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Summary. Harvesting root crops, such as large sugar and fodder beetroots, and long-term chicory roots is 

a technologically complex and ambiguous technological process. It consists of different structural successive 

technological operations of pruning, digging roots, cleaning the dug heap from impurities, loading clean roots into 

the hopper or in vehicles moving near the root harvester. The aim of the study is to increase the efficiency of the 

process of harvesting roots by analyzing existing approaches to mathematical simulation of the technological process 

of separating impurities from roots. The developed mathematical model allows describing at the highest-level more 

precisely the process of gradual separation of variously structured components of impurities from root crops by each 

cleaning working body, which are constituent units of technical systems of root-harvesting machines. The proposed 

mathematical model can be used to optimize the parameters of the working bodies and other processes, in particular 

for the separation of the harvested grain heap, preparatory processes of seed, and so on. 

Keywords: root harvesting machine, treatment system, working bodies, harvesting conditions, impurity 

components, component supply, impurity separation, separation area, and soil and plant impurities. 
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Introduction. The design of machines for harvesting root crops in different soil and 

climatic conditions is a rather complex scientific problem, but also – a design development [1]. 

To solve this problem successfully, the cleaning working bodies of the root-harvesting 

machine must be characterized by adaptability, which provides the ability to adapt to changes 

in different structured natural and climatic conditions of root crops and their biological and agro 

physical features. Thus, it is necessary to provide the necessary adaptive settings and change of 

the design and kinematic parameters of the working bodies of root-harvesting machines for 

specific conditions of root crop harvesting [2, 3]. 

As a rule, this leads to the design complication, to the increase in metal content and cost 

of the machine. Therefore, the working bodies of root-harvesting machines should be not only 

universal, but also simple in design and available in the layout of the spatial arrangement [4]. 

Development and optimization of parameters of new working bodies and machines in 

general requires step-by-step analysis and generalization of existing technologies, methods of 

root harvesting, design features of modern technical means and working bodies, identification 

of their advantages and disadvantages, creation of technological process theory, optimization 

criteria calculation [5]. 

To solve the problem of improving the efficiency of root harvesting techniques due to 

the analysis and synthesis of complex structures of technical means or technical systems and, 

accordingly, technological processes of their work, it is necessary to apply the basic principles 

of scientific research. 

Existing research methods are used to effectively solve this problem. One of the 
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common research methods is mathematical simulation of the functioning of technically 

complex dynamic systems. Simulation allows to describe processes and phenomena on the basis 

of the created effective analogue – mathematical model. 

Analysis of recent research and publications. To describe the functioning of technical 

systems, as a rule, in most cases, methods of developing empirical and analytical mathematical 

models are used, or methods of empirical and analytical simulation [6, 7]. 

The method of empirical simulation is based on the implementation of experimental 

research and processing of the results. Especially empirical simulation should be used in the 

study of complex systems. In this case, the planning and implementation of experimental 

studies of the technical system with the measurement of parameters and subsequent statistical 

processing of the experimental data are carried out. The use of experimental research and 

empirical simulation can reduce costs in the study of technical systems, and allows to achieve 

the required accuracy of models [8, 9]. 

In general, the empirical model obtained due to the experimental studies is a «black 

box», where the input parameters are managed controlled factors, managed uncontrolled factors 

and unmanaged uncontrolled factors, and the output parameters – the response function. Based 

on experimental data processing, a dependence is obtained that mathematically connects the 

response function with input factors, which is an empirical model of the system [10]. 

When developing an empirical model, the type of approximating dependence should be 

determined at first, and then, the numerical values of the coefficients of the model should be 

found. It is quite difficult and sometimes impossible to draw a line that passes precisely through 

the experimental points. To solve such a problem, it is necessary to select from the set of 

possible lines the one that will pass the most perfectly between the experimental points (which 

approximates the experimental data, is more accurately aligns the polyline built on the 

experimental points). In this case, there is a problem of finding the function and its coefficients, 

which will provide the maximum approximation [11]. 

The problem of approximation is carried out by applying mathematical (analytical) 

approaches based on known methods, which differ in both algorithm and accuracy of 

calculations. Based on the results of experimental research and processing of experimental data, 

numerical values of the model coefficients are determined [12, 13]. 

In general, to determine the dependence that regulates the relationship between input 

and output values, it is best to use a functional method that involves the use of known 

mathematical relationships, such as algebraic functions of linear, power, exponential and 

logarithmic nature, etc. [15]. 

