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Summary. There was studied engineering methods for determining stress intensity factors for complex 

symmetrical cross-sectional flank open at the edge of the crack by the action of stretching and bending effort. 

Analysis of specific stages crack propagation edge coupled Z-shaped flanks was carried out. Mathematical models 

and change depending obtained axial cross-sectional moment of inertia dual Z-like flank and intensity ratios 

derived by two methods – through nominal tension in the net – the intersection and in the development of boundary 

cracks were built. Analytical analysis proved the stress intensity factor for thin-walled coaxial elements Z-shaped 

flank, which perceive tensile strain and pure bending; correction functions which account for changing the 

geometry of the cross section in the development of cracks. A generalized correction function coupled, symmetric 

Z-flanks similar size 200x87x6 mm, which simplifies the calculation of residual life of structural elements of the 

system was obtained. 
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Problem setting. The assessment of tensile strength of construction elements at 

acceptable stresses or acceptable rates for strength margin results in their excessive weight due 

to increased usage of metals. The evaluation of tensile strength of bearing elements due to their 

crack resistance is currently considered to be more up-dated. The essence of the method 

assumes they determine the cycles’ number before crack origination at certain stress with 

further investigation of its propagation in particular material. 

Analysis of the latest researches and publications. The issues [1, 2] define the 

durability of bearing elements in agricultural machinery under dynamic stresses upon thin-

walled elements with cracks and real operation influence. The definition of stress intensity rate 

in some open and closed bends being used to determine the stress margin was presented in [3]. 

Research objective is to create the mathematical model of under-critical boundary 

crack propagation in thin-walled cold-bent flanks of dual symmetric Z-shape cross-cut 

intersections between bearing elements as well as to define analytically the correction functions 

accounting the alteration of thin-walled flanks geometry at fatigue crack propagation. It will 

allow determining of stress intensity rates for dual symmetric Z-shape cross-cut intersections 

being under tensile and flexure strains, making graphs of correction functions accounting the 

alteration of geometry of dual symmetric Z-shape cross-cut flanks during fatigue crack 

propagation along the wall by its approximation as well as obtaining of generalized correction 

functions for dual symmetric Z-shape flanks with dimensions of 200х87х6 mm. 

Tasks assume analytical determination of correction functions accounting the alteration 

of geometry of dual symmetric Z-shape cross-cut intersections under stress propagation, in 

particular for the shelf and wall as well as making graphs of correction functions, their 

approximation and obtaining of generalized correction functions for dual symmetric Z-shape 

flanks with dimensions of 200х87х6 mm. 

Research results. The creation of calculation models for stress-strain conditions of 

bearing construction elements due to real stress and modified method of minimum of strain 

energy potential [4, 5] facilitated identification of dangerous intersections of probable crack 

origination. 
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The open-end cross-cut intersection assumes its boundary to be probable crack origin 

where the stress concentrators are located due to available welded joints. 

As calculation model to define the stress intensity rate IK  we will select the boundary 

fatigue crack that propagates in thin-walled dual symmetric Z-shape intersections inside the 

central side rail of solid fertilizers dispenser of ПРТ-9-type. 

The central side rail of solid fertilizers dispenser of ПРТ-9-type is made of two Z-shape 

cross-cut intersections joint by plates. The scheme of cross-cut intersection of the side rail is 

displayed on Fig. 1. 

For the selected frame of axes (Fig. 1a) we determine the geometric parameters for no-

defect cross-cut intersection: 
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Let us accept the fracturing of cross-cut intersection of dual Z-type flanks starts from 

the boundary crack in the shelf of a cross-cut intersection (Fig. 1b). The crack propagates along 

the shelf towards the wall and the next shelf. 

Theoretically the thin-walled flank of Z-shape cross-cut intersection will lose the 

bearing capability when the total crack length reaches (Fig. 1b): 
 

,321 LLLL   (3) 

 

where 1L  – the length of boundary crack at the first stage of its propagation 

                    ( bL  10 ; 032  LL ); 

           2L  – the length of boundary crack at the second stage of its propagation 

                    ( hL  20 ; ;1 bL   03 L ); 

           3L  – the length of boundary crack at the third stage of its propagation 

                    ( bL  30 ; ;1 bL  hL 2
). 

