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HAHPY)KEHO:I[EQ)OPMOBAHI/Iﬁ CTAH NPYXHO-IINIACTUYHHUX
JIHIMHO 3MIINHIOBAHUX IIJIACTHUH 3 IBOMA
HEPHEHAUKYJAPHUMMU PO3PI3AMMU 3A BCEBIYHOI'O PO3TAT'Y

Peszrome. 3a 00nomoz010 HUCI068020 pO36 A3Y8AHHSA KPATIOGUX 3a0a4 MeOpil MANuX NpyiCHO-NIACMUYHUX
Oechopmayiti Ons NIHIUHO 3MIYHIOBAHO20 MAMEPIANY 3 SICOBAHO HANPYICEHO-0eDOPMOBAHUL CIMAH NPYICHO-
MNACMUYHUX NIACMUH 3 080MA NEPREHOUKVIAPHUMU PO3PI3aMU 3a 6CeDIUHO20 PO3MARY.

Kniouosi cnoea: nnacmumna, pospis, meopiss Manux HBpYICHO-nAACMUYHUX Oehopmayiti, niHiiHe
3MIYHEeHHS, apiayiiiHO-pi3HUYeauli Memoo, 8CeOIUHUL pO3mse.

I. Kuz’, O. Kuz’, N. Pyz

STRESS-STRAIN STATE OF ELASTO-PLASTIC LINEARLY
STRENGTHENABLE PLATES WITH TWO PERPENDICULAR CUTS
UNDER ALL-ROUND STRETCHING

Summary. Effective numerical methods for solving 2D problems related to the theories of elasticity and
plasticity have been worked out. The variation-difference method of building finite difference schemes is
extended to disconnected domains.

The application of the variation-difference method for solving problems of the theory of small elasto-
plastic deformations relatively the plates with cuts, taking into account the linear strengthening of the material
and unloading, has been developed. For solving the resultant systems of nonlinear and linear equation, the
Newton-Kantorovich method and combined iterative method (gradient and cyclic Chebyshev’s one) were
proposed to be used. The choice of iteration parameters of the methods for solving the obtained systems of linear
and nonlinear algebraic equations was made.

The elaborated software ensures solving the problems with different boundary conditions, medium and
domain parameters.

A variety of problems concerning all-round stretching of the elasto-plastic plates with two
perpendicular cuts is numerically solved. The zones of evolution of plastic deformations for step enlarging of the
loading are constructed. There are found the stresses under which the yield limit and the strength limit are
achieve in the plates. On the base of numerical analysis the following main regularities are found: under the

close mutual location of cuts in the plate, the plastic deformations first appear under the stress P° which is 33%
less than in the plate with the same cuts under the far mutual location; however, the strength limit in the plates

in the both considered cases is achieve practically under the same stress P° .
Key words: plate, cut, theory of small elasto-plastic deformations, linear strengthening, variation-
difference method, all-round stretching.

IHocTranoBka mpo6Jemu. KoHIleHTpaTopy HaNpyKeHb, 30KpeMa po3pizu abo TPIlUHH,
ICHYIOTh y KOHCTPYKIIISIX BHACHIJIOK KOHCTPYKI[IHHMX BUMOT, TEXHOJIOTIYHHUX OIepaiiil mpu
iXHbOMY BHMTOTOBJIEHHI a00 BIUIMBOBI €KCIUIyaTallifHUX HABaHTAKeHb. IXHS HasBHICTDH
NPU3BOJUTH 10 KOHIIEHTpAIlil HANpy>KeHb, 1[0 MOXE CIPUYUHHUTU NepeayacHe pyHHyBaHHS
abo TOsIBY HEIONMyCTHMHX JedopMariidi. Y OararboxX BHIAJKaX 3a BHCOKOTO piBHS