Theoretical models differ from empirical ones, first, for information needed to build 

them. In empirical models, the source information is used only to select environmental factors 

whose impact on the system will be considered in the model. Theoretical models are based on 

ideas about the described phenomena that belong to the mechanisms of technical systems [16]. 

Theoretical models are developed on the basis of the application of mathematical 

theoretical formulas, which are based on and describe the fundamental laws of mechanics, 

electricity, thermodynamics, etc. For example, the law of conservation of mass, the law of 

conservation of energy, thermodynamic equations, and so on. The initial theoretical information 

about the nature of the processes under consideration allows you to more reasonably choose the 

type of functions to describe them. Theoretical simulation refers to basic research. 

At the same time, in experimental research there are a number of problems that do not allow 

for a thorough study and analysis of technical systems. The obtained mathematical model is not 

universal, but can only describe the functioning of the specified process of the technical system 

within certain limits, which are set by the experimenter and are investigated experimentally [17]. 

Therefore, based only on conservation laws, it is not possible to build a closed 

mathematical model of a complex technical system, because mechanisms of many processes 



Method of step-by-step development of a mathematical model of the process of separating impurities from root crops 
 

76 …….…. ISSN 2522-4433. Scientific Journal of the TNTU, No 4 (104), 2021https://doi.org/10.33108/visnyk_tntu2021.04 

are insufficiently studied, while a number of values always remains uncertain, in particular 

different correction factors models. 

Theoretical research is based on the acceptance of some assumptions or simplification 

of the nature of technological processes that are present during the operation of technical 

systems. 

Semi-empirical models are a partial combination of theoretical and empirical simulation 

results. The developed analytical dependences are supplemented by empirical models of 

individual simplified at the theoretical level of microprocesses, and thus, a semi-empirical 

mathematical model is formed, which more fully and at a higher level describes the phenomena 

studied in general. 

These simplifications are taken into account by introducing correction factors, which at 

the theoretical level are almost impossible to determine. To determine them, you have to both 

collect empirical information and process it using mathematical statistics, or conduct specific 

experimental studies [18]. 

Implementation of statistical simulation is possible with preliminary analytical research 

and collection of information on the indicators of the studied system and its subsequent 

statistical processing and obtaining probabilistic characteristics [19]. 

First, it is necessary to analyze the object of research based on system analysis and 

substantiate the quantitative values that will be studied in the simulation, taking into account 

the peculiarities of the technical system. These indicators must be divided into input and output. 

In the process of developing a statistical model, it is necessary to obtain a set of 

deterministic or stochastic relations between input and output values in the form of equations. 

In this case, the known results of theoretical and experimental studies, accepted assumptions, 

etc. are used. The obtained statistical model is analyzed on the basis of the chosen laws of 

distribution of random variable, methods of mathematical statistics and statistical analysis, and 

on the received parity define values of initial sizes. 

 Because of statistical simulation, you can test the hypotheses, summarize existing 

information, as well as formulate conclusions about the system under study and the possibility 

of further application. For more effective implementation of statistical simulation in the study 

of technical systems, a personal computer with the appropriate software packages is used. 

The objective of the article is to improve the efficiency of root crop collection by 

developing a step-by-step mathematical model that functionally describes the technological 

process of separating impurities from root crops. 

Statement of the problem. Existing models that describe the functional dependence of 

impurity separation processes (soil and plant) are single-stage or generalizing ones [20–22]. 

Based on them, the process of separating impurities from root crops is considered from the 

standpoint of simultaneous and one-time flow of the process along the entire path of movement 

of root components and impurities on the working surfaces of treatment systems. This 

significantly narrows the mathematical description of the process of separating impurities from 

root crops and does not accurately describe the existing real process of cleaning the heap of root 

crops from impurities. 

Based on previous studies, the separation of impurities from root crops actually occurs 

at each successive conditional segment or a certain conditional area during the movement of 

the heap on the cleaning surface of each area and the total time of movement of the heap along 

the entire length of the cleaning surface of each working body and treatment system. [23, 24]. 

According to Fig. 1, a complex dynamic cleaning system is taken as a basis. It 

constructively combines the schemes of treatment combined working bodies, which are mainly 

used to separate impurities from the roots of modern root harvesting machines. 

Let us consider the process of purification of the heap components, or the process of 

separation of their components of impurities from the roots, which enters the complex dynamic 
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cleaning system shown in Fig. 1. Conventionally, we believe that the treatment system has j = 

1, 2, …, п combined treatment working bodies: the first (loading conveyor 1), the second 

(cleaning slide 2),…, n cleaning working body (right and left auger system 3 and 4), or j stages 

of cleaning. 

 

 

 

Figure 1. Constructive scheme of the treatment system: 1 – loading conveyor; 2 – cleaning slide; 

3, 4 – right and left auger system; 5 – auger; 6 – axis of rotation; 7 – the lower branch of the ellipse; 8 – gutter 

of the working channel; 9 – cleaning shaft; 10 – drum; 11 – elastic cleaning elements; 12 – tufts of hair 

 

It is necessary to develop a mathematical model that describes the step-by-step process 

of separation of impurities from roots on a separate j working body of the treatment system and 

a mathematical model of the process of cleaning roots from impurities by means of complex 

cleaning system as a whole. 

Presentation of the main material. Conventionally, the cleaning system has j working 

bodies (Fig. 1); on these bodies, the roots are cleaned from impurities. The system receives the 

total mass of the components of the heap, which is denoted by 
 

2

1

h.і

і

d m t

dt




. The components of 

the heap are roots and impurities. In addition, the impurities are in a free, root-bound and bound 

state. 

Then 
 

 
 

 
     

2 2

1 1

h.і іm.i
fr r bі і

d m t d m t
dm tdm t dm t dm t

dt dt dt dt dt dt

     
 

, (1) 

 

if 
іm.i

m , 
r

m , 
f

m , 
b

m  – respectively, the total mass of impurities, the mass of roots, free impurities 

and bound impurities that enter the treatment system. 

To develop a step-by-step mathematical model, we conditionally divide the total length 

of the cleaning surface of each j working body into q = 1, 2,…, k sections (Fig. 1), where the 

process of separating impurities from roots occurs. We assume that the mass of «pure» roots 
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after their passage in all q areas of each j working body remains constant; or the input mass of 

roots  r
dm t

dt
 is equal to the original mass of roots after the process of cleaning by the treatment 

system as a whole, is      
nk

r nkr

nk

dm tdm t
const

dt dt
  ; or in the process of cleaning, the loss of 

root crops on the working bodies of the treatment system are absent. 

Then equation (1) can be written as 
 

 
   

2

1

іm.i
f bі

d m t
dm t dm t

dt dt dt

  


. (2) 

 

We assume that during the movement of impurity components in the treatment system, 

the process of cleaning roots from impurities occurs at each individual n working body. 

At the same time, according to the design features of each individual working body of 

the treatment system, the separation of free components of impurities (free soil and free plant 

residues – weeds and lost during harvesting tops) occurs by sifting (separation) through the 

gaps between the rods loading conveyor, removal of free impurities by the working branch of 

the cleaning slide 2, sieving of free soil and free plant impurities in the gaps between the screws 

5 of the right 3 and left 4 of the auger system, the axes of rotation 6 of which are located on the 

lower branch 7 of the ellipse and form a chute 8 of a working channel. 

Separation of bound impurities occurs by scraping the sticky soil from the surface of the 

root body and the remnants of the bud from the root heads by screw turns 5 and elastic cleaning 

elements 11, which form bundles of pile 12 mounted on the drum 10 of the cleaning shaft 9. 

Let us denote the total mass amount of separated impurities on one separate j working body 

of the treatment system 

   
2

1

j

s .іm.i j

і

j

d m t

dt




, where j = 1, 2,    , n; 

j
t  – the total time of finding the 

components of the heap on a separate j working body of the treatment system. Here, the upper index 

in parentheses (j) corresponds to the designation of the number of a specific working body from 1 

to n, on which the process of cleaning roots from impurities directly takes place. 

Then  
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if      1 2 п

s .i s .i s .i
m ,m ,...,m ,      1 2 п

v .i v .i v .i
m ,m ,...,m  – accordingly, the total mass of separated soil and plant 

impurities on 1, 2, … , the n working body of the treatment system;      1 2

1 1 1

п

s s s
m ,m ,...,m , 

https://doi.org/10.33108/visnyk_tntu2021.0


Maria Pankiv, Mykola Pidhurskyi, Mykhailo Pylypets, Myroslav Burda 
 

ISSN 2522-4433. Вісник ТНТУ, № 4 (104), 2021 https://doi.org/10.33108/visnyk_tntu2021.04 .......................................... 79 

     1 2

2 2 2

п

s s s
m ,m ,...,m  – respectively, the mass of separated free soil and free plant impurities on 

1, 2, … , the n working body of the treatment system;      1 2

3 3 3

п

s s s
m ,m ,...,m ,      1 2

4 4 4

п

s s s
m ,m ,...,m  – 

respectively, the mass of the separated sticky soil on the roots and the remnants of the bud on the 

heads of the roots on 1, 2, … , the n working body of the treatment system; 
1 2 п
t ,t ,...,t  – the total 

residence time of the heap components on 1, 2, … , the n working body of the treatment system. 

At the first stage, we will consider the process of separation of impurity components in 

the first (1) section of root crop cleaning by loading conveyor 1, Fig. 1. 

Then on each q section of the loading conveyor, due to sifting, only two components of 

free impurity (free soil and free vegetable impurity) are separated by the total mass quantity, 

which we will designate through 

 

   
2

1

1

1

1

1

q

s .im.i q

і

q

q

s .im
m

d m t

dt




, where q = 1, 2, … , k. 

Then the total number of separated components of free impurities by the loading 

conveyor 1 (Fig. 1), which are separated at each q section of the loading conveyor, taking into 

account the first equation (3) will be 
 

                           

2
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. (4) 

 

Taking into account the accepted assumptions, the total mass of components of 

impurities entering the first (1) section of the loading conveyor 1 (Fig. 1), which is denoted by 
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 equals to the total mass of components of impurities 
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, entering the 

treatment system, is 
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Then the total mass of impurity components, which enters the first (1) section of the 

cleaning slide 2 (Fig. 1) 

   
2

2

1

1

1
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, which is denoted by equals the difference between the 

total mass of impurity components 
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, which, respectively, enters the 

loading conveyor 1 and separated from the roots on each q section of the loading conveyor 1, 

which is denoted by 
   

2
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1

1
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, ie 
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Accordingly, by analogy (4) and (6) we can write that the total number of separated 
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components of free impurities by the cleaning slide 2 (Fig. 1), which are separated at each q 

section of the cleaning slide taking into account the second equation (3), the total mass the 

number of impurity components entering the first (1) section of the right 3 and left 4 auger 

system and the total number of separated components of free and bound impurities by auger 

systems and cleaning elements 12 of the cleaning shaft 9, which are separated on each q section 

of the right and the left system of screws, taking into account the n equation (3), will be: 
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Thus: 

- the total mass of separated components of impurities, which separated on each q 

section of each j working body of the treatment system for the total time 
1 2t .t п

t t t ,..., t     of 

the components of impurities on the working bodies of the treatment system (time of cleaning 

the impurity heap) will be equal to the sum of separated components on each j working body 

of the treatment system, and in accordance with (4), (6) and (8) will be determined by the 

formula 
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- substituting the values of (4), (7) and (9) in equation (10), we obtain 
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- the total mass of components of impurities remaining after their separation in each q 
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section of each j working body of the treatment system during the time 
t .t

t  of cleaning the heap 

from impurities and which will be supplied to the next transport-technological systems of the 

root-harvesting machine will be equal to the difference of components of impurities entering 

the treatment system and the total mass of separated components of impurities that have 

separated in each q section of each j working body of the treatment system, and according to 

(2) and (10) will be determined by the formula 
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Accordingly, the total mass quantity of the heap, which will arrive on the following transport 

and technological systems of the root-harvesting machine, will be defined by the formula 
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Taking into account (13) and (4), (7), (9), equation (14) will have the final form: 
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The obtained differential equation (16) is a mathematical model that generally describes 

the step-by-step process of separating impurity components from root crops depending on the 
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time 
jq

t  the impurity component is in each q section of each j combined working body of a 

complex dynamic cleaning system. 

The time 
jq

t of the component of impurities on each q section of each j of combined 

working body is expressed through the length of each q section 
jq

l  and the speed of movement 

j
  of the components of impurities on each j working body, thus 

jq jq jq
t l /  . 

Then the differential equation (16) can be written in the form 
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(17) 

 

For the real (practical) application of the developed mathematical model (17) we will 

compare (write down) the total supply of heap components and the total supply of impurity 

components to the working bodies of the treatment system through adequate second feed  jq

ід
Q  

(kg / s), while: 
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(18) 

 

Then the differential equation (16) according to (17) is deduced 
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The second feed of each separated component of impurities is expressed as the 

difference between the input amount of the component of impurities on each q area of each j 

working body of the treatment system and the output amount of the component of impurities 

on each q section of each j working body of the treatment system. 
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Q Q Q
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, 
(20) 

 

if  jq

inc .im.com.i
Q  – second supply of the і component of impurities on q area of each j working 

body of the treatment system, kg/s; 

     jq

іm .i
  – coefficient that determines the degree of separation of the і component of impurities 

on the q section of each j working body of the treatment system. 

Then equation (19) is deduced 
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(21) 

 

The coefficients  jq

іm .i
  that determine the degree of separation of the і component of 

impurities on the q section of each j working body of the treatment system are determined 

experimentally in the field real conditions of root crop harvesting. Each coefficient  jq

іm .i
  is 

also dependent on many objective and subjective factors or factors that regulate the 

agrophysical properties and characteristics of the soil environment and roots, agro-climatic 

conditions of root crops, characteristics of the agrophysical state of the field at harvest time, 

physical properties and characteristics of working bodies and their structural and kinematic 

parameters, etc. 

Conclusion. The proposed method of developing a mathematical model of step-by-step 

separation of impurity components from root crops allows to optimize technological and 

structural and kinematic parameters of the working bodies of complex dynamic cleaning 

systems, both at the analytical and empirical levels. 

Further analysis of the obtained mathematical model (17), by integrating it into parts 

within the established limits of integration allows to determine the total separation time of 

impurity components on each working body and the treatment system as a whole, and the degree 

of separation of impurity components. The function of optimizing the parameters of the working 

bodies is the minimized quality indexes of the treatment system in accordance with the 

agronomic requirements for the process of harvesting roots. The analytical solution and 

experimental results of the proposed models allow to optimize the required minimum length of 

each treatment working body and the required minimum total length of the treatment system as 

a whole.  
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Резюме. Збирання коренеплодів, наприклад таких, як великорозмірні коренеплоди цукрових і 

кормових буряків, довгоплідні коренеплоди цикорію є технологічно складним і неоднозначним 

технологічним процесом, який має свої різнотипні або різноструктурні послідовні технологічні операції 

зрізування гички, викопування коренеплодів, очищення викопаного вороху від домішок, завантаження 

чистих коренеплодів у бункер або в транспортні засоби, які рухаються поруч з коренезбиральною 

машиною. Підвищення процесів ефективності відокремлення домішок від коренеплодів є актуальною 

науковою проблемою, вирішення якої значно покращує якість сировини для переробки коренеплодів і 

якість виробленої з неї продукції. Метою дослідження є підвищення ефективності процесу збирання 

коренеплодів шляхом аналізу існуючих підходів до математичного моделювання технологічного процесу 

сепарації, або відокремлення домішок від коренеплодів. Наведено викладення аналізу існуючих 

математичних моделей, які застосовуються для описування процесів роботи технічно складних систем 

і подальшої оптимізації раціональних параметрів їх робочих органів і технологічних показників машин 

загалом. На основі проведеного аналізу запропоновано розроблення математичних моделей, які описують 

процеси функціонування складних технічних систем проводити з застосуванням методу поетапного 

аналізу процесу відокремлення домішок від коренеплодів за певний проміжок часу або на певному 

проміжку шляху переміщення компонентів вороху (коренеплодів і домішок) по всій довжині очисної 

поверхні кожного робочого органу. Розроблена математична модель дозволяє на вищому рівні точніше 

описувати процес поетапного відокремлення різноструктурованих компонентів домішок від коренеплодів 

кожним очисним робочим органом, які є складовими одиницями технічних систем коренезбиральних 

машин. Запропонована математична модель може бути застосована для оптимізації параметрів 

робочих органів та інших процесів, наприклад, для сепарації зібраного зернового вороху, підготовчих 

процесів посівного матеріалу тощо. 

Ключові слова: коренезбиральна машина, очисна система, робочі органи, умови збирання, 

компоненти домішок, подача компонентів, відокремлення домішок, ділянка відокремлення, грунтові та 

рослинні домішки. 
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