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Summary. The implementation of the concept «smart city» has required, in particular, the development
and efficient use of new mathematical methods and approaches enabling the data hypercube analysis to be made
efficiently and constructively, data transfer processes to be initiated, etc.

Key words: smart city, data hypercube, p -adic numbers, hierarchy tree.

https://doi.org/10.33108/visnyk_tntu2021.04.058 Received 26.11.2021

Problem statement. One of the key components of the processes maintenance in «smart
city» resource networks is the data warehousing and the use of information technologies of data
multidimensional analysis — OLAP. The use of this technology within the information-
technological maintenance of the processes in urban resource and socio-communicational
networks has allowed the current state of the city material resources to be analyzed in detail,
the tendencies of their change and state to be forecasted due to data processing which belongs
to different periods of time.

The processes of generalization of detailed data collections gathered in the resource
networks are used in the «smart city» OLAP systems that enable us to obtain new knowledge
from interrelated information sets consolidated according to different aspects of analysis [1].
Initial data sets for analytical processing by OLAP information about urban resource networks
is the consumption of the resources used (water, gas, electricity and heat).

The authors of the paper [6] have presented the study on improvement of the processes
of data hypercubes formation which are the information model of the processes of urban
resource networks functioning based on the data obtained from the systems of the 10T devices,
and multidimensional presentation of information dealing with COVID-19 based on data
hypercubes has been considered in detail in the paper [5]. A mathematical apparatus of p -adic
numbers was proposed to be used to store and process big data collections obtained from
different information sources in the above-mentioned paper.

p -adic numbers were introduced by K. Hensel in 1897 [2]. As a rule, they were used
in the theory of numbers and algebraic geometry. The use of p -adic numbers apparatuses was
exclusively mathematical. Even mathematicians considered p -adic analysis a very specific
theory that could be applied only in the theory of numbers. Since the 1980s when the scientists
(mathematicians) have been actively involved in the study of complex systems evolution where
the classical concept of continuity was difficult to apply, it was evident, that p -adic analysis
has perfect possibilities for the study of phenomena which can’t be studied by known and
traditional methods.

The more detailed material on the mathematical aspect of p-adic numbers has been given
in the papers [3, 4].
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We have distinguished two main characteristics of p -adic analysis, which have

no comparable counterparts in the classical mathematical analysis based on the basic
concept, i.e. the concept of continuity. We speak about the concept of discreteness and
hierarchy, in particular. The essence of the discreteness concept can be described by the
following fact:

If the norm ||| ~ of p -adic number a is higher than the norm ||b|  p -adic number

b , then the norm of the sum of these numbers is invariable, i.e. [a+b|=a].

These properties have allowed us to develop a comprehensive p -adic quantum
mechanics — a branch of quantum mechanics which studies the phenomena under ultrasmall
distances conditions, smaller than Planck’s constant e, ~1,616-10~" m. It results from the
guantum mechanics, that lengths smaller than Planck’s constant cannot be measured, i.e. for
them there is no classic concept of length |x— y| between points. In this case, the measurement

of p -adic distances between points is a natural one.

The second fundamentally distinctive feature P -adic numbers is their hierarchical
pattern. A set of P _adic numbers has a simple geometric structure. P _adic numbers can be
written as trees with branching into P -parts ( P -random fixed prime number). A certain

P -adic number can be obtained if one travels over the specified distance recording the figures
in the treetops step- by-step. In this case, every piece of travel corresponds to one certain
P _adic number and vice versa.

This fundamental specific feature has opened a wide range of possibilities of p -adic
numbers use in the study of hierarchy systems of various nature and areas of usage which can
solve tasks and problems of artificial intelligence systems creation, new genetic sequences,
problems of astrophysics. In particular, this approach can be used efficiently in the processes
of data analysis in a case when each process is presented as a hierarchy structure.

Paper aim. Development and efficient use of new mathematical methods and
approaches enabling the data hypercube analysis to be made efficiently and constructively, data
transfer processes to be initiated etc.

Problem setting. We write Q as a set of rational numbers. We claim that the function

[s]on @ is a norm when it satisfies the following characteristics

1) For each x € Q |x[>0 and [x|=0< x=0

2) - y]| =] y| for each x,y € @ (1)
3) x+ y[ < |x]|+]y| foreach x,y € @

An example of the norm on a set of rational numbers Q is a standard module ||e]=|s|.

Other examples of norm can be built in the following way: we will fix a random prime
number p . Then, a random nonzero rational number X can be written as:

m
x:pﬂ’ﬁ, 2

where y, m,n € Z (a set of whole numbers) and numbers m and n are not divided by p .
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Use of p -adic numbers in urban resource networks data analysis

In the schedule (2) it is very important, under the above-mentioned restrictions, that the
number y is determined as a single-valued one. It makes possible to specify the function on

the set of rational numbers Q correctly

— x=#0

1
Xy =1 p”
0

3)
x=0

We can show, that the function |e| o isanorm on Q (i.e. the conditions are satisfied for

it (1). Further we will call this norm a p -adic norm. From the definition of a p -adic norm it

: : 1 .

is resulted that p -adic norm accepts only countable number of values — when it » runs
p

through a set of whole numbers.

We must admit, that p -adic norm, unlike a standard module, |-| satisfies the enhanced
condition (3) in (1)

[+ v, = max{ .1, | @)

It is this enhanced condition of the triangle that causes the unusual features of a p -adic

norm.
The norms satisfying (4) are called nonArchimedes. It is caused by the fact that they

don’t satisfy the Archimedes’ lemma: if there is a small interval 1, of the length x, and also a
big interval 1,, including 1; and its length is much bigger than x (i.e. y > x), then the big

interval 1, can be presented as subset of length intervals sum x, i.e. there is n € N, then
n-x>y. (fig. 1).

Figure 1. Picture of Archimedes’ Lemma

This Lemma is valid if the lengths of intervals are measured by means of a standard
module.
If the lengths are measured by means of p -adic norm, then the lemma is not valid,

as
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[2x], =[x +x], < maX{IIXIIp 1||X||p} =[x, (5)

From the mathematical induction it has resulted, that ||nx||, < [Ix|l, Vvn € N.
We must admit, that p -adic norms is not a unique phenomenon at all. We can show that,

if a nontrivial function [e| on a set of rational numbers is a norm (i.e. the properties are satisfied

(1-3)), then there is such « > 0, that ||x||:||x||0[IO Vx € Q ata certain prime p or x| =|x".
It means that the specified length concept on the set Q by means of Archimedes’ norm,
i.e. by means of the module: ||0|| = |0| is rather the exception. The rest norms are

nonArchimedes ones.
Definition. The completion of a set of rational numbers Q relative to the p -adic norm

||o||p is called a set of p -adic numbers and is written as Q,,.
It is clear that Q < Q,, and each p -adic number a € Q,, can be approximated by means
of a rational numbers sequence {a,} fromQ i.e.

lim|a-a,[ =0. (6)

n—oo

If we consider a standard module as a norm |e|, the completion Q gives a set of real
numbers R. Besides, we must admit that in this case irrational numbers have no sense in the set
of p -adic numbers Q,,.

On the set of p -adic numbers Q,, we can define the concepts of a ball and a sphere
which will be widely used in the next subsection:

Let a € Q,. A set of p -adic numbers will be written as a ball with the center in point a
and radius —:

pV
1
Bpiy(a) = {b €Q,: la —bll, < p—y}. 7)

Similarly, an open ball Bf/p, (a) is

1
B:Ly(a) ={peq, la-bl, <=} (8)

A sphere S]/p, (a) is

51.(a) = {beaq, lla—bll, = piy} )

Itis clear that B, (a) = Bf/py @ S, (@
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Besides, we must admit, that choice of radius in the form iy is specified by the fact,
p

that the values of p -adic norm can be taken only from the set of nonnegative numbers
{0,piy, y € Z} (see the definition of p -adic norm)

Unlike the balls on the set R, p -adic balls BW (a) have an unusual property: the point

be Bl/p, (a) will be also its center, i.e.

