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Summary. The development of «smart city» conception must involve some new mathematical methods
which allow us to reduce any information loss in data transfer in the smart city resource networks. Some possible
use of advanced methods of the theory of frames for these problems has been taken into consideration in the article
under discussion.
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Problem statement. The article consists of three parts. In the first part some basic
concepts of the theory of frames are taken into consideration. The theory of frames was
described in papers more in detail [1, 2]. | must admit, that not all general statements of the
theory of frames have been presented in the article under discussion, but only the results
necessary for the problem solution, i.e. information loss reduction. These results will be used
in the second and third parts to substantiate various capabilities of the theory of frames in the
problems of noise reduction taking place during information transfer.

Paper aim. Development and efficient use of new mathematical methods (theory of
frames) and approaches which will allow us to reduce the information loss in data transfer in
the smart city resource networks.

Problem setting. We consider the frames specified in the space R™. The elements of
this space will be written as

F=00%0 %) 9= (Y5 Yoo Yo)-

The measurement of this space is a natural number NN, and the scalar product of random
elements f and g is found as

(f.9)=3 %y,

n
The vector norm f looks like I f 7= x".
i=1

Let us consider a set of vectors { f, }1_, of the space R". The linear space of all possible

combinations of vectors { f, }«_, , is called their linear hull, i.e.
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m
span{ f },_, ={c,f, +c,f,+...+c f },

where C;,C,,...,C,, are random real numbers.

Definition 1. A random set of elements { f, }_, of the space R" is called a frame, for
which

span{fi}g=, = R" 1)

According to the equality (1), the number of frame vectors M should be higher or equal
to the space dimension .

We must admit, that some vectors f, on the frame definition can be zero vectors.

Definition 1 of the frame is rather simple to understand but not very convenient for
practical use and theoretical investigations. In scientific literature, another equivalent definition
of frame is usually used which is true for the frames in spaces of both finite and nonfinite
dimensions.

Definition 2. A random series {f, }_, of the space elements R", for which nonzero
numbers 0 < A< B exist and those when f € R" are true inequalities, is called Frame

Al f||2s2m:|(f,fk)|zssu F12. @)

k=1
Numbers A and B in (2) are called the boundaries of a frame. Maximum of all possible

A and minimum of all possible B are called optimal boundaries of a frame.
Each vector f € R" can be taken into consideration as a signal. Let’s assume, that the

frame {f, }_, was fixed. It «was analyzing» the signal f € R" by means of an analysis operator

Tf =((f, f).(f, f,),...(f, f.)),

which was acting from the space R" to the space R™.

Similarly, the operator of synthesis T~ of our frame {f,},_, acts from R" to the space
R™ and it is found by the following formula

T*g :T*{Ck}:]ﬂ = zck fi
k=1

_ m m
where & = i eR is a random vector of the space R™. The definition of the synthesis
operator in the form T~ underlines, that T™ is a conjugate operator relative to the analysis
operator T . It means, that

(Tf’ g)Rm :(f7 T*g)Rn (3)
forall f € R" and for all f € R™.
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The equality (3) is a crucial one for our applications in the theory of noise restriction.
Combination of operators of analysis T and synthesis T~ is called a frame operator

{3

m

S=TT =2/ Sy feR (@)

From the equality (4) it follows, that
(S, £) = I(f, )
k=1

The action of the frame operator S in the space R" can be described by means of a
positive square matrix S of the dimension . We write symbols

A<A <. <A

for all roots of a characteristic equation
det[S—A1]=0.

taking into account their multiplicity.
It is easy to see from (2), that the optimal boundaries A and B of the frame {f, }i_,

have coincided, respectively, with the smallest root 4, (the lowest value of the frame operator

S ) and the biggest root 4, (the highest value of the frame operator S ) of the characteristic

level.
The properties of the frame operator allow us to prove one of the main results of the
theory of frames.

Theorem. Let S is an operator of the frame {f,}_,. Then the random element f € R"
can be written as

m

f=i(f,8‘1fk)fk=2(f,fk)S‘lfk. (5)

k=1

It is very easy to prove this important theorem. Actually, due to the acting on the inverse
operator to the frame operator S—* on the equality (4) we come to the second equality in (5).

Then, we mark sf as g .Asaresult, f = S_lg and the equality (4) can be written as follows

g =Z(Silgl fi) f :Z(gisilfk)fk'
k=1 k=1

where the vector g mpob6irae Beck ipoctip R, that has proved the first equality in (5).

From the Theorem follows, that a random frame {f, };_, allows us to show each vector
of the space R™, using the series of coefficients
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c =(f,S7f), k=1..m

Though, this is a specific feature similar to that one, possessed by a random basis in R™.
So, the question has arisen: should we deal with frames?

The main difference between frames and bases is that in case of a random basis {r};_,
any vector f € R"™ can be represented as a linear combination of basis vectors

f=> ¢, (6)
k=1

where coefficients {C,},_, are undoubtfully defined by the vector f choice. This fact is
already not true in case of frame which is not a basis (i.e. when N<M). This is an important

distinctive feature, as unambiguity of coefficients{C,} in decomposition (6) is valuable

from the theoretical point of view, it can lose its importance in practice. In the end,
the very possibility to present a vector f is really important, but not the number of ways

how to do it. Moreover, the requirement of the vector unique representation f is often
found as a restrictive one. Bases may lose their properties due to even insignificant

modifications of their elements. During information transfer a certain coefficient C, can be
lost, which in case of basis, contains some unique information of £ (unique means that C,

cannot be expressed by other coefficients C;, ] #k of decomposition (6)). Sometimes, it is

impossible to build a basis obtaining certain features necessary for practical use. Besides,
as it will be described further, the possibility of polyvalent choice of decomposition
coefficients (6) allows us to reduce information loss. So, it is clear, that bases in
Hilbert spaces lack some flexibility.

Frames can provide higher flexibility. They are a certain generalization of bases in
Hilbert spaces. It is clear intuitively, that they can be considered as bases where some extra
elements are added. This peculiarity, though it is seemed useless from the purely theoretical
point of view, has been found to be very useful in practice.

Frame operator. We assume, that we would like to send a certain signal from the
transmitter N to the receiver O . We represent this signal asa f , which is an element of the

certain space R". If both on the level N, and on the level O we know something of the certain

frame {f };., in space R" (for example, we can perform calculations, dealing with this frame,
using the appropriate library of programming), then thanks to (5) information about the signal
f can be sent as a series of coefficients of the frame {(f,s71,)}

k=1

Though, it should be mentioned, that we are interested in the implementation
of such transmission in practice. Therefore, it is necessary to pay attention to some
urgent problems occurring when we want to transfer a series of coefficients of the frame N
to O. We may assume, that both on the level of the transmitter N and the receiver O,
we deal with computer devices (for example, N and O can be represented by programs
which operate on in-line computers in a parallel way and exchange information). The main
difficulty is that the computers cannot store or transfer a sequence of real numbers —
they are presented with a certain, restricted accuracy by means of rational numbers. That is

22 ............. ISSN 2522-4433. Scientific Journal of the TNTU, No 1 (105), 2022 https://doi.org/10.33108/visnyk_tntu2022.01


https://doi.org/10.33108/visnyk_tntu2022.0

Oleksandr Matsiuk

why in most cases the coefficients of frame {(f, s~ fk)}:’ cannot be calculated accurately.
=1

Moreover, there is certainly a possibility of some extra disturbance caused by the very

process of a signal f transmission and other technical aspects of the matter under

consideration. Thanks to this, instead of the coefficient (f,S_1 f,), the receiver O obtains
the following value

(f,87,)+w,,

where W, is a certain error, or, in other words, noise (in this case we say, that the frame

coefficients are disordered, or are polluted by noise {w, };_, ).

As it was found, frames allowed to reduce these negative consequences for the signal
transmission quality and, in this way, allowed to reduce information loss in signals
transmitting.

Use of dual frames for noise reduction in signals transmitting. In the space R" we will

consider the frame {f, }i_, . We assume, that the number M of the frame vectors is higher than
the dimension N of the space R™. It means, that the frame{f, }., cannot be the basis of frame

R"™ and, what is the most important, there is unlimited number of frames {0, }., of the space
R™ Takux, that each vector f € R™ can be written as

f=3(1,90f =2 (F, )0, ™

A random frame {9, };., of the space R" is called a dual frame for the frame {f, };_,
if the equality (7) is satisfied for it. According to the equality (5), it is clear, that
the frame {S™f.}, is an example of dual frame for {f}',. This dual frame is

called a canonical dual frame. A canonical dual frame is usually mostly used in applications,
as it is rather easy to build it by means of a reverse operator to the frame S operator.
The review of methods concerning general dual frames construction has been given
in the paper [3].

Now we assume, that a transmitter N has a fixed frame {f, };.,. Due to the frame the
transmitter N is analyzing a random signal f € R, i.e. there is a series of numbers

(f, £),(f, £,),.... (f, ).

This series of numbers is transferred to the receiver O . During this transfer some noise
and some information loss appear, so the receiver O, in fact, obtains the value

(f, f)+w, k=1..m

where W, —is a certain error, or, in other words, some noise.
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The receiver O knows about the fixed frame {f };_, and, as a result, it can select a

random dual frame{g, },_, to restore the signal by means of formula (7). Hence, the receiver
O obtains somehow altered signal (information loss):

f=>((f, f)+w)g, =Y (f, f)g + Y wg, = f+> wg, (8)
k=1 k=1 k=1 k=1

According to the equality (8), it follows, that the initial signal £ differs from the altered

signal f in the following way

> W9, 9)

Is it possible to reduce the noise value (9) by means of a certain choice of the dual frame
{932

To answer this question, we will take into consideration some additional results from

the general theory of frames. We assume, that {0, },, is a random frame in R”™. Then the
expression (9) can be written as

m
k=1
where Tg* is the frame synthesis operator {0, }.,, and the noise component W, can be

considered as vector W={Wk} in the space R™. Hence, from the equality (3) it follows, that

I;iw}=0 < (T,f,w)_ =0 VfeR”,

i
R

where T is the frame analysis operator {9},

Thus, noise (9) will disappear if the noise vector W={Wk} is an orthogonal one, relative
to the set of images

RT) ={T,f ={(f. g}V eR"} (10)

of the analysis operator T, of the frame {9}
Now, we can answer the question concerning the possibility of noise value reduction (9)
by means of the dual frame{gk}km:l. In fact, we assume, that the receiver O knowns all types

of disturbance which can cause some noise W={Wk}. So, the receiver O can characterize a

type of noise quite accurately. Interpreting this into the vector language in R™ — the receiver O
can determine the noise subspace (error subspace) W in R™, i.e. the subspace involving the
noise vectors which can occur during the signal transfer. Choosing now such a dual frame
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{gk}ﬂll for which a set of images R (l'g) of the analysis operator Tg will be orthogonal to

W , we can remove any noise completely.
We must admit, that in most applications it is rather doubtful that the noise can be
«removed completely» as the receiver O won’t be able to describe the noise subspace W

absolutely accurately. Besides, there is a possibility, that a set of images R (Tg) cannot be found

of the dual frame analysis operator which is orthogonal to W (but only almost orthogonal).
Nevertheless, we can expect that the use of the above-mentioned technique will allow us to
reduce the noise considerably (9) during the signal transfer.

Example. In the space B of the space R?we will consider the frame Mercedes, which

consists of vectors
e 2
V30| ? 3J§/’3 3_J§/
2 2

Such name of the frame can be explained by its graphic representation which is similar
to the company Mercedes-Bentz symbol (fig. 1)
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Figure 1. Mercedes frame

It is known [3], that all possible dual frames {gk}L to the frame Mercedes look like
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g - fi+t9_“{“1} , (1)

3 [u,
and satisfy the requirements

0£0:<Z
2

2 2
where U, ,U,,a are random parameters and U; +U, =1, and 0 <« < %

Based on the general theory (equality (7) each vector £ € R? can be written as
3

f:Z(f’fi)gi

i=1

Besides, a set of images of the operator of analysis for the frame {gk}L is a subspace
in R3

(f.g)
(f.g,)|, VfeR’ (12)
(f.g;)

When the information of the signal f is being transferred, the receiver O obtains some
set of numbers

(f.f). (f. f,). (f. f).

We have assumed, that the receiver O knows about the fact that the transfer of the
second and the third values usually take place without any information loss (it means that the

numbers (f,, f,) i (f,, f,)are exact ones). But the transfer of the first number is taking place

incorrectly and the obtained number is not valid. Due to this information the receiver O
describes the subspace of the noise in R3, i.e.

=
Il
o o =

We are searching for the correspondent frame which will oppose such type of pollution.
The criterion of the good choice of frame is orthogonality of the subspace W to the subspace
(12), i.e. the equality must be satisfied

(/.8)w =0 o (f &)= VfeR®
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So, the best choice will be the frame {g, }f:l where the first vector is equal to zero.

Using the formula (11) we have come to the conclusion that the parameters U, ,U,,«

should be chosen so that:

=3 o] o o)

{«/5+tgau1=0

u,=0

Hence,

It’s easy to see that the solutions of the system will be u; =-1 i «a=arctg V2.

Eventually, we get a dual frame {gi} making possible any noises to be removed in the

first number of information transfer:

1 3
el AL
T N3 3] N30 3[43

2 2

1 3

2| 2| [2[-1] [2] 2

S E @WMZE %
2 2

Conclusions. Various capabilities of the theory of frames concerning the problems of

noise reduction problems in information transfer have been substantiated in the paper under
discussion. It should be stressed that the given result can be used in practice.

References

1.

2.
3.

4,

Christensen O. An introduction to frames and Riesz bases. Second expanded edition. Birkh auser 2016.
DOI: https://doi.org/10.1007/978-3-319-25613-9

C. Heil A Basis Theory Primer Birkhduser, Boston (2010). DOI: https://doi.org/10.1007/978-0-8176-4687-5
A. Kamuda and S. Kuzel, On description of dual frames, Appl. Comput. Harmon. Anal. 56 (2022).
P. 351-366. DOI: https://doi.org/10.1016/j.acha.2021.10.001

Matsiuk O. (2021) Use of p — adic numbers in urban resource networks data analysis. Scientific Journal of
TNTU (Tern.). Vol 104. No. 4. P. 58-67. DOI: https://doi.org/10.33108/visnyk_tntu2021.04.058

CrnucoK BUKOPHCTAHOI JiTepaTypu

1.

2.
3.

4,

Christensen O. An introduction to frames and Riesz bases. Second expanded edition. Birkh auser 2016.
DOI: https://doi.org/10.1007/978-3-319-25613-9

C. Heil A Basis Theory Primer Birkhduser. Boston (2010). DOI: https://doi.org/10.1007/978-0-8176-4687-5
A. Kamuda and S. Kuzel, On description of dual frames, Appl. Comput. Harmon. Anal. 56 (2022).
P. 351-366. DOI: https://doi.org/10.1016/j.acha.2021.10.001

Matsiuk O. (2021) Use of p — adic numbers in urban resource networks data analysis. Scientific Journal of
TNTU (Tern.). Vol. 104. No. 4. P. 58-67. DOI: https://doi.org/10.33108/visnyk_tntu2021.04.058

ISSN 2522-4433. Bicuux THTY, Ne 1 (105), 2022 https://doi.org/10.33108/visnyk_tNtu2022.01 ...........eevvvveveeeeeeeeeeeeeeeeenneen 27


https://doi.org/10.1007/978-3-319-25613-9
https://doi.org/10.1007/978-0-8176-4687-5
https://doi.org/10.1016/j.acha.2021.10.001
https://doi.org/10.33108/visnyk_tntu2021.04.058
https://doi.org/10.1007/978-3-319-25613-9
https://doi.org/10.1007/978-0-8176-4687-5
https://doi.org/10.1016/j.acha.2021.10.001
https://doi.org/10.33108/visnyk_tntu2021.04.058

Theory of frames use to reduce the information loss in signals transmitting

YK 004.9

3ACTOCYBAHHS TEOPII ®PEVMIB JJIsSI SMEHIIEHHSI BTPAT
IHOOPMAIIII ITPU IEPEJABAHHI CUT'HAJIIB

Ouaexkcanap Manrok

Teproninbcokull HayioHaIbHUU MeXHIYHUU YHIgepcumem imeni leana Ilynros,
Tepuonins, Ykpaina

Pezrome. YV docnionuxie ma ¢haxieyis, wjo onpaybo8yroms peaibHi IHHOBAYIUHI NPOEKMuU OJisi 6MIIeHHs. 8
cydacrux micmax, 4imko cgopmyeanucy npogini kowyenmy «Posymue micmoy. Lle memooonociunuii noeisio Ha
MEXHONIOZIYHO OPIEHMOBAHY THHOPMAYIIIHY MA KOMYHIKAYIUHY NIAM@OPMY, KA eeKmuUHO 3abe3neuye peanizayiro
KIIOU0BUX 0OUUCTIOBATbHUX aneopummie ma Komnaekcie IT cepgicie i cucmemHo iHmezpye YucenbHi pisHOMUNogi
npucmpoi, 86y008ani 8 KOHKpemHui MicbKi 00 'ekmu. B obuucirosanbhomy cepedosuiyi npoexkmie «po3yMHUX MiCmy
DaKMUUHO eKCHLYamylomvcs YUceibHi KOMIIEKCU NPUCMPOI8, IMIIEMEeHMOBAHUX Y (Pi3uuHi 00'ekmu, ujo niOKIOYeHi
0o mepedci [nmeprem. BoHu, 6 c60r0 uepzy, niompumyroms HAOIp pisHOMUNOBUX 3ac00i8 368'A3Ky mMdA NPOMOKOIE
06Mminy Oanumu. Taxa cucmemna inmezpayis 3abesneuye egekmusHe HAOAHHA WUPOKO2O CREKMpY NOCIye, SKi
dopmyromuscs 3a805KuU 00 '€OHAHHIO K BIPMYATbHUX, MAK I peanbHUX QI3UUHUX NPUCMPOIB, IHHOBAYIIHUX CEPEICis, WO
chopmosani na 6asi cynacHux HOOPMAYIIHUX MA KOMYHIKAYIHUX mexHonoeitl. Poseumok Konyenyii «po3ymHo2o
MICMay NOGUHEH MICMUMU HOSI MAMEMAMU4HI Memoou, SIKI 00380JI0Mb 3MeHwumy empamu ingpopmayii npu
nepeoasanHi OaHUX Y PECYPCHUX MePexdcax po3yMHO20 Micma. B yiil cmammi cmucio onucamo MOXCIUBOCH
3aCMOCY8AHHSL CYHACHUX MemoO meopii (peimis Ot 3MEeHUIeHHs: empam iHPopMayii npu nepeoasanti CUSHANG.
Cmammsi nobyoosana 3 mpvox niopo3oinie. Y nepuiomy posensioaromvCst NPUHYUNOSE NOHSMMs Meopii gpetimis.
Jlemanvro meopisn ¢petimis onucana ¢ pobomax Christensen O. ma C. Heil. ¥ po6omi ne npedcmasneno sci 3azanvhi
NONIOJICeHHs meopii pelimis, a auuie pe3yibmamu, HeoOXIOHI Ol PO36 A3V8AHHA 3a0ayi — 3MEHUIEHH 8Mpamu
inghopmayii. Haseoeno 6i0nosioni osnauenns ma meopemu. Ompumani pe3yiomamu 6UKOPUCTNAHO 8 HACHYNHUX
niopo3odinax cmammi 0151 OOIPYHMYBAHHS PISHOMAHIMHUX MOXCIUBOCMEN Meopii (pelimis y 3a0auax 3MeHUleHHs
wymy, sAKull 3’a619€mvcs npu nepedasanti iHgopmayii. Ppetimu moocyms 3ade3neyumu Oimbuty eHyykicmo. Bonu
CIMAHOBTISAMb NEeGHe Y3a2anbHeH sl 0a3ucia y 2inbbepmogux npocmopax. Inmyimueno ix mooicha posensdamu sk basuc,
00 sAKUX 000aH0 3ausi enemenmu. La enacmugicmo, Xou Modice 30AMUCS 3aUB0I0 3 YUCNO MEOPEMUUHUX MIPKY8AHb,
BUABTIAEMbCSL KOPUCHOIO HA NPAKIMUYI.

Kniouoegi cnosa: pozymmne micmo, inghopmayis, cuenan, peim.
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