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Summary. There were calculated using comparison method of solving the boundary problem on the polar
axis segment with three junction points for the separate system consisting of Hankel, Kontorovich-Lebedev,
Legendre and Fourier differential equations for the modified functions, which was built, on one side, by Cauchy
function method, and on the other side, by the definite hybrid integral transformation, poly-parametric family of
the improper integrals according to the eigen-elements of 1%-genus Hankel differential operator — (Kontorovich-
Lebedev) 2"-genus — Legendre 2"—genus — Fourier.
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Problem setting. Thin-walled construction composite elements usually are in steady
mode after series of dramatic alterations of temperature or power stress. The investigation of
their physical and technical characteristics leads to thermo-mechanic (mechanic) problems of
lump-heterogeneous ambience [1]. The practice shows that even in the simplest cases the
values, which characterize the steady conditions of composite material, are marked as multi-
parametric integrals that can be conventionally convergent even when they describe analytic
function. Hence, it is necessary to convert the improper integral due to its convergence
(function) that is especially important during engineering computing. The issues [2, 3] are
dedicated to calculation of improper integrals.

Research objective is to elaborate methods of calculation of multi-parametrical
medium of improper integrals according to Eigen-elements of 1%-genus Hankel —
(Kontorovych-Lebedev) Hybrid Differential Operator — 2" genus Legendre 2" genus —
Fourier.

Task  setting. Let us construct the Ilimited on  multiplication

I, = {r e (O RN RiRIJ (R Rg)U(R3;+oo)} solution of separated system of ordinary
differential of 1%-genus Hankel — (Kontorovych-Lebedev) Hybrid Differential Operator — 2™
genus Legendre and Fourier equation for modified functions
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system (1) [4].

Let us assume that conditions on coefficients are accomplished g, >0, aj >0,
ﬂﬁ( >0, Cix =0!2kjﬂ1kj —alkjﬂzkj , CuCox >0, j=12, k,m=123, s=14.

Research results. I. Method of Cauchy functions. The fundamental solution system for
Hankel differential equation (B —qf)\/ =0 are created by 1%-genus Bessel imaginary

v,a,

argument functions (modified Bessel functions) mepuroro poxy v; = 1, , (gyr) Ta apyroro poxy
Vo =K, . (qr) [4]. The fundamental solution system for Kontorovych-Lebedev differential

equation (Baz —qf)\/zo are created by 1% genus Bessel modified cylindrical functions
vy =1, , (ar) and 2"%-genus v, =K, , (4r) [4]. The fundamental solution system for

Lagrange differential equation (A P —q§>/ =0 are created by 1%-genus Legendre generalized

V3

functions v, =P"(chr) and 2"-genus v2=L(V‘3‘)(chr), where ‘/3:—%+q3 [3]. The
2

. L . . d .
fundamental solution system for Fourier differential equation [d—z -q; Jv = Oare created with
r

functions v, =e%" ta v, =e"%" [4].
The available fundamental solution systems facilitate building of solution for boundary
problems (1), (2) with Cauchy method of functions [4]:
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Ry

U, (r) = Al (@r)+ [E(r p)a, (o)™ dp,

0

RZ
Uy (r) = Agly, o (Ar)+B,K, , (4r)+ IEz(ﬁP)Qz(p)pz“Z‘ldp,
Rl

Ry
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R,

uy(r)=Bse " + jE4(r, P)94(P)dp
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where Cauchy’s functions are represented as:

q°% (Q1 ¥, a; 21(0R1,Gp). 0 <r < p <R,
Ey(r.p)=—F—— (4)
vaal;ll(qul) (qlp) v.a; 11(0Ry,qr). 0< p<r <Ry

) Q2% Yo o a2(ARLANPE |, 11(AR;, Ap) Ry <T < p <R,
E r,p — 2:%2 22 5
2 qu,az;ll(ﬂRl'/lR ) \Pq a, 12(}“R1’/1/0)\Pq a, 11(/1R1:/1r) Ri<p<r<R,. ©

) B(,,(0s) F( “12(chR,, chr)FV(:fl)f(cth,chp), R, <r<p<Rs,
Es(r.p)= A

(6)
11(ChR;, chRy) F( “)2 (cth,chp)Fv(:;’l)f(cth,chr), R, <p<r<R.