B, @=B, (0). (10)

The similar phenomenon will be true for an open ball as well.
From the perspectives of use, we will be interested in p -adic whole numbers Z, c Q,,

which can be determined in the following way

2, ={a€q,: llal, <1}, (12)
We can show, that
Zy, =51(0)U51(0)U5L(0)US%(O)U... (12)
P p? p

It is known, that every p -adic whole number a € Z,, can be recorded as a series
(canonical representation) which is convergent relative to p -adic norm

a=3) a,p", (13)
n=0

where ¢, €{0,1,...p—1}

The picture (13) is exclusively useful. In particular, it helps to describe the operations
of addition and multiplication on a set of p -adic whole numbers as standard operations of
addition and multiplication for polynomials of degree p .

We must also admit, that the norm of the number a, is

1
pr

lall, = (14)

where ny, = min{n € N U {0}, a,, # 0}, and the series convergence (13) is thought of as a
convergence in p -adic norm.

From the canonical representation (13) it follows, that every a € Z, can be identified
with an infinite set of correspondent coefficients «,

ao(a,a,a,..,a,..),

a,€{01,...,p-1}. (15)
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1 :
||a—b||psF@aj=ﬂj, j=01..,m-1 (16)
Similarly
1 :
||a—b||p<F@aj=ﬂj, j=01..,m, (17)
1 :
||a—b||p=F©aj=ﬂj,J=o,1,...,m—1,am¢ﬂm, : (18)

p -adic analysis of data hypercube. Each cell of data hypercube is determined by a unique

value of measuring attributes. Mathematically it can be interpreted as a certain hypercube in the
Euclidean space R™. In this case, each cell of data hypercube will be determined by a unique
set of natural numbers.

Acell & (my,m,,ms,...,my,), m; € N.

To have access to the data in the hypercube a user should choose one or several cells by
fixing the required coordinates.

Multidimensional analysis of the data hypercube is made not by all dependent
measurements simultaneously, but the data are selected for the specified values of the fixed set
of parameters.

Making such data analysis enables us to find some insights of the smart city networks
functioning, that can facilitate its further development.

In this regard, a natural problem dealing with mathematical methods development is to
be solved which will accelerate the multidimensional analysis making and provide the clear
interpretation of the obtained data slices. One of the possible directions is the use of Boolean
algebra formalism which was discussed in the thesis subsection.

Let’s discuss the perspectives of p -adic numbers theory use for data analysis.

We start from the following idea: making the required multidimensional analysis is
impossible without the hypercube designing aimed at creation of a certain hierarchy to simplify
and accelerate the analysis under discussion. In the case of a data hypercube for a «smart city»
the following hierarchical dependence showing the resource consumption is possible to be
formed, as a rule:

City districts (o)
Microdistricts ()
Streets ()
Blocks of flats (a3)
Riser blocks of flats (@)
Flats (a5)
Resource daily consumption per month of a certain flat (0‘6)

We must admit, that the thorough analysis of the above-described consumption
hierarchy is an especially urgent and incredibly important task nowadays due to the rapid
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development of green energy that requires scientifically substantiated forecast of the resource
consumption.

An attempt pf implementation of the given hierarchy by means of coordinates
(m,_,m,) vectors of space R" requires some imposition of additional function dependencies

between the coordinates m,, which take into consideration the hierarchy specific properties.

A set of dependencies should be quite big to take onto account all possible slices of data on
the incomplete number of parameters. All this has complicated the data analysis
considerably. Taking into consideration that p -adic numbers have natural hierarchy, there
is a natural idea of p -adic numbers use to describe the hierarchical structure of the
hypercube data.

Let’s illustrate this approach using the example of the above-mentioned hierarchy.

Let’s consider a case of gas consumption. To begin with, we’ll take into consideration
a prime number p . We assume, that it is big enough but we won’t say its exact value.

We will put a subset of p -adic numbers a € Z,to correspond the hierarchy.

a=2 ap" (18)

where «, €{0,1,2,....,5} .
We assume, that
a, =0 when there are no data of the city district;

a, =1 when we have the first district;

a, =k, when the last city district is taken into consideration.

Now let’s pass to the definition of the parameter «,. As before, we will accept, that
a, =0 if there are no data of the city microdistrict. Furthermore, we will enumerate the list of
microdistricts in each district. Let k, is the biggest number among the microdistricts indexing.
We assume that, apart from 0, ¢, can take values o, =1,2,....,k; .

In the same way we will consider all the next parameters:
a, streets in the specified microdistrict (the biggest number is K, );

a, blocks of flats on the street (the biggest number is k,);

a, riser blocks of flats for the specified block of flats (the biggest number is k, );

a, flats in the specified riser blocks of flats (the biggest number is k; );

a, daily gas consumption of the certain flat during a month (the biggest number is
ks =31).

Now we can choose a prime number p, as the closest prime number, which exceeds
max {K,, K, Ky, ..., ks }

The sequence (@, ,,...a) specified above can be identified as a p -adic number
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We write ¥ as a set of all p -adic numbers which are determined by means of the
above-mentioned algorithm. It is evident, that ¥ c Z,,.

Further, we won’t differentiate p -adic number a = 26: a,p" and the correspondent set

n=0

of numbers (¢, ... ).

We must admit, that the set V' is a subset of the set of whole p -adic numbers Z,,.
Ifa = (ag, ay,...,a,) € Z,\¥ then the data cell does not correspond to this p -adic number.
We can say, that in this case the cell has a symbol NULL. Similarly, if at least one of the
parameters «; is zero, then we consider, that the cell contains incomplete information, i.e.
the information which must be checked (get more accurate information).

p -adic number a=(a, a,,...a;)e¥ is the cell identifier with the specified gas

consumption of the specified flat per certain day. This presentation is quite useful. In particular,
if one is interested in gas consumption per first week of the month in the flats of the certain
block-of-flats of the certain microdistrict, it will be enough to consider the cells corresponding
to p -adic numbers.

We should admit, that parameters ¢, can’t be zero.
Let’s illustrate this fact using the interpretation of p -adic numbers as a hierarchical tree.

Data slices in the suggested approach can be interpreted by means of an open ball and a
ball on the set of p -adic numbers.

Let’s consider some examples of data slices. We assume that we would like to assess a
set of data regarding gas consumption of a certain flat (we consider it as a standard

consumption). Hence, a cell is specified as p -adic number a = (ao,al,...,ae) :

Let’s consider the cells which will attract attention when we consider the sphere cross-
section with the center in this point with the set ¥

S

S]/pm(a)ﬂllf:{be‘ilp Ja-tl, --

} me{L2,..6}. (19)

We assume that m = 6. Then, as it was mentioned above

b=(Sy: B Bs) €S, (A)NY = = fi=050,# . (20)
p6
Thus, on the surface of the sphere S]/ps (a)N¥ there are some cells containing some

information of the daily gas consumption by the specified flat, except the above-mentioned
day «,.
Another example. Let’s consider the cross-section of an open ball with ¥

1
B]/pm(a)ﬂ‘l’:{be\}’p:||a—b||p<F}. (21)

If m=5, then from (17) it follows, that o, =/ 1=0,..,5, that an open ball
B s (a)[ ¥ contains some information of gas consumption in a certain flat per each day of
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the month. We must admit that each p -adic number be B (a)( ¥ will also be the center

of this ball. Thus, when we deal with ball we don’t have «standard consumption» and each cell
with B, ; () is of the same value.

Conclusions. The development and efficient use of some new mathematical methods
and approaches enabling us to make effective and constructive analysis of the data hypercube
has been taken into consideration in the paper under discussion. The obtained results have been
used in construction of an information-technological platform of analytical processing of urban
data collections.
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VJIK 004.9

BUKOPUCTAHHA p -AAUYHUX YUCEJ UIA AHAJII3Y JAHUX
MICBKHUX PECYPCHHUX MEPEXK

Ouexcanap Mauwok

TepHoninbcokuu HAYiOHATLHUU MeXHIYHUU YHIgepcumem imeni leana Ilynios,
Tepuonins, Ykpaina
Pe3ztome. Iunnemenmayis Kowyenmy «po3yMHO20 MICMA» 6UMA2AE, 30KpeMd, pO3pOOieHHs mda
eheKmuBHO20 BUKOPUCAHHS HOBUX MAMEMAMUYHUX MemoOie i nioxoodis, sAKi 6 00360JA1U epexmusHo ma

KOHCMPYKMUGHO NPOBOOUMU AHANI3 2INepKyDi6 OaHuX, IHiYitoeamu npoyecu nepeoasants OanHux i m.ix.
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OO0HUM i3 KIIOHOBUX KOMNOHEHMIE CYNPOBOOY NPOYECIE Y PECYPCHUX MEPENHCAX «POZYMHO20 MICA» €
opeanizayii cxoeuwy Oamux ma iHGOpMayitiHux mexHonro2i 6bacamosumiprozo auanizy oanux — OLAP.
Bukxopucmanns yiei mexuonozii 6 pamxax iHQOpMAYiiHO-MEXHOIOSIYHO20 CYNPOBOOY NpOYecie y MICbKUX
PecypCcHux ma CoyioKOMYHIKAYIHUX Mepedcax 0036015€ 0eMANbHO AHANI3Y8AMU NOMOYHUI CIAH MAMEPIATbHUX
pecypcis micma, 8UABIAMY MeHOeHYIT iX 3MIHU MA CIMAHI8 WLIAXOM ONPAYIOBAHHS OAHUX, WO HALEHCAMb 00 PISHUX
uacosux nepioois.

B OLAP cucmemax «po3ymHo20 Micma» GUKOPUCMOBYIOMbCA NPOYECU Y3a2abHeHH 0emani3o8aHux
KOMleKYilti Oanux, 3I0panUx y pecypchux Mepexicax, uwjo 003604€ OMPUMYBAMU HOGI 3HAHHA 3 KOHCONIO08AHUX 3d
PDIBHUMU ACNEKmamu auanizy 63aeMON08 si3aHux IHopmayiunux Habopie. Buxionumu nabopamu Oanux 0ns
ananimuyHo2o onpayiosanus 3a donomozoito OLAP sioomocmeii w000 MiCoKUX pecypCHUX Mepedc € NOKA3HUKU
BUMPAM CROJNCUMUX PeCypcis (8o0a, 2az, elekmpoeHepeis i menno). bacamosumipnuil ananiz einepkyba 0anux
30ILCHIOEMbCSL He 34 8CIMA 3ANEHCHUMU SUMIDAMU OOHOYACHO, A 8UOIPKA OAHUX BUKOHYEMBCS OISt KOHKPEMHUX
3HayeHb Qixcosanozo Habopy napamempis. [Iposedennss makoeo ananizy OAHUX 00360J5€ 3HAUMU (NPUXOBAHI)
3AKOHOMIPHOCTI (DYHKYIOHYBAHHSL MEPEIIC POZYMHO20 MICMA, WO MOdACe CAPUSMU U020 NOOATbULOMY PO3GUIIKY.
B 36’a3xy 3 yum sunukae npupooua 3adaua po3eumiy MamemMamuyHux Memoois, axi 003601310Mb NPULULEUOUUMU
npogedents bazamosuUMIpHO20 aHAi3y U 3a6e3neuams npo3opy IHMepRPemayito OMPUMAarux 3pizie OaHUX.

Haseoeno ocroeHi pesynomamu 00CHiodCceHb w000 3ACMOCY8AHHA P-AOUYHO20 AHANIZY 00 AHANIZY
2inepky0ig OaHux, NpPeoCmasneHo OCHOBHI NOHAMMSA MAK 38AHO20 DP-AOUYHO20 AHANI3Y Ol [HWUX yinell.
NPOAHANI308aHI NIOX0OU OO0 3ACMOCY8AHHA P-AOUYHUX YUCel 00 AHANI3Y OAHUX Y 2inepkybax. 3anpononosanui
nioxio NPOLIOCMPOBAHO HA NPUKAAOL 2A30CNONCUBAHHS Micma (Keapmupa, 6yOuUHOK, MIKpopation i m.o.). 3pizu
O0aHUX y 3aNPONOHOBAHOMY RIOX0OT IHMEPRPEMYIOMbCsL 3d 00NOMO20I0 chepu, 8IOKPUMOL KV T KYIL HA MHONCUHI
P-AOUYHUX YuCel.

Kniouoegi cnosa: posymne micmo, cinepky6 oanux, P -aouuni yucna, icpapxiume 0epeso.
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