HAaBaHTAXEHb EJIEMEHTH KOHCTPYKIIM 3 KOHIEHTpaTOpaMu HalpyXeHb MepeOyBaloTh B
yMOBaxX JOIMYCTUMOIO IUIACTHYHOTrO jAedopmyBaHHs. lle mpHU3BOIUTH 10 CKIATHHUX 337134
BHU3HAYCHHS HAINPYXEHO-IeOPMOBAHOTO CTaHy, pO3B’S3yBaHHS SKHX HEMOXJHBE 0e3
3alydeHHsT €(eKTHBHUX UYHCIOBUX METOMIB pPO3PAaxyHKy, OCKIUJIBKM 3aCTOCYBaHHS
AHATITHYHUX METOMIB y 3B’S3KYy 31 CKJIaaHICTIO (GopMH Tl (OOMEXEHICTh pPO3MIpiB,
6araTo3B’s3HICTh) Ta (PI3UYHOIO HETIHIMHICTIO 3HAYHO OOMEKEHE.

AHaJi3 ocTaHHIX AocaizkeHb 1 myoOaikamiil. OmHEM 13 e(pEKTHBHUX YHCIOBHX
METOJIB pO3B’s3yBaHHS KpaloBUX 3ajmad jgedopMarliiiHoi Teopii IMJIACTUYHOCTI B
0araTo3B’sI3HUX 00JIaCTSIX € BapiallifHO-PI3HUTIEBAN METOJT i3 BUKOPUCTAHHSIM BiIOOpayKEeHHS
KPHUBOJIiHIIHOT (KOCOKYTHOT) CITKM y BHUXiJHIA 00JacTi Ha pIBHOMIpHY MpPSIMOKYTHY CITKY B
obnacTi, ckiaaeHiit 3 nmpsMokyTHHKIB [1-3]. IIpoTe BpaxyBaHHS 3MiITHEHHS Marepiaixy IpHu
mIacTUYHOMY JeopMyBaHHI Ta TOOYyIOBa 30H €BOJIONII IUTACTUYHHX Jaedopmariii mpu
MTOKPOKOBOMY 301JBIIICHHI HAaBaHTAXCHHs Jaid O 3MOTY TOYHIIIE 3’SCyBaTH HaIPYXEHO-
neGopMoBaHMiA CTaH MJIACTHH 3 IBOMA NEPIEHAUKYIIPHUMHU PO3pi3aMH Ta IXHIO MIIHICTb.

Mera pobGoTm. 3’scyBaTH BIUIMB JIBOX TEPIEHAMKYJISIPHUX PpO3pi3iB, 30KpeMa IpH
ixHbOMY 30JMKEHHI, Ha Hamnpy>KeHO-1e(pOpPMOBAHUN CTaH MNPYNKHO-IJIACTUYHHUX JHIHHO
3MIIHIOBAaHUX TUTACTHH 32 BCEOIYHOTO PO3TATY.

®opmy0BaHHSA 3a4a4i Ta 4YHCJA0BHI Meroa ii po3B’si3yBaHHs. Po3risiiaroThest
IJIOCKiI 3amadi JehopMarlifHol Teopil IUIACTHYHOCTI, 30KpeMa Teopil Maliux MpYXKHO-
IJTACTUYHUX JAedopMarliii [ipromuyHa, 3a akTHBHOTO HaBaHTAKEHHsI Y OaraTo3B’s3Hii 06sacTi
V' 3 Mexero X, sSKIi MOJIENIOIOTH HAIpy)KeHO-ZeopMOBaHM CTaH y IMJIacTUHAX 3 JIBOMa
MEepIEeHIUKYISIPHUME po3pizamu (puc.2, 4). 3 MaTeMaTHYHOTO TOTJISITY BOHH TOJSTAIOTh Y
PO3B’s13yBaHHI piBHSHb PIBHOBArH B IJIACTUHI

(Cijkl(gu )”k,l ),j =0 (D

3a BUKOPUCTAHHs MilllAHUX KPaHoBUX YMOB Ha ii moBepxni X (X, UX _ =2)

F

s, = ”io ; Cijkl(gu )”k,/”j |zg = Pz’O> ()
e

Cyua = M, 0,84 + 1, NS4S 1 + 646 1)

Me,)=K-2ule,) ule,)=ul-ols,)). 3)

1

Tyt u,, P’,n , — KOMIIOHEHTH BEKTODiB IlepeMillleHb Ta MOBEPXHEBHMX CHJ, a
TaK0X 30BHILIHBOI HOpMaJli 10 MOBEPXHi . BIAMOBITHO; &, — IHTEHCUBHICTH
TeHsopa gedopmariit (e, =&, —(1/3)e,.5,; €, =.Jese, ); K— MOy 06’€MHOro
cTucKy; olg,) — OQyHKUiA mmactuunocTi InblommHa [4]; u,; =ou,/ox;. 3a
OJIHAKOBMMH 1HJEKCAMH, SKi 3YyCTpidalOThCd B OJHOMY BHpa3i JBidi,
BiIOYBA€ETHCS TiJICYMOBYBaHHS BiJ] OJUHUIIL IO TBOX.

VY Bumnanky rockoi nedopmarrii
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v, = ux(x, y), v, =u, (x, y), vy =u.=0. 4)

g, & HABAHTAXEHHA

[ 4

PoOSBAHTAXREHHA

P
s Zy
Pucynok 1. I'padik 3anexHocTi o, ~ &, I Matepiany 3 JiHIHHUM 3MiHEHHAM

-
o

iy

Figure 1. Graph of dependence o, ~ ¢, for the material with linear strengthening

st matepiany 3 JiHiAHUM 3MilHEHHSM (puc. 1), 30KpemMa Miji, aTiOMiHIIO Ta iXHIX
cruiaBiB, GpyHKIis o(e, ) Mae BUrys

ole,)= (1—73(8,, —g)]e, . €, >¢€,; )

g, <&,

ne y=u'/u — napamerp 3minmenns; 2u=tga; 2u' =tga'; o, £,— MEKi TediHHS 3a
HaNpy>KeHHSIMHU Ta JieopMallisiMU BiJIITOBITHO.
Jliist iporiecy po3BaHTaKCHHS BU3HAYAJIBHI CITIBBITHOIIIEHHS MAOTh BUTJIST

o,=3Ke,, s; =5 +2,u(e,.j —e,’,j), (6)

Jie KOMIIOHEHTH TEH30PIB e i s, BiMOBIAAIOTH MOYATKY NPOIECY PO3BAHTAKEHHSI.

Posrnsiremo muckpetu3artito 3amadi (1), (2), ToOTo moOyayemMo pi3HUIEBUI aHATIOT ITi€l
3amadi. [Ilpudomy OymeMo  BUXOOWTH 3 11 BapiamiHOI  TIOCTAHOBKH, TOOTO
BUKOPHUCTOBYBAaTMMEMO BapialiifHO-pi3HUIIEBUI MeTO1 TOOYI0BU Pi3HUIIEBOT cxeMH [5].

Ockinbkn 0671acTs V' € 6araTos3s’sI3HO0, TO BAKOPHCTOBYEMO Taki koopausatu 3, 52,
110 BiToOpaskeHHs

xlle(ﬁl’ﬂz)’ x2=x2(ﬂl,ﬂ2) (7)

HEepeBOUTh il B MOAENbHY 001acTh V|, (IpsAMOKYTHUK po3mipamu [, xI, abo oOmnacts,
CKJIQJICHY 3 IPSIMOKYTHHKIB). VY Iiif 00J1acTi JIarpaHXiaH MaTuMe BUTJIST

Ly =12 [gD™v, vy dp'dp* ~ [ g X -5ap'ap® — [g(B)P° -vax. ®
v, Vy Z

e DM =Cimkn(IB)Br{lB}{” A;. =8x"/8ﬂj i B; =aﬂ’/8xj , \/§=det 4,
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o(7) Jen. B =100}
@, ﬂl={0»ll}-

3amiauBmm y (8) BCi KOHTHHYaIbHI (DYHKITI CITKOBHUMH, iHTETpaJidi — CKIHUYCHHUMH
CyMaMH, MOXiJIHI — PI3HULIEBUMH NOXiJTHUMH, OTPUMAEMO PI3HUIIEBUI aHAJIOT JlarpaHKiaHa

L} 3a JONMOMOTOIO IMCKPETHOTro aHanora BimoOpaxkeHnHs (7), ske He MyCHTh OyTH 3ajaHe

aHATITAYHO, 30KpeMa OyTu KoH(popMHUM. JIOCTAaTHRO MaTH B3a€EMHO OJIHO3HAYHY
BIJITOBIIHICTh MIX BY3JaMHu CiTKH B obmactsx V' Tta V. Jlns BU3HA4YeHHS CTarlioHapHOI

TOYKHA Lﬁ MaTUMEMO CUCTEMY HETIHIHHUX alreOpuIHuX PiBHSHB
B )+ B =0, ©)

SKy JOIIBHO pO3B’s3yBaTtu irepariiiaum MetogoMm HeroToHa—KaHTOpOBHYA, KOXXKHUM
KPOKOM SIKOTO € JIBOPiBHEBa IpOICIypa PO3B’S3yBaHHS JIIHIMHOT CHCTEMH, SKa peallizye
CXeMY I'PaJieHTHOTO METOJy Ta METOJy 3 YeOHMIIeBCHKUM HaOOPOM iTepamiiHuX mapameTpiB.
CKITaHICTIO 11 TPaKTHYHOI peai3allii € miaoip iTepamifHuX mapamMeTpiB cucteMu (9).

OmnucaHuii MeToJl peali3oBaHMN y BHIJISJII MakeTa IMporpaM, SIKUM BpaxoBYeE pi3Hi
KpaiioBi YMOBH, FreOMETpit0 00JIacTi Ta mapaMeTpH cepeIOBHIIA.

Pe3yabTaTH 4HCJI0BUX J0CTIIKeHb. 32 JONMOMOTOI0 BUKJIAJIEHOTO BHINE BapialliifHO-
PI3HHIIEBOTO METOJY PO3B’s3aHO HHM3KY INIOCKUX 3a1ad jJedopMariitHoi Teopil MmIacTHIHOCTI
mpo aedopMyBaHHS IUIACTHH, BUTOTOBICHHX 3 MaTepiany 3 JiHIHHUM 3MIIHEHHSM (JIUB.
puc.l), HampWKIA, IUTAKOBAaHOTO amroMiHieBoro crutaBy J16AT, skwit 1mmpoxo
BUKOPHUCTOBYETHCS B JIITAKOOYAyBaHHI, 3 JBOMAa MEPIECHIUKYISIPHUMHU po3pizamu. Ha puc.2
HaBEJICHO TEOMETPI0 IUIACTHHU 3 JBOMa IEPIECHIUKYISIPHO PO3TAIIOBAHUMH pPO3pi3aMu
OJTHAKOBOT'O PO3MipY, BiICTaHb MK SIKUMU JOPIBHIOE OLIBIIOMY pO3Mipy po3pi3y, Ta KpaioBi

YMOBH Ha 30BHiImHi# Mexi. TyT BBeeHo Ge3po3mipni koopaunatn x° =x/d ta y° =y/d,
ne d — MeHIUH po3Mip po3pi3y. Po3pi3u € BulbHUMM Bif HaBaHTaxeHs (o,, =0,0, =0).
Jlo ycix KpaiB IUTaCTHHHM TpUKIAJeHe Oe3po3MipHE PIiBHOMIpHE HOpMAaJbHE HAIpyKCHHS
P’ =Plo,, ne o, —Mexa TediHHs.

3a JONMOMOTOI0 Jiarpam po3HoJiry 0e3po3MipHOi iHTEHCHBHOCTI TeH30pa HampyKeHb
0'3 =0, /0, MOXKHa 3’CyBaTH 00JacTi BAHUKHEHHS Ta PO3BUTKY IUIACTHYHKX Jedopmaliii, a

TaKO’K OLIHUTH MIIHICTh IJIACTUHU 32 TUM UM IHIIAM KpUTEpieM. 3TiTHO 3 YMOBOIO TE€UiHHS
I'y6epa—Mizeca 1uracTuyHe JeOpMyBaHHS ITOYHMHAETHCS TOJI, KOJM Oe3po3MipHa

IHTEeHCUBHICTh TEH30pa HalpyKeHb 0'3 nocsirae 0e3p0o3MipHOT MeXKi TeUiHHS 0'3 =1. 3rigHo
3 KpUTEpieM MIIHOCTI (CKaXIMO HaWOