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Summary. The article considers the spatial motion of a mechanical system where a heavy beam of a given
mass and dimensions is suspended at one end by a weightless inextensible cable to a trolley, which can move along
horizontal guides without resistance. The system has five degrees of freedom. Based on the apparatus of analytical
mechanics and Lagrange equations, a mathematical model of the considered mechanical system in the form of a
system of five nonlinear differential equations of the second order is obtained. The mathematical model is
implemented in the form of a computer program that allows you to determine the coordinates (positions) of the
beam at any time, build the trajectory of the center of mass, determine the kinematic characteristics of the
movement, calculate the cable tension and determine its extreme value. Based on the numerical experiment, graphs
and phase trajectories of these parameters are constructed, including the 3D trajectory of the center of mass of
the beam. The system can show quite complex dynamics depending on the initial conditions, as evidenced by the
results of numerical calculations. Under certain conditions, chaotic behavior of the system is possible. Having a
mathematical model and a calculation program, it is possible to conduct further studies of the system under
consideration, revealing the positions of stable and unstable equilibrium, modes of self-oscillations, revealing
areas of periodic and chaotic modes, bifurcations, and so on.
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Problem statement. The study of the spatial motion of bodies with distributed mass is
quite urgent due to the wide use of lifting mechanisms and machines, such as tower, traveling
gantry, cantilever, bridge, gantry, and other types of cranes. One of the types of multilink
oscillating pendulum systems is taken into consideration in this study. This is a nonlinear
system whose motion can be disordered under certain conditions. While taking into
consideration the system motion it is important to be able to determine the body position at
certain moments of time and to calculate the cable maximum tension to forecast its possible
break.

Analysis of the well-known research results. An elliptical pendulum (a flat problem)
consisting of a slider that is sliding along the smooth horizontal planed of the specified mass
and a heavy ball connected with the slider by a weightless inextensible bar is taken into
consideration in almost all textbooks on classical mechanics as well as in a number of
publications [1]. The impact of external factors on the elliptical pendulum motion and
oscillation reduction control are studied [2-5].

Different options of spherical pendulum motion like the motion with a movable or
vibrating suspension point, the motion under the influence of variable external load, and the
spherical pendulum motion on elastic suspension are studied in the papers [6-13].

Besides, multilink pendulum systems can be quite often seen in different fields in
practice [14]. A flat problem is more often taken into consideration for double pendulums [15—
17]. A model of the flat double pendulum motion has been described in the paper [15]. A flat
model of a double mathematical pendulum suspended to a trolley that is incrementally moving
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along the guides is considered in the paper [16]. V. Loveikin and P. Lymar have analyzed the
motion of a system consisting of a trolley, a pickup, and a load with the shifted center of mass
relative to the pickup in the process of run-up [17].

A model of a double pendulum analyzed in the paper [18] is very similar to the
mechanical system in the paper under discussion. The law of the trolley motion is specified in
that paper while in the paper under consideration a trolley with a connected double spherical
3D pendulum is moving along the horizontal guides without any resistance forces action.
Moreover, another system of generalized coordinates has been used (the same system was used
in the paper [7]), as well as another approach to the inertia moment determination of a body
with distributed mass was applied.

The purpose of the paper is to build a 3D model and to study the motion of a double
spherical pendulum with both a movable suspension point and a load with distributed mass as
well.

Task setting. The mechanical system under consideration includes a trolley m; moving
along the horizontal guides without resistance force. A load in the form of a beam AB of the
length 2a and of the mass my is suspended to the trolley on the non-extensible cable of constant
length ¢ (fig. 1). The cable is considered to be weightless.

(41

Figure 1. Calculation scheme of a double spherical pendulum with a load in the form of a beam AB and a
movable suspension point (slider E)

Let’s introduce a fixed (absolute or reference) coordinate system O(n&. We have
connected the coordinate system Axyz with the beam. The system has 5 degrees of freedom. As
generalized coordinates, we have assumed: q1={1, Q2=¢z, §3=¢, g4=yz, Q5=V.

The coordinates of point A4 relative to the fixed system of coordinates can be found by
the formulae:

Ci=Q+Lsin(p)-cos(ps),
na=t-sin(p) sin(pz), 1)
Ea=Cl-cos(p).
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The coordinates of the beam mass center of point C relative to the fixed system of
coordinates:

{e={atarsin(y)-cos(yz) =(1+-sin(p)-cos(pz) +a-sin(y)-cos(yz),
nc=natasin(y)sin(yy) =Csin(p)sin(p) +a-sin(y) sin(yz), )
Sc=¢ata-cos(y)=C-cos(p)+a-cos(y).

The projections of the velocity t. C on the axis of coordinates are equal to the derivative
over time formulae (2):

Vze ={={ +4 cosQ-cosp, @' —L-sing-sing, ¢, +
+a - cosy - cosy, P’ — a- simp - siny, - Py,
Voe =1c =1L cosp - sing, - @' + £ sing - cosg, - ¢, + (3)
+a - cosy - siny, - ' + a-sing - cosy, - Py;
Vi =éc=—1{ sing- @' —a-sinp -’

The absolute velocity t. C can be presented as three constituents, taken from (3):

Ve = \/(Zc)z + (1c)? + (£0)2. (4)
Kinetic energy of the system is equal to:
T=T1+T>, (5)
where T, = m, - G) kinetic energy of the trolley translational motion;

2
T2 — kinetic energy of the beam AB complex motion.

Kinetic energy of the beam AB is defined as the sum of kinetic energy of the
translational motion together with the mass center and the relative motion relative to the mass
center:

2
TZ = m2 - % + Tér) (6)
Kinetic energy of the relative motion:

mya® ()" )2
Tc(r)z 23 e @

The beam inertia moment relative to the axis Cz::

my-a?

Jez, = "5 sin? (). (®)

By substituting successively (8) in (7), then (7) in (6) and (6) in (5) we have obtained
the formula for calculation of total kinetic energy of the mechanical system under consideration:

Ty By C5 4 2 () + (D) sint ) ©
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Potential energy of the system:
P=m,g-¢&.. (10)
Lagrange
L=T-P

Or in expanded form using (3), (4), (9), (10) after transformations we have obtained:

1
L= g(6gm2(—a — £+ 2 cosp + a-cosy) +3my (3 )% +
+a?my ((sin)? - ()% + (P, )?) + 3my ((£ - sing - @' + a - sing - P")? + (11)
+(£ - cos - sing, - @' + £ - cosg, - sing - ¢, + a - cosy - siny, - P’ +
+a - cosyp, - siny -, )% + (' + £ cosg - cosp, @' —
—£ - sing - sing, - @,’ + a - cosy - cosy, - P’ — a - siny - siny, - P,)?)).

The system motion is described by five Lagrange equations of the 2nd kind:

d oLy oL -
. (a_qi) — 5o =0 where /=1,2,.., 5 12)

By substituting (11) in (12), we have obtained the system of five nonlinear differential
equations of the second order in expanded form:

m¢y" = my(=4" + £ cosp - (2-sing, @' @, —cosp, @"") +
? - sinp(cose, - ((p'z + goz’z) + sing, - @, )+ a-cosp - (2-sinp, Y -, —  (13)
" . ' 12 . 11NN .
cosy, - YP") + a-siny - (cosy, - (Y 2+ Y, ) +siny, P, ),

£-my-sing-(2-€-cosp @ @, —sinp, " +£-sinp @, +
a- (sinp - sin(p, —P,) - P'* + 2 cosp - cos(p, —P,) P’ -, + (14)
. . 12 " , 14 .
sin(o, =) - (siny -y, —cosyp - ") + cos(¢, = ,) " sinp -, ")) = 0;

£-m,-(g-sing —¥£-cosp - sing - <pZ’2 +a- (cosy - sing —
cos - cos(@, — ;) - sinp) - ' + 2a - cose * cosy - sin(p, — ) P’ P, + (15)
cos@ - cos@, ;" +€-¢" +a-cosg-cosy-cos(p, —,) - P" +a-siny -
. " 12 . " i
(sing - " + cosg - (—cos(@, —Y;) Y, +sin(Q; — ;) ", ))) =0;

a-my- (6a-sin(2y) -’ P, +6-siny - (—simp- ¢ +
¢ (—sing - sin(p, —,) - ¢'* + 2 cosg - cos(p, —¥,) - @' ¢, + (16)
+ Sin(¢z - lpz) ' (_Sin(p ) ¢Z’2 + CosQ - (P”) + COS(()DZ - 1/)2) '
sing - @, ) +a-(5—3-cos(2Y)) -y,”) = 0;

a-m; - (6€-(—cosy - cos(p, —P,) - sing + cose - siny) - go’z -
122 - cosg - cosy - sin(@, — P,) - @' - P, — 6£€ - cosy - cos(@, —P,) -
sing - @,'* + a - sin(2yY) - (Y'? — 31/)2'2) +6(g - sinp + cosy - cosy, - &+ (A7)
£ - (cose - cosy - cos(p, —Y,) + sing - sin) - "' — £ - cosy - sing -
sin(@; —¥z) " ¢,") —a- (=7 + cos(2y)) - y") = 0.
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Let’s determine the cable tension during the beam AB motion.
The differential equation of the beam motion in the projection in the projection on the
vertical axis of a fixed coordinate system looks like:

mz'é.CZmz'g—N'COS(p.

Hence,

N = m, -2 (18)

cos ¢’

On the basis of the obtained system of equations (13)-(17) the numerical modeling of
the system motion was done at the following initial data and initial conditions: m1=400 kg,
m>=3000 kg, £=8m, a=1,8m, (10=-0,4 m, ¢0=0,4, p0=0,2, w:0=0,2, wo=0,3, {"10=0,1 m/s,
»'20=-0,1 rad/s, ¢'0=-0,2 rad/s, w'0=-0,1 rad/s, y'o=-0,2 rad/s.

The results of the modeling are shown on the figures 2-10. The law of motion (the law
of change of generalized coordinates over time) is given on figures 2-3. Represented on figures
4-8 the phase trajectories have shown the evolution of the given physical system. A spatial
motion trajectory of the beam mass center is shown on fig. 9 (t. C).

The conducted studies have proved, that the system motion displays various dynamic
behavior. A great number of different modes can be observed which depend significantly on
the specified initial conditions. The various regular and chaotic movements of a double 3D
pendulum are realized.

03
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Figure 2. Coordinate {1-time dependence graph. Figure 3. Dependence graph of angular generalized
coordinates change over time:
=z, =3, et Ty
/ B 7‘.‘\\‘
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Figure 4. Phase trajectory 1-("1 Figure 5. Phase trajectory ¢.,-¢;' Figure 6. Phase trajectory p-¢’
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Figure 7. Phase trajectory w,-y;'. Figure 8. Phase trajectory w-y/".

Using the formula (18) one can calculate a cable tension in the process of the beam
motion AB (fig. 10), and its maximum value can also be calculated by means of software. Here,
under specified parameters the maximum tension is equal to 34211 H and it is observed at the
moment of time 0,216 s.
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Figure 9. 3D trajectory of the center of Figure 10. Cable tension change during the beam motion
mass of the beam (p. C)

Conclusions. A spatial mechanical system of a double spherical pendulum with the load
with distributed mass and a movable suspension point. 3D motion of the model is described by
the system of five nonlinear differential equations of the second order. A program has been
developed and a computer simulation of the system motion has been done. The laws have been
determined and the curves, as well as phase trajectories describing the changes over time of
linear and angular coordinates and velocities have been constructed. A cable tension has been
calculated, and its maximum value has been found. The system can demonstrate quite complex
(including chaotic one) dynamics depending on the initial conditions, that was proved by the
results of numerical calculations in the form of graphs and phase trajectories.
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JAOCIIIZKEHHSA TPOCTOPOBOI'O PYXY TUIA 3 PO3ITIOAIVIEHOIO

MACOIO, IPUEAHAHOI'O HEPO3TA KHUM TPOCOM 10
PYXOMOI'O BI3KA

Cepriii [Topnecunii

Jlonbacvka oeporcasna mauunobyoiena akaoemis,
Kpamamopcok, Ykpaina

Pe3tome. Poszensanymo npocmoposuii pyx mexauiunoi cucmemu, 0e 8ajzicka baixa 3adamoi macu i

PO3Mipie nidgiuena OOHUM KiHYeM HeBA2OMUM HePO3MSANCHUM MPOCOM 00 8i3Ka, AKUU Oe3 Onopy Modice
pyxamucs no 2opusonmanvrux Hanpamuux. Cucmema mae n’ame cmynenie ginonocmi. Ha ocnosi anapamy
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Serhii Podliesnyi

aHanimuyHoi Mexauiku i pieusans Jlaepanica ompumano Mamemamuyny Mooeilb po3eisioy8anoi MexaniuHol
cucmemu y 8u2asaoi cucmemu n’amu Heainiinux ougepenyiarbHux pieHans 0py2020 nopsaoxy. Mamemamuyna
MoOenb  peanizoéana y 6uaaadi KoMn'iomepHoi npozpamu, AKa 00360]A€ BUHAYUMU KOOPOUHAMU
(nonodcenns) 6arku 6 OyOb-AKUl MOMeHmM Yacy, nobyoysamu mpackmopiio pyxy yewmpa mac, SUusHaqumu
KIHeMamuyHi Xapakmepucmuku pyxy, po3paxysamu Hamsae mpoca U 6USHAYUMU 1020 eKCMmpeMalbHe
sHauenHs. Ha niocmaei npogedenozo yuciogo2o excnepumenmy nooyoosano epagixu i ¢azosi mpaekmopii
yux napamempis, y momy uucni 3D mpaeckmopia pyxy yenmpa mac oanxu. Cucmema mModxce 0eMoncmpyeamu
00CUmMb CKIAOHY OUHAMIKY 3ANEHCHO B8I0 NOUAMKOBUX YMOS, NPO WO CI0YAMb Pe3yNbMAmu YUCENbHUX
PO3DAXYHKIG. 3a Ne6HUX YMO8 MOJICAUBA XAOMUUHA hoGedinka cucmemu. Marwouu mamemamuyny mooens i
npoO2pamy pOo3pAaxXyHKY, MOJCHA NPOGOOUMU NOOANbUL] OOCNIONCEHHA pPO3SAAHYMOI cucmemu, GUABAAIOYU
NOJI0JICeHHsT CMINUKOI ma HecmilKkoi pieHO6a2U, pedcuMU aBMOKONUEAHb, GUABNAIOYU 001ACMi PIZHUX 34
Xapaxmepom nepioOUyHUX i Xaomuunux pexcumis, oigpypxayii ma in. [JocaioscenHs npogedeHo 3a HeaiHiliHOW
MOoOennio Oe3 UKOPUCTNAHHA ACUMNIMOMUYHUX MEMOOi8, U0 00380IUI0 GUKTIOUUMU MemOO0L02IYHY NOXUOKY
piwenns. Ompumani pe3ynomamu MOHCyms OYmu UKOPUCMAHI NPU MOOENI0BAHNT KEPOBAHUX MAATNHUKOGUX
pyxie pizHux mexauiunux cucmem. Memoouxa i npoepama pexomeHOVIOmvbCs OAA GUPIUEHHS NPUKIAOHUX
3080aHb NPOEKMYBAHHA MA eKCHIYamayii pi3HUX BAHMANCONIOUOMHUX cUCMeM | MEeXHIYHUX Npucmpois,
30amHUX 0eMOHCIMPYSAMU CKIAOHY NOBEOIHKY. V Memoouunomy naauni npononosanull mamepian yixasuii 014
cmyOoenmis [ ACnipanmieé y NAAHI HAGUAHHS NPUHYUNAM NO6YO08U Ma AHANI3Y CKIAOHUX HENIHIUHUX
nPOCMOPOBUX OUHAMIYHUX CUCTEM.

Kniouosi cnosa: neninitina Ounamika, KOJUSAHHS, XA0C, RPOCMOPO8A 3a0aid, NOOGIUHUL ChepudHuil
maamuux, pisuanns Jlaepansca 2-20 pooy, Mamemamuyna MoOoenb, YUCI08ULl eKChepUMeHHI.
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