5) é(zk +1)@ —(n+1)2";



6) ii(rk‘}i(zm ~12);7) (D" i@:i;

ok +1 n+1 k=0 k+1 n+1
n _ k-1 n

8) (=) =1+1+ 1;
k=1 k k 2 n

w feo ([ (o 5L 7))

m k 0 mpu ,
19 S (1[0 o men

10. JIoBecTH TOTOXKHOCTI:

D ;(znkj N ;[Zkll 1] =2

n 7mn
2) 4;(4& =2" 42" COSZ'
11. Bu3HauuTH, CKUIbKH palllOHATbHUX YJIEHIB MICTUTHCS B PO3KJIA/IIB:
1) (V2+33)";2) (V3+45)"; 3) 6 +4/2)";
4) (i/ﬁ + 6\/5)30.
12. 3naiitn koedimicHT npu t B po3kami:
1) @+2t-3t%)°, k=9;2) A-t+2t*)"°, k=7;
3) 2+t-2t°)°, k=5;4) (2+t' +t")"*, k=17.

13. Buxoasun 3 KOMOIHATOPHUX MIPKyBaHb, JOBECTH, IO IS OYIb-IKUX IIITUX

HeBin emMHux K, K,,....K., n Takux, mo K, +Kk, +...+ K, =n, cpaBeymBa piBHICTS:

n\ n-k n—-k -k, —..—k_, B n!
k Lk, ) k. kKK

14. Inaykui€ero Mo S JOBECTH TOTOXKHICTb:

(ot btt) = Y T gags g
T LR RIK Lk T

Ky +..+kg=n



2.5. Po3ourrsa

Hexait M - MHOXxwuHa notyxHocTi N, {M,, M,, ..., M, } - po30uTTs MHOXUHU

M Ha k miamboxumH, [M;|=m, m +m,+..+m =n. Koprex (M, M,,..., M,)

HA3MBAETHCS BIIOPSIKOBAHUM PO3OUTTSIM MHOKUHUA M .
Sxmo k=2, To BHOpsAKOBaHE pPO30OUTTS MHOKHHM M Ha JIBi ITiIMHOXHHH,

K1 MICTSTh BIANOBIAHO IO M, 1 M, €JIEMEHTIB, BU3HAYAEThCS KOMOIHAIIE0 Oe3
HOBTOPEHb 3 N €JeMEeHTIB Mo M, 4u 3 N mo M, (M, =n—m,). 3Ha4UTbh, YNUCIIO
po3ourriB R(m,, m,) mopiBHioe GiHomianeHOMy Koediuienty C* =C ™. Takum
YUHOM:

n! _n
m!(h—-m)! m!m1!

B 3aranpHOMY BUManKy Kijgbkicte R(m;, m,, ..., M, ) BHOOPSIKOBaHUX PO3OUTTIB

R(m, m,) = (2.5.1)

: n! o
(M, M,, ..., M), st sikux |M,|=m, nopiBaroe ——————, a kinbkicts R(N, k)
m!m,!.m!
RLULUERELLY
BITOPSIKOBAHUX PO30OMTTIB Ha K IMiIMHOKHMH BU3HAYAETHCSI (POPMYJIOK0:

Rn,K)= > Rm,m,..,m). (2.5.2)
My +My+...+m, =N,
m;>0

Yucnma R(m, m,,..,m,) Ha3MBAIOTHCSA IOJIHOMIaJIbBHUMU KoeQilieHTaMH,

OCKIJIBKH JJIS BCIX &, &,,..., 8, € R € cpaBeyIMBUM CITIBBIIHOILEHH:

n n! m m,
(a,+a,+..+3)" = >, maf‘lazz_.ak . (2.5.3)
s G o myLom, !

m; >0
Yucio Ii(ml, m,, ..., M) po30ouTTiB BuXigHOI MHOXMHE M Ha K migMHOXHH
M, M,, .., Mk,‘Mi‘zmi, HE BIOPSJKOBAaHUX MK CO00I0, OOYHMCIIIOETHCS 3a
bopmyiioro:

n!

m L.m IA™...(nh™ ' (2.5.4)

ﬁ(ml’ my, ..., mk) =

a KUIBKICTh BCIX MOMKIHBUX pPO30MTTIB MHOXMHH M Ha K migMHOXHH, He

BITIOPSIJIKOBAHUX MIXK COOOIO piBHA:



> R(m,m,,..,m).

My +..+Mm=n,
m;>0

2.6. MeToa BKJIIOYEHDb TA BUKJIIOYEHD

Hexait muoxmHa A wmictuth N eleMeHTIB Ta N OJHOMICHUX OlHaApHUX

BigHOmEHb B, P,, ..., P,. Koxen 3 N eneMeHTIB MOXke MaTh 4d HE MaTu OyJb-SKy

i3 srajgannx snacruocreid. ITosnaunmo depes N, ; 9HCIO €IEMEHTIB, SIKi MalOTh

I
BaactuBocti P, .., P i, MoxmuBo geskumu iHmmMu. Tomi ywmcimo N(0)

h Ik

CJIEMEHTIB, SIKI HE MalOTh MOXkHOi 3 Braactusocren P, P, .., P

n» BH3HAYAETHCA

dbopmyIioo, sika HA3UBAETHCSA (POPMYIIOIO BKIIOUEHD 1 BUKJIIOYEHB!
N@O)=S,-S,+S,—...+(-D"S,, (2.6.1)
ne S;=N; S, = > N, k=12..,n.

I<ij<..<ig<n
BukopucrtoBytoun popmyiy (2.6.1), orpumyemo, 1o gucio N(0) po3mimieHsb, mpu

SIKAX MOJKHA 3 BIIaCTUBOCTEN P HE BUKOHYEThCS, piBHA:

i(—l)ksk _ n!i(—l)k%. (2.6.2)

Toni, y3aranpHiot0uu Gopmyiy (2.6.1), orpumaemo dhopmymy, sika 103BOJISE

obunciuty uncino N(r) eaeMeHTiB, siKi MarOTh piBHO I' BiacTuBocTed (1< <n):

N() =3 (-1CLLS, ... (263)

2.7. PekypeHTHI BiHO1IeHHS. 3BOPOTHI MOCTiIOBHOCTI.

PexypeHTHHMM CHIBBIIHOIICHHSIM, PEKYPEHTHUM DPIBHSHHSIM YH PEKYyPEHTHOIO
(GyHKIiEF0 Ha3MBa€ThCs CIHiBBiMHOMIEHHS Buay a. ., =F(n, a, a, ..., &,.,.,,), JKe
JI03BOJISIE OOYMCIIIOBATH BCl YJIEHHM IOCIIIOBHOCTI &, 8y, &, ..., KO 3aJaHi
nepii K 4ieHiB MoCmiI0BHOCTI.

Hpuxaan 1.

1. ®opmyna a,,, =a,+d Bu3Ha4ae apupMEeTHUHY IPOTPECiIo;



2. ®opmyna a,,, =(-a, BU3HAYAE TEOMETPUYHY IIPOTPECLIO;

3. ®opmyna a,., =a,,, +a, 3a1a€ nocaioBHICTb yncen didonayui.

n+1
Y BUNaAKy, KOJIM PEKYpPEHTHE CIIBBIJHOIIEHHS € JIHIMHUM 1 OJHOPITHUM,
TOOTO BUKOHYETHCSI CIIIBBIJHOUICHHS BUY:
a.,+pa., . +-+pa, =0,vn>0 (2.7.1)
(p =const), mocaiIOBHICTE &, &, &,, ... HA3UBAETHCS 3BOPOTHOIO. MHOTOUJIEH:
P.(X)=Xx+pXx"+..+p, (2.7.2)
Ha3MBAETHCSl XapaKTEPUCTUYHUM Uil 3BOpoTHOI mocimimoBHocTi {a }. Kopewni
MHOrowieHHa P,(X) Ha3uBarOTbCs XapaKTEPUCTUYHUMHU.

MHoxHnHa YCiX HOCHiIIOBHOCTCﬁ, 3aJ0BOJIBHAIOYNX TdaHC PCKYPCHTHC

CITIBBITHOIIICHHSI, HA3UBAETHCS 3araJIbHUM PO3B’I3KOM.

Teepmxennss 2.7.1. Muoxuna U  mocmigosHocTe#t {a, )., ski

3a/I0BOJIBHSIIOTH CHIBBiAHOIIEHHST (2.7.1), € MIHIHHUM NOPOCTOPOM, IO Mae
pO3MipHICTb K .
JloBeneHHst
MHOXHHA BCIX HECKIHUCHHHMX YHCIIOBHX IOCIIIOBHOCTEH C OmeparlisiMu

no/naBaHHs (HE KOMIIOHEHTHO) 1 MHOXKEHHS (IMIOKOMIIOHEHTHO) € JIHIAHUM
npoctopoM. ToMy, 06 JOBECTH, MO MOCTITOBHOCTI {a, |, fKi 3T0BOJBHSIOTH

criBBiAHOLIEHHS (2.7.1) yTBOPIOIOTH JIHIMHUEN TIANPOCTIP, TOCTATHHO YIEBHUTUCS

B 3aMKHYTOCTI MHOXMHH TaKHX MOCIIAOBHOCTEN BIAHOCHO OmNeparlii J01aBaHHs Ta

MHOXEHHA Ha uMcro. SIkmo {a, }::0 i {b }::O 3aJJ0BOJIBHSIOTE CIIIBBIJIHOILIECHHS
(2.7.1), a 1 f - noBiIbHIM AilicHI YKcla, a N - TOBLIBHE HEBIA €MHE IiJe, TO:

(aamk + IanJrk )+ pl (aamk—l + ﬂbn+k—l)+ et pk (aan + ﬂbn ) =

2.1.3
= a(amk + plan+k—l .ot pkan)+ ﬂ(bmk + plbn+k—1 ot pkbn): O ( )

3HauyuTh, U - MiHIAHUINA IPOCTIP.

SIKII0 MOCIIIJOBHICTE {an }:: 3aJI0BOJIbHSIE CIiBBIAHOMICHHS (2.7.1) 1 3amaHi

0

yuciaa a,,...,d, ,, TO BCl peliTa 4yucend @, BHU3HAdaroThcs 3 (2.7.1) ogHO3HAUYHO.

3HaunTh, po3mipHicTh U He mepesuinye K. 3 inmoro 6oky, mist j=0, 1,..., k-1



IIOCJII JOBHICTH AJ. MOXHa NOOyJAyBaTH TakhUM YHUHOM: a J. =l a =0 pmm
e {O, 1...k —1}\ {j} pemra a . a1t N>0 BusHauwatotbes i3 (2.7.1). Tomi
IMOCJIJOBHOCTI Aj (j =0,1 ...,k —1) € JIHIAHO HE3aJIeKHUMH Y 3arajibHii

CYKYITHOCTI.

OnucaHHsl 3arajpbHOTO PO3B’SI3Ky CHiBBIAHOIICHHS (2.7.1) Mae aHanoru ¢
OMHKCAHHS PO3B’S3KIB 3BHYAMHOTO IU(EPEHIIATBHOTO PIBHSHHSA 3 MOCTIHHUMHU
Koedili€eHTaMH.

Teopema 2.7.1. 1. Hexaii A - KOpiHb XapaKTEPUCTUYHOTO MHOTOUJICHA

(2.7.2). Toni mocmimoBHicTh {CA }, Ie C - OOBiLNbHA IOCTiHHA, 3aJ0BOJIBHSE

criBBigHOIIEHHIO (2.7.1).

2. dxmo A, A, ..., A4 - TPOCTI KOPEHI XapaKTEPUCTHUYHOIO MHOTOWIEHA
(2.7.2), To 3aranbHUN PO3B’SA30K PEKYPEHTHOro CIiBBigHOMIEHHA (2.7.1) Mae

Burisig a, =cA' +c,A4) +...+CA', ne ¢, C,, ..., C, - HOBLIbHI KOHCTAaHTH.

n“n>?

3. Sxmo A - xopip kpatHocTi I (i=1..,S) XapakTepUCTHUYHOIO

MHOTOWIeHa (2.7.2), TO pO3B’A30K PEKYpPEHTHOTro cmiBBiaHOMIEHHS (2.7.1) Mae

S
BUIJISA A, = Z(Cil +C,N+...+C, n“_l)ﬂ,ln , 1€ C; - IOBUIbHI KOHCTAHTH.
i1
3Ha0uu po3B’SI30K PEKYPEHTHOTrO PiBHSIHHSA (2.7.1), 32 MOYaTKOBUM YMOBaMHU

8y, &, ..., &, MOXKHa 3HANTH HEBIJIOMI IMOCTIHHI Ci 1 TAKUM YUHOM, OTPHUMATH

PO3B’sI30K piBHSAHHS (2.7.1) 3 3aJaHUMH TOYATKOBUMH YMOBAaMHU.
Teepmkenns 2.7.2. (Hacainok 3 Teopemn2.7.1). Hexait 4 - KOpiHb MHOTOYJICHA
(2.7.2) xparHocti S (S>1). Tomi mnst Oymp-sikoro t,1<t<S, mocaiTOBHICTH
{bn (t)}:;o, ne b =n""A", sanoBonbuse cuisBigHomenns (2.7.1).

JloBenennst
Bumanok 1. t=1. Toni b, = 4" (n=0,1,...) i

n+k-1 +...t pkbn :/’L”J’k + pl/erk_l +...t pk/ln =
= (& + p A7 +...+p,)=0.

b b
n+k + pl (274)



Bunapnok 2. t >1. 3ayBaxumo, mo A #0, ockinmbku p, # 0. Buznaunmo ¢yHkuiro

o(f(X)=xt"(x) i @, (f(x))=e(e(.o(f(x)...). 3 ypaxysanusam Teepmxenns 7.1

m paziB

JIETKO BCTAHOBJIIOETHCS JIHINHICTh (DYHKITIT go(f(x)), [0 TIOJISITaE y TOMY, IIO:

(o(f(X)+g(X)):(o(f(X))+(p(g(X)), 1 1mo go(axr):arxr. Ockinbku A - KOpiHb
kpatHocTi He MeHme t wMuorownena P, (X)=X"P(x), To A € i kopeHem

MHOI'OYJICHA.:

2. (P(0)) = 0, (X + pX™ 44 p X" )=

= gotfl(xmk )+ gotfl(plxmk_l)‘i' ot (pt,l(ka")= (n + k)t_lek +

n+1

4 (n + k _1)t—l plXnJrk—l + .+ (n +1)t—l pk,lX + nt—l pkxnl

Ockinbku A # 0, oTpuMyemo:
n+k)“ A +(n+k - A p A" +...+(n+) " p_A+n"p, =0,
110 1 HEOOX1JHO OYJI0 TOBECTH.

Takum ymHOM, SIKIO A, ...., A - KOpeHI MHorowieHa (2.7.2) 1 A - KOpiHb

m

kpatHocTi S, (L<i<m,s +..+s_ =K),To foBinbHa MOCTiOBHICTE {a, |~ BUAY:

a,=(a,+a ,n+.+a n)A +...
(2.7.5)
.t (a,, +a, ,n+..+a,  n")A (n=0,1,2,...),

i€ ¢, ; - IOBUIbHI KOHCTAaHTH, 33J0BOJIbHSE (2.7.1).

BHUKOpHUCTOBYIOUM HaBEIECHUI BHIIE MNPUHOM MOXKHA YCTAaHOBUTHU JIIHIWHY
He3alexHICTh ycix K mocmimoBHocTed i3 Mpukmany 1.

Ipuxaag 2. Skwo yci KopeHt A, ..., 4, XapakTepuCTUYHOr0 MHOrodjaeHa (2.7.2)
pi3Hi, To Bu3HauHuK Bangepmonna: W =W (A, ..., A, ) He piBHHUI HYITIO.

1 A 2 . AT
1 A4, 2 .4

1 A4 2 ..

k



Bunanok 1. Yci kopeni (2.7.2) maroTh kpaTHIicTh 1. [l 1O0BEeaeHHS TOTO, L0

IMOCJI1IOBHOCTI

BCTAaHOBUTH,

i,

o

(i=

1,.,k) €

JIHINHO

JIIHIHHO

HE3aJIC)KHUMU

HC3aJIC)KHUMU,

JOCTAaTHBO

€ BEKTOPHU

(1,1,]12,...,2?1) (i=1 2,...,k), T0OTO BeKTOpHM, cKIameHi 3 ix mepmmx K

KOOpOWHAT. OcranHe TBCPIKCHHA € CKBIBAJICHTHUM a0 BI/IXiI[HOFO.

Bunagok 2. Kopinb A mae kpathicte K. Tomi AOCTaTHHO MOBECTH, IO

D, #0, ne:
1 4 2 A
0 4 2% (k —A
D=0 2 2% (k =12 2.
0 A 22 ... (k=1*a
AJie OCKUIBKHU:
1 1 1 1 1
0 1 2 3 k-1
D =420 1 22 3 (k-1)*|#0,
0 1 2 3 .. (k-1

aTo 51 AJOBOIUTH 3aJaHC TBCPIKCHHA.

Mpukaag 3. XapakTepUCTUYHUM MHOTOWIEHOM [UJIsi TOCTIJOBHOCTI YHCEl

®ibonayui a ,=a ,+a € P(x)=x*—x-1. KopeHsiMH XapakTepUCTUYHOIO

1+/5 1-5

1 A, =————. BianosiaHo, 1 neskux «, 1 «,

mHorowieHa P(X) e A, = > 2 5

MAa€EMO:
F =aA +a,4,, Vn.

3HaigeMo «, 1 «,, BPaxOBYIOUM, IO s MociifoBHOcTI yucen DiOonayui:

29

F =F =1:



a+a,=11 a0l +a,4, =1.
3BifcH 3HAXOJIUMO, IIIO:

1+4/5 1-+/5 . )
=, &, =———— 1 TOAl:

o , =
S N/ N[
1 1+ \/g n+1 1_ \/E n+1

"B 2 2

Ilpuxkaan 4. 3Haiitn mnocnimoBHiCTh {a,}, sKa 3aJ0BOJBHAE PEKYypCHTHE

CHiBBIAHOIIEHHS & ,, —4a, ., +3a, =0 1 mouaTkosi ymosu @, =10, a, =16.

n-+1

Po3B’si3aHHs
KopeHsiMM XapakTepuCTHYHOTO MHOrowieHa P, =X*—4x+3 € uncna X =1 i

X, =3. 3 ypaxyBaHHaM Teopemm 2.7.1. 3aranbHuil po3B’A30K Ma€ BHUIIIAL:
a, =C, +C, -3". BUKOPHUCTOBYIOUH OYATKOBI YMOBH, OTPHMYEMO CHCTEMY:

c, +3c, =10,
c, +9¢c, =16,

3BiKM 3HAXOIUMO, 10 C, =7 i C, =1. Takum unHOM, &, =7+3".
Po3zrisitHeMo HeoHOpIIHE JT1HIHHE PEKYPEHTHE PIBHSIHHS:
a,,+pa., +.+pa,=f(n),n=01.. (2.7.6)
Hexait {b.} - 3aranpHmii po3B’s30k oxHOpigHOTO piBHAHHA (2.7.6), a {C } -

YACTUHHUN PO3B’A30K HEOAHOpiAHOrO piBHSHHA (2.7.6). Tomai mocmigoBHICTH

{b,+c.} yrBOptoe 3arampHMii pO3B’A30K piBHAHHA (2.7.6), 1 TOMy €

CIPABEIUBOIO.
Teopema 2.7.3. 3aranbHuil poO3B’A30K JIHIHHOTO PEKYPEHTHOIO PIBHSIHHS
300paKa€ThCA Y BUTJIISAI CYMH 3arajbHOTO PO3B’SI3KY BIATIOBIHOTO OJHOPITHOTO
JIHIAHOTO  PEKYpPEHTHOrO PIBHSAHHA 1 JESKOr0 YacCTUHHOTO  PO3B’A3KY
HEOJHOPIAHOTO PIBHIHHS.

Taxum unnom, B cuiy Teopemm 2.7.3. 3a7aua 31 3HAXOJKEHHS 3arajibHOTO
PO3B’SI3KYy PEKYPEHTHOTO PiBHSHHA (2.7.6) 3BOAUTHCA 10 3HAXOJKEHHS JESKOTO

YACTUHHOTO PO3B’SI3KY.



B okxpemMux Bumagkax MOXJIMBUMHU € 3arajibHi MIIXOMU O 3HAXODKEHHS

YACTUHHOTO PO3B’SI3KY.
Skmo f(n)=p" (e [ He € XapaKTEPUCTHYHUM KOPEHEM), TO ITiACTABIIAIOUN

a =cpf" B (2.7.3), orpumyemo C(B“+pBt+..+p)-L=p" i 3Bigcu
c-P,(b)=1, To06TO0 wuacTKOBUIl pO3B’A30K MOXHa 3agatd  (GOPMYJIOI0
1 o
a,=——/".
P.(b)
Hexaii f(n) - MuorowieH crtemeHs I Bijg 3MiHHOI N, 1 ymciao 1 He €
xapakrepuctidyauM kopeHem. Tomi P,(D)=1+p +..+p #0 1 yacTuHHUA
r -
PO3B 30K Tpeba LIyKaTH y BUIJLAL &, :Zdin' . [lincTaBnsiroun MHOTOWICHH Y
i~0
bopmyay (2.7.6), oTpumyemMo:

Y dn+k) +p Y d(n+k-1) +..+p > dn' =
i=0 i=0 i=0 (2.7-7)

:Zr:di((n+k)i +p(n+Kk-1)" +...+ pkn‘):zr:di(glni +..)=f(n).

[TpupiBHIOrOUM KoedilieHTH B JIBIA Ta MpaBiii 4acTHHAX OCTAHHBOI PIBHOCTI,
OTPUMA€EMO CHiBBiAHOLIEHHS JUIg yncel d., SKi J03BOJSIOTh BU3HAYNTH 11l YUCTIA.

IMpukaan 5. 3HalTH PO3B’A30K PIBHSHHS:

a,,+2a, =n+1

n+1
3 I0YaTKOBOIO YMOBOIO @, =1.

Po3B’s13anus

Posrisemo  xapakrepuctnyHuii  MHOrownteH P (X)=x+2. Tak sk
P.(1) =3#0 i npaBa wactuna f(n) piBHsHHA (2.7.6) piBHa N+1, To YacTHHHHI
po3B’s130K Oynemo nrykatu y Burisigi C, =d, +d, -n . [ligcraBnstoun C, y BuXigHe
PIBHSIHHS, OTPUMYEMO:

(dy+d,(n+1)+2(d, +d,-n)=(3d, +d,)+3d, -n=1+n.
[IpupiBHIOIOUM KOe(illieHTH B JiBIM 1 TpaBiil YaCTUHAX OCTAaHHBOI PIBHOCTI,

OTPUMYEMO CHCTEMY:



3d,+d, =1,
3d, =1,

. 1 .
3BiAKM 3Haxoaumo, mo d,= ,dlzg. TakuM 4YHMHOM, YaCTUHHUH PO3B’SA30K

OIN

. 1 .
3aJJAHOTO PIBHSAHHS Ma€ BUIVIAL: C, =§+§n. 3a Teopemoro 7.1. 3aranbHui

pPO3B’A30K OJHOPIAHOrO piBHAHHA @ ,+2a =0 Bupaxkaerbcd (HopMysoro

n . . . ~ b
b,=c-(-2)" i 3rizno i3 Teopemoro 2.7.3. OTpUMyeMO 3arajbHUH pPO3B’A30K

BUX1JIHOT'O PIBHSIHHSI:

n

a :Z+1n+c-(—2)”.
9 9

. 2 7
3 I04aTKOBOI yMOBHU @, =1 3HaxoauMO: 9 +C=1, To6TO C = R Taxum yrHOM:

a, :g+1n+z(—2)”.
9 3 9

2.8. YTBOpowyi pyHkirii.

3 Oynp-KOI TMOCTIJOBHICTIO {an }::0 MOXHa TIOB’si3aTH  (popMabHUN

creneneBuii pax A(t) =a, +at+a,t® +a,t’ +..., SKuii HA3UBAETHCA YTBOPIOKOYOKO

(byHKITIE 1S TOCT1JOBHOCTI {an }::0. Sxmo (@, | 3pocTae He 1yKe MIBUAKO, TO B
JCSIKOMY OKOJII HYJIS IeH psia aOComoTHO cxoauThes 1 A(t) MoKHA CITiB CTaBUTH 3

JIESIKOI0 OTPUMYBAHOIO aHATITHYHOIO (PYHKITIETO.

Mpuxkaan 1.
k k k

1.a =| | Tom: A(t)=1+kt+| [t>+..+| [t'=@Q+t)
n 2 k

2.a =1.Tomi: A(t)=1+t+t* +t° +...:ﬁ.

3. a _1 Topi: A(t)—1+£+ﬁ+ =¢'
-2, =—. Toxi: BAETRERA R

4.a =F .Toni:



AD) =Y Ft" =1+t+>(F, +F )" =
n=0 n=2

1+t U S R+t R =1+ A +A(R).
n=0 n=1

1

3 pisasuaa A(t) =1+t>A(t) +tA(t) orpumyemo: A(t) = e

3Hatoun yTBOprotody ¢yHkmiro A(t), MoxHa 3HaliTH Oyab-ike a_,

(n)
BUKOPUCTOBYIOUM po3Knan y pan Tennopa. Maemo: a, = A((r)]? :
Ipuxnan 2.
1
1. A(t) =——.
® 1-2t

Toni:
A" () = (-1)(-2)...n)(=2)"(1-2t) .

/ I (n)
3naunts, A(0) =1, A 0) =2; A (0) :22,___,A—(O):2"_

il 2! n!

2. A(t)=(1+t)™", me unciao —M He € HATYPATbHHM.

Tonmi: A™(t) = (-m)(-m-1)...m—-n+1)@+t)™".

3HauNTh: & = AO™ = =l = [_ mJ = (—1)n[m o _1} :

n! n! n n

@opManpHl  pAOM  MOXHA  J0AaBaTM 1  MEPEMHOXKYBAaTHU:  SIKILIO

At)=Yat", B(t)=Dbt", 10:
n=0 n=0

AM)B(t)=>d t", ne d =ab, +ab_, +..+ab, (2.8.1)
n=0

BnactuBicts (2.8.1) MOKHA BUKOPHUCTOBYBATH TIPU BUBEJCHHI PSITy TOTOXKHOCTEH.
Mpuxaan 3.

Posnumiemo oueBuany piBHicts (1+t)“(1+1)™ = (1+1)“" uepes psaau:

- (K " m+n-1 . (K=m
R SN S
n=0{ n n=0 n n=0 n



k—m
[TpupiBHIOOUH KoedirieHTy pu t", oTpUMy€eMO cripaBa ( , a 37TiBa:

n
» (k—m (m+n-1-i
)
il n—i

k—m » (k—m (m+n-1-i

)

n =l n—i

BukopucroByroun o3HaueHHs uyucen KartamaHa, 3HAWIEMO YTBOPIOIOUY

Taxkum unHOM:

dbynkmiro C(t) wmiei mOCaiI0BHOCTI U TaKUM YHMHOM, BUBEAEMO iX SBHY (OpMYyILy.

Maemo:

C(t)= icntt =1+ i(cocn_l +..+C _C )" =
n=0 n=1

—1+tZ(c0 L HC " =1+t(C()).

Po3B’s13yroun kBajpaTHe piBHsAHHS BigHOocHO C(t), oTpuMyeMo:

C(t) = 1+ \/;— 4t .

€ 9
= .

Ockinbku C(0) =1, B ocTaHHBOMY BUPA3i CJIi/T 3aTMITUTH 3HAK

3HaxoAumMo N -y moxiaHy Big v1—4t:

dr 1/2 . 5
dat" (ﬂ): nl(1-4t)? (-4)" =2"(-1)(2n—-3)N'(1— 4t)>
n

OT1xe:

o 2N -3\
1—ﬂ=22 (2n 3)..tn

n=1 n!

C(t):iz (2n 3)

n=1

Bpaxyemo, m1o:



2"(2n-3) (o)1 1 (2N

= = , TOMY:
n! ni(n+1)! n+1{ p
1 2n
Cty=) — "
() én'i‘l n

Cnucok peKoOMEeH/I0BAHHUX 10 PO3B’SI3yBaAHHA 32/71a4.
1. 1) doBecTH, 1m0 3BOPOTHA MOCTIIOBHICTh MMOBHICTIO BU3HAYAETHCS 3aJaHHAM ii
nepmmx K 4ieHiB i criBBigHOmIEHHSM &, + P&, ., +...+ pa, =0 (1).

2) Hexall A - KOpiHb XapakTepucTHYHOrO MHorouneHa P(X) =X + p,X“* +...+ p,

(2). Homectu, 1m0 TOCHIJOBHICT {ci”}, ne C - KOHCTaHTa, 3aJ0BOJIBHSIE
criBBigHOmEeHHS (1).

3) Josectu, mo AKmo A, ..., A, - NpocTi (He KpaTH1) KOPEHI XapaKTEPUCTUYHOIO
MHOTOWIEHA (2), TO 3arajbHUI PO3B 30K PEKYPEHTHOTO CiBBiHOIICHHS (1) Mae
BUTJISI;

a, =CA +...+CA,.

4) Hexaii A - KOpiHb XapaKTEpUCTHUYHOIO MHOrowieHa (2) KpaTHOCTI
r (i=1..,s). [oectn, mo TOXI 3arajJbHUN PpO3B’SA30K PEKYPEHTHOTO

criiBBigHOIIEHH (1) Mae BUTIISIA:

a, = zsl(ci1 +C,N+...+C, N")A,
i=1
zie C; (i=1...,s, j=1..,r) - nesaKi KOHCTaHTH.
2. HaiitTu 3aranbpH1 po3B’sI3KM PEKYPEHTHUX CIT1BBIAHOLIEHB:
1) a.,—4a  +3a =0;2)a ,+3a =0;
3a,—-a,—a=0;4a, ,+2a, +a, =0;
5 a,,+10a, , +32a, 6 +32a, =0;

6)a .+3a_,+3a,+a =0.

n+1

3. 3HaliTH @, 3a 3aJaHMMM PEKYPEHTHUMH CIIIBBIJIHOLIEHHSIMHM U IOYaTKOBUMU

YMOBaMH:



1) a ,—4a , +3a =0, a, =10, a =16;

2)a . ,—3a ,+a  —3a =0a =3 a =7 a, =27,

3)a,—3a,,+2a =0,a, =a, a =b,a,=b;

4) a ,—2cosaa ,+a =0, a, =1 a =cosa;

5 a,—-a =04a=0a=2;

6)a,—6a, +9 =08, =6, a =6.

4. 3HailTH PO3B’SA3KU JTIHIMHUX HEOJHOPITHUX PEKYPEHTHHUX CITIBBITHOIICHB:
1) a,.,—a =na =1

2)a . ,+2a,  —8a =27-5",a,=0,a =-9;

3)a,—2a, +2a =2"a,=1a =2;

4) a ,+a ,—2a =na =1 a =-2;

5)a,,—4a  +4a =2",a,=1a =2;

6)a,+a,  —6a =5-2"" a =2 a =1.

5. 1) Hexait {a,j i f{b} - nBi nocminoHoCTi, wmeHm sKuX 3anaHi
CIIIBB1THOIICHHSIMH:

a,.,=pa,+ qlb

o
b,.,=p,a, +0,b,,
A=pgq,-p,0, =0,
ne p,, 4., P,, 0, - 3amani uncna. 3HalTH BUpa3u A a1 b, yBaxkaroum, mo a, i

b, 3axaHi.
2) 3HaliTH pO3B’SI30K CUCTEMU PEKYPEHTHHUX CITIBBITHOIICHD:
a,,=3a,+b,
b.,=-a +b,
a, =15,b =6.
3) 3HaiiTH 3araJibHUI PO3B’ 30K CUCTEMHU PEKYPEHTHHX CITiBBIIHOIICHB:
a,,=Db, +5

b.=-a +3.



6. 3Haiitn yTBOprOfouy dynkuito f(t) ans mocmizoBHOCTI {a, }, AKIIO:
1) a, =1 msaBcix N>0;
2)a, =1maecix 0<n<Nia =0mnpuscix N>N;

3)a,=a’i4)a,=" ;5 a,=(-1";6) a=n;

m

7)a =n(n-1);8) a, :(

J , M - HaTypaJIbHE YUCJIO,
n

9) a, :[a]’ a - nidiche wucino; 10) a =n?;
n

11) a, =sinon; 12) a, =coson.

7. HaiiTn eKcHOHeHI[iaibHi yTBOpIofoui (ynkuii E(t) mms mocminosocti {a_},

SIKIIO:

1)a =1;2)a =«a";3)a,=n;4)a =n(n-1);

5) a,=(m)_;6) a =n?

8. 3a 10moMOrorw TOTOXHOCTEH, IO 3B’SI3YIOTh YTBOPIOIOYI (YHKIII, BUBECTH

TOTOKHOCTI JJ11 O1HOMIaIbHUX KOE(]IIIE€HTIB:

k (N m n+m
1) A+0)"@+t)" =@+t)™", Z( J[ j: J;

=0{s \k—s k
« (N+sYm+k—s n+m+k+1
2) (=)A=t = (- z( H }
=0 s m K
K nym+k-s+1 n—m
3) @+t)"A+t)" =@+t)"", Z(—l)“[ j[ ]:( ];
5=0 S k—s k
2K nN+s\n+2k-s n+k

9. 3HaiiTm 3arambHUIl WiIeH &, MOCTHIJOBHOCTI, i sikoi ¢yHkmis A(t) €

YTBOPIOIOYOIO:



1) At)=(q+pt)"; 2) A(t):ﬁ; 3) At)=I-t;
4) At) =t"(L—1)": 5) At) = (t+t +...+1")";
6) A(t):(1+gjm; 7); A(t) =In(1+t) 8) A(t) =arctqt;

9) A(t) =arcsint; 10) A(t)=e™".

10. JIoBeCTH TOTOXKHOCTI:

nym+s m
s s/im+1 n-1
m) m m
s s \2n-s n

m nN+Ss m-n-1
szeal, " |7 e("T)
s m-Kk+s/) n k
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