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Summary. The basis for the calculation of reinforced bending wooden elements, taking into account the 

nonlinearity of wood deformation, has been developed. For the proposed calculation, optimized diagrams of wood 

deformation (polynomial of the 4th degree) were used. A method of determining the tangential stresses of bending 

reinforced wooden elements, taking into account the nonlinearity of the deformation of the material, has been 

developed.  
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Statement of the problem. Materials, elements and structures made of wood remain 

one of the most popular in practice of construction. Their usage started many centuries back. 

Wooden elements and structures have rather long service life and are used in erecting industrial 

and civil structures. With relatively small weight, they have high strength and toughness. One 

of the most peculiar features of wood is its anisotropy. It is important to consider it while 

calculating elements and constructions. Determining of tangential strains, of bending reinforced 

wooden elements in particular, is crucial as well. 

Analysis of recent researches. As the recent researches [1–6] and the researches of 

the other authors [7, 8] show, deformation of wood occurs non-linearly almost from the 

beginning of the load. Such peculiarities should be taken into account when calculating 

wooden elements, both reinforced and non-reinforced [9–20]. The vital factor for the work of 

wood is determining of tangential strains in reinforced bending elements and constructions 

taking into consideration non-linearity of deformation of the material. In our previous study 

we suggested determining the tangential strains in non-reinforced elements [21].  

Results of the research. From the previous it is seen that reinforcement of wood 

significantly influences the deflection of bending parts while decreasing it and increasing 

its stiffness [22–23]. The researches prove that reinforcement increases the bearing 

ability of a normal cross-section. Subsequently, the achievement of the ultimate deflection 

of the element occurs with significantly smaller cross-sectional dimensions, which allows 

to save the amount of material necessary to ensure the rigidity of the structure. And 

in the case of designing, it allows to overlap larger spans. It is the research data that  

there cause the necessity to determine and check the tangential stresses that occur along 

the height of the beam from the compressed reinforcement to the stretched one. To 

determine such tangential stresses, a part of the element should be cut out of the existing 

element and the internal forces should be projected on the axis. Assume that there is a 

certain bending element in which a variable bending moment occurs, a cantilevered 

beam can be such an option (Fig. 1). 
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Figure 1. Cantilever fixed bending element 

 
Let us cut out a part of the bending element and obtain a part of the element, the 

dimensions of which are shown in Fig. 2. A pair of forces from the the bending moment and 

tangential stresses, which perceive this difference in forces are acting upon it. 

 

 

 

Figure 2. An elementary part of the strain-stress state: 
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xx
FF  are the resulting forces of internal stresses which occur in wood; 
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,

armxarmx
FF  are the internal forces occurring in reinforcement; 

xyy
 ,,

2,1,
 are the tangential stress occurring in timber; 

dx  is an elementary area on which tangential stresses 
x

  act. 

 
The stresses that act on the elementary part of the beam, if projected on the axis, will 

give the following equilibrium equations:  
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b  is the width of the bending element in the place of occurrence of tangential stresses 

x
 . 
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Considering the previous equilibrium equation (1), it can be stated that the determination 

of tangential stresses is reduced to the determination of internal stresses acting along the x axis. 

To determine these stresses, consider two cross-sections of the bending element by the edges, 

which are the planes in which the internal forces 
2,,1,,2,1,

,,,
armxarmxxx

FFFF  act. 

 

 

 

Figure 3. Strain-stress state in cross-sections 1 and 2 from the action of moments 1
М  and 2

М  

 

We write down the equations of internal forces 
1,x

F  and 
2,x

F , which occur in sections 

1 and 2 (Fig. 3) and are the sum of the stresses occurring in the wood 
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s
A  is the area of the reinforcement falling into the elementary area; 

2,1,
,

cc
uu  are the relative deformations occurring at the boundary compressed wood fibers; 

2,,1,,
,

hchc
uu  are the relative deformations on the end where the tangential deformations are 

determined; 

2,,1,,
,

armcarmc
uu  are relative deformations in reinforcement. 

The forces perceived by the reinforcement in section 1 and 2 will be equal: 
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To determine the relative deformations under the acting moments, we use the 

approximate function of the curve-moment graph for the reinforced wooden element and 

determine the value of the curvature in cross-sections 1 and 2.  
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armarm ,2,1
,  are the curvatures of the reinforced bending element; 

armarm
GG

,2,1
,  are the coefficients for transition from the moment to curvature;  

armarm
MM

,2,1
,  are the bending moments acting in cross-sections 1 and 2. 

To determine the position of the neutral line, we will use the graph of the change of the 

neutral line and determine the coefficient of the ratio of the compressed zone to the stretched 

zone 
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2,1,
,

tt
uu  are the relative deformations occurring at the stretched edge wood fibers; 

Respectively, the compressed and stretched areas will be equal in the cross-section  
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Relative deformations for calculation of the forces 
1,x

F  and 
2,x

F  will be equal 
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Relative deformations for calculation of the forces 
1,x

F  are 
2,x

F  as follows 
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Depending on the obtained relative deformations, we calculate the forces 
1,x

F  and 
2,x

F  

determine the average value of deformations on the area
x

 . 
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Let us calculate the tangential stresses that occur in the wooden element at the maximum 

moment which can be accepted by the cross-section. Meanwhile, the forces acting on the 

elementary cross-section in Fig. 2 and Fig. 3 are calculated using the integrated functions of a 

polynomial of the 4th degree [4] 
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Conclusions. The basis for the calculation of reinforced bending wooden elements, 

taking into account the nonlinearity of wood deformation, has been developed. For the 

proposed calculation, optimized diagrams of wood deformation (polynomial of the 4th 

degree) were used. A method of determining the tangential stresses of bending reinforced 

wooden elements, taking into account the nonlinearity of the deformation of the material, 

has been developed.  
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ВИЗАЧЕННЯ ДОТИЧНИХ НАПРУЖЕНЬ В АРМОВАНИХ 

ЗГИНАЛЬНИХ ДЕРЕВ’ЯНИХ ЕЛЕМЕНТАХ З УРАХУВАННЯМ 

НЕЛІНІЙНОСТІ ДЕФОРМУВАННЯ МАТЕРІАЛУ  
 

Петро Гомон  
 

Національний університет водного господарства та 

природокористування, Рівне, Україна 
 

Резюме. Проведено детальний аналіз наявних літературних джерел вітчизняних та 

закордонних авторів, які стосуються роботи згинальних армованих та неармованих дерев’яних 

елементів і конструкцій, при розрахунку яких враховується нелійність деформування матеріалу. З 

попередніх досліджень зрозуміло, що армування деревини суттєво впливає на прогин згинальних 

дерев’яних елементів, зменшуючи його і підвищуючи його жорсткість. А дослідження 

підтверджують, що армування також підвищує несучу здатність нормального перерізу. При цьому 

досягнення граничного прогину елемента настає при суттєво менших розмірах поперечного перерізу, 

що дозволяє зберегти кількість матеріалу, необхідного для забезпечення жорсткості конструкції й 

у випадку проектування, дозволяє перекривати більші прольоти. Саме через дані дослідження виникає 

необхідність визначення та перевірки дотичних напружень, що виникають по висоті балки від 

стисненої арматури до розтягненої. Для визначення таких дотичних напружень слід в існуючому 

елементі вирізати частину елемента й спроектувати внутрішні зусилля на осі. Наведено рівняння 

рівноваги таких елементів. Встановлено напружено-деформований стан та розроблено основи для 

розрахунку армованих згинальних дерев’яних елементів із урахуванням нелінійності деформування 

деревини. Для запропонованого розрахунку використано оптимізовані діаграми деформування 

деревини (поліном 4-го ступеня). Наведено методику визначення дотичних напружень згинальних 

армованих дерев’яних елементів із урахуванням нелінійності деформування матеріалу. 
Ключові слова: деревина, згинальний елемент, напружено-деформований стан, дотичні 

напруження, оптимізована діаграма деформування деревини. 
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