To describe the propagation of the boundary crack we will investigate the thin-walled 

cross-cut intersection, which consists of two z-shape flanks under the condition the crack 

propagates only in one of them (Fig. 1). The investigated flank is stressed only by M yaw 

moment against Y axis. At pressure of yaw moment upon the thin-walled flank its horizontal 

shelves will be expanded but the vertical wall will be under flexure strain. The stressed 

condition in Z-shape cross-cut intersection with the crack can be approximately modeled as 

separate plates of the same thickness and width with the boundary crack at the same stress. 
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Figure 1. Scheme to determine the geometrical characteristics of thin-walled flank with an edge crack: 

a) schematization of two Z-shaped cross sections; 

b) schematization of two Z-shaped cross sections with an edge crack; 

О–О2 – trajectory shift the center of gravity in the development of cracks 

 

The general expressions describing the changes in axis of mass 
iCz  and YiI  centroidal 

moment of inertia at cross-cut intersection consisting of two Z-shape flanks during the crack 

propagation: 
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According to the formulae we determine the stress-strain condition of the dual Z-shape 

cross-cut intersection on the each stage of crack propagation keeping in mind that the thin-

walled cane operates only in bend direction (there is no rotation of frame of axes). 

We will accept that at the first stage of crack propagation ,1LL   ,032  LL  then axis 

of mass and centroidal moment of inertia can be defined due to the formulae: 
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The normal stresses in cross-cut intersections of the flank can be determined according 

to the formulae: 

- in non-cracked intersection 
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- in cracked intersection 
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On the given stage of cross-cut crack propagation the relative parameter is determined 

as .1
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where )( 11 F  – non-dimensional coefficient of geometry alteration for the shelf of thin-walled 

flank during crack propagation. 
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Let us investigate the second stage of crack propagation inside the mentioned-above 

intersection. The geometric parameters are: 
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According to obtained data the normal stresses in cross-cut intersection are 
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Having applied the dependence for definition of normal stresses in cross-cut intersection 

of non-cracked flank (8), cracked cross-cut intersection (9), geometric parameters (13) and (14) 

and due to (15) and (16) we will get the dependence for definition of stress intensity rate of 

normal fracture
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IK : 
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where 2F  2  – non-dimensional correction coefficient accounting the geometry alteration for 

the wall of thin-walled flank during fatigue crack propagation. 
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The correction functions in graphic design for the dual Z-shape thin-walled flank are 

shown on Fig. 2. 
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Figure 2. Dependence functions between )( iiF   and defects   for dual 

Z-shaped thin-walled flank with dimensions 200×87×6 mm 

 

Having approximated the functions )( 11 F  and )( 22 F  (Fig. 2), we will get the 

correction function of dual symmetric Z-shape cross-cut intersection with dimensions 

200х87х6 mm. 
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Conclusions. The authors elaborated the mathematical model of boundary crack 

propagation during the flexure strain of thin-walled element of dual symmetric Z-shape flank. 

There were obtained the dependences for stress intensity rate and correction functions that can 

be applied to determine the stress-strain conditions for metallic bearing elements of dual 

symmetric Z-shape intersections at each stage of crack propagation during flexure strain. The 

obtained dependences can help to define the stress margin of frame construction and suggest 

the ways to upgrade it. 
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МАТЕМАТИЧНА МОДЕЛЬ РОЗВИТКУ КРАЙОВОЇ ТРІЩИНИ ПРИ 
ЗГИНІ СИМЕТРИЧНИХ ТОНКОСТІННИХ ПРОФІЛІВ 

 

Тарас Довбуш; Надія Хомик; Анатолій Довбуш; Наталія Рубінець 
 

Тернопільський національний технічний університет імені Івана Пулюя, 
Тернопіль, Україна 

 

Резюме. Розглянуто інженерні методи визначення коефіцієнтів інтенсивності напружень для 
складних симетричних поперечних перетинів відкритого профілю при розвитку крайової тріщини за дії 
зусиль розтягу та згину. Проведено аналіз характерних етапів розповсюдження крайової тріщини 
спарених Z-подібних профілів. Побудовано математичні моделі та отримано залежності зміни осьового 
моменту інерції поперечного перетину спареного Z-подібного профілю, виведено коефіцієнти 
інтенсивності напружень за двома методами – через номінальні напруження в нетто-перетині та в 
процесі розвитку крайової тріщини. Аналітично виведен: коефіцієнти інтенсивності напружень для 
елементів тонкостінного спареного Z-подібного профілю, які сприймають деформації розтягу і чистого 
згину; поправочні функції, які враховують зміну геометрії поперечного перетину в процесі розвитку 
тріщини. Отримано узагальнюючу поправочну функцію спарених симетричних Z-подібних профілів 
розмірами 200х87х6 mm, яка спрощує розрахунок залишкового ресурсу роботи елементів конструктивної 
системи. 

Ключові слова: коефіцієнт інтенсивності напружень, поправочна функція, довжина тріщини. 
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