E,(r,p)= 1 {e%(PRa)chz(q“qu“r), Ry < < p <+,

()
Q4(05132Q4 +ﬂ132) e_q“(r_R3)d>f2(q4R3, 4s0) Ry < p < T < +00.

The functions participating in equations (4) — (7), are universally accepted [2, 3, 4]
The conjugation conditions (2) to determine the values A (i = 1,2,3) and B; (j =2,34)
produce the algebraic system of six equations

U &1051 11( ;R )A1 -U ;:,az 12 (/1R1 )A2 -U ;jaz 12 (ﬁ,Rl )82 =w,,

Ui,lal;Zl(qul)Al -U (1‘21’0[2 122 (ﬂ’Rl)AZ -u cl]f,az 122 (lRl)BZ =y + Gy,

Ug . a1(AR)A, +U 2 11 (AR,)B, —z(ﬂ 12 (chR,)A; =2 (1), 22(chR )B; =@y,

(8)

U§1a 21(AR,)A, +Uq o 21(AR)B, —z( 21(chR )A -2, (n). 22(chR )B; = @,, + G5,

ISSN 1727-7108. Scientific Journal of the TNTU, No 2 (86), 2017



Iryna Hotynchan

1(/ 1fl(ChR )A; + Z (ChR3)Bs _Vl?éz (04R5)B, = @3,
V Zfl (ChR )A3 + Z /u (ChR )B VZ:ZZ (q4 ) a)l3 + G34 '

The following functions participate in the system (8)

R P () c,, ®¥l. (AR, Ap) ]
G.. = 1 1 2a1+1d _ 21 a2, 2a, ld
= R L ) S R L R Ty P 0
Ryl ( )
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13 Vs gt (ChR2:ChP) 2 070(p=R;)
= shp dp—c _ dp
* shR; FJ;A(IZ);ll(Cth’ChR3)g3(p) P I 132 Us +13132 94(,0)

Let us introduce the functions:
Ay (@) =U00 21(@R)AG 4,0 (AR AR ) =UL T a1 (@R A 4,25 (AR AR, ),

A8 (@)= A oo (AR AR)AY), (R, ChR; )= Ag 14 (ARy, AR, )AY),, (chR,, ChR ),

Aff’(L); (@)= Av,(a);z(Q)A(Z);lj (chR,,chR ) - Av,(a);l(q)A(é);Zj (chR,,chRy),
BY) (@) =Va7 (aRs A%, (@) - VT (04Re)AY), ., (a),

655)1.(q)=V2322(q4R3)A(j;);jl(cth,chR )-V,Z2(q,R, A ) i2(chRy, chRy),

0Y), . (ra)=5Y)@)¥ . 2;(ARy Ar)- 5 (a)¥Z , 4; (AR, 2r),

®(vil;)1(r’ a)=Vy (d RS)FV(:Q’]_:% (chRy, chr ) -V’ (Q4R3)Fv(ﬁf (chRs,chr),

®v,(a);j(riq)zulj;l,al;Zl(qul)\Pq @ 11(2R1’/1r) U‘%ll,al;n(%Rl)\Pq % 21(/1R1'M)

O, ,0)= A 032 F 2GRy, ohr ), (02 R, ),k —12.

Let us suppose the condition of univalent solution for boundary problem (1), (2) has
been accomplished: for any non-zero vector az{ql,qz,qs,q4} the identification item of
algebraic system (8) is
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Let us determine the main solutions for the problem (1), (2):
1) originated by the inhomogeneity of conjugation conditions for Green’s function
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2) originated by the inhomogeneity of the system of influence function

Val ql [B )lPCj]- a, Zl(AR j'p) B\El,u(a) (q)\P; a, ll(ARllip)]'
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q4A"a(a)(q) eiqA(riRs)[Av,(a);l(q)(Dgz(%R3’ 0ap)- Av,(a);z(Q)(sz (94Rs, CMP)]'
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As the result of invariant solution of algebraic system (8) and substitution of obtained
values A, (i :1,2,3) and B; (j =2,3,4) in equation (3) we will get the unique solution of the
boundary problem (1), (2)

k,m=1

3 ) R,
()= 2R (1@t + [y (1220 p) o™ o +
0
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R, R,
+ J. HZ’(L); jz(r’ £.9)3,(p)p*** Hdp + J. vaez);jg(n £,9)95(p)shpdp +
R, R,

~+00

+ Hﬁ“()a yjall 0.4 )9.(p)dp, j=14. (10)
R3
I1. Method of integral transformations. The hybrid differential operator M ﬁ”()a) was built

in [5] ([5], c. 83), the direct Hﬁf’(fx);?, and the reverse H;’((’;));s 1%t-genus Hankel (Kontorovych-

Lebedev) 2" genus Legendre 2" genus Fourier hybrid integral transformation was determined
([5], c. 86), which was originated on multiplication I, with hybrid differential operator (HDO)

M 5"(2) and the main identity of integral transformation of hybrid differential operator (HDO)
M () was proved ([5], c. 87).
The direct H (”()) and reverse H ‘((”)) hybrid integral transformation and the main

identity of integral transformation of hybrid differential operator (HDO) M make up the

mathematical instrument to solve the boundary problem (1), (2).
Let us record the system (1) in matrix form

—( ,al_(hz)"l(r)_
o b | [0
) | 92l
(A(ﬂ) %)Js(r) - gs(r) ' (11)
[F—qz}u(r) 9:(r)

Integral operator Hﬁ"&l) will be presented in the form of operator matrix-row

Rl
Hﬁ{zl);s[...]zlj,,.vj (1, B)oyr?dr j VI, B)oor e Hdr
0 R,
. (12)
j VV(O)[ (r, B)o,shrdr I VV(O)[ (r, B)o,dr |.
RZ

In the equation (12) V(”) .(r B) (j=14) the components of spectral vector-function

v,

v ) (. B) (5], c. 86),a o} (j =1,4) —weight coefficients of weight function o(r) ([5], p. 84).

Let us apply the operator matrix-row (12) to the system (11) according to the rule of
matrix multiplication. As the result of main identity, we will obtain the algebraic equation

3

(,32 + qzﬁ(ﬂ) = 9 +de [Z 2;;12 a)Zk —Zﬂf‘(z;'}zz(ﬂ)wlk],

k=1
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4 4 c.c.R2* R
where q = maX{Q1 0,:0s; Q4 z Zgj(ﬁ)’ d, = —221 2

c hR 1 + i—19 13
d2: 13 S 21 d3:_, Z‘EIL!()QI; 1(ﬂ) ( +ﬁ12)vv(2l k+l(r ﬂ) (le, ,k:]., )

C22C23 SNR; Ca3

Hence, the function is as follows

7 (1)K (u).k
Tt ( ) & (a) (ﬂ) Zv (a)'ZZ(ﬂ)
u(p) = )+>d - . 13
(ﬂ) IB +q kZ=:1 k 2 q Woy ﬁg +q2 (ﬂ)a)lk ( )
Integral operator H (( )) as the one that is reverse to Hfﬂ(l,);s will be represented in the

form of operator matrix-column

pl A
Ho (el 1= 2:; - (14)
= Vi p)els)p
0
Z [V pp)ap
0

Let us apply the operator matrix-column (14) according to the rule of multiplication of
the matrixes on the matrix-element [G(/3)], where function G(4) is determined with the formula
(13). As the result of simple transformations, we will obtain the unique solution of the boundary
problem (1), (2)

2 +oo~ i
uy(r)== [T(BN, (r BO(B)S =3 d Selenz oy W), ﬁ)@(ﬂ)dﬂJwZK -
0

R, +oov(ﬂ) (r,
g [% by, (p,ﬂ)a(mdﬂng(p)a P ape
0 0

R, +oov(#) (r,B
+] (% J —V'(a)'](q )Vv(f(l);z(ﬂﬂ)ﬂ(ﬁ)dﬂng(p)azpzaz Tdp+
0 0
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f[ (YD o prtprs } (Poushato+

7T o

+

(2700 B)
(;IW

0

Vielp B)2 (ﬂ)dﬂJg4(p)o4dp, j=14. (15)

0

Having compared the solutions (10) and (15) as the result of unification, we will get the
following formulae to compute the improper integrals.

277 I
= 80 (AN o BXB = o R (o pia) ik =14, (16)
0

2 L -

=] SU (L BIZUM (BB =d R, (rp.), =14 k=12, (17)
0

2+ -

;J.S%z)x);j(r’ﬂ)z‘% 2z(ﬂ)dﬂ _dklRy ;1k(r,,0,Q), 1=14,k=12, (18)
0

Uy (rB)=(87 + a2 ) Vi) (r gl (B), (=14

The conclusion of accomplished investigation is the statement.
Main theorem. Let the vector-function f(r)_{Bm [9,1,B az[gz],A(#)[gg],g;} is

continuous on the set I,, and the functions g;(r) satisfy the limitation conditions

- 204 +1 (u) dgl(r)_ dV ( 'B) _

IrlmIr (Vv,(a);l(r'ﬂ)—dr 9,(r) dr =0,
2 1 d dvv(”o)! 4 !

limr> [v(” J(r p)—=2 g () — g, (r) e gr(r ﬂ)}o,

and conjugation conditions (2). If the condition of univalent solution for the boundary (1), (2)
problem (9) is adhered, then there appear the formulae (16) — (18) to calculate the multi-

parameter improper integrals due to Eigen-elements of hybrid differential operator Méf‘(zx),

indicated in the research project (/5/, c. 83).

Conclusions. The obtained formulae (16) — (18) contribute to reference literature in the
sphere of computation of improper integrals from superposition of special functions of
mathematical physics.
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JEBEAEBA) 2-TO POLY — JEXKAHJIPA 2-TO POJY —- ®YP’€ HA

MOJISIPHIN OCI
Ipuna I'oruH4yaH

Yepniseyvkuu mopeosenvro-exkonomiunuu incmumym KHTEY,
Yepuisyi, Ykpaina

Peztome. Memooom nopiensanus po3e’si3ky Kpauogoi 3adaui HA NOJAPHIU OCi 3 mMpboMa MOUKAMU

cnpsvicenns 05l cenapamuoi cucmemu ougepenyianvrux pisuans I anxens, Konmoposuua-Jlebeoesa, Jlexcanopa
ma @yp’e 0 modugixosanux Gyukyiu, nobyoosanoco, 3 00020 OOKY, Memooom @pyuxyit Kowi, a 3 Opyeoeo —
Memooom 8i0ON0GIOH020 2IOPUOHO20 THMESPANLHO20 Nepemeopents, 00UUCIeHO NONNApamempudny cim o
HeBNACHUX [HMe2PAnie 3a GIACHUMU eleMeHmamu 2iopuonozo ougepenyianvnozo onepamopa I awnkens 1-20
pooy — (Konmoposuua-Jlebeoesa) 2-20 pody — Jleacanopa 2-co pody — @yp’e.

Kniwouosi cnoea: nesnacmi immezpanu, 61acHi eiemenmu, 2iOpuoHull Ougepenyianrbuuii onepamop,

iHmezpanvHe nepemeopertsl, 2071061 PO38 A3KU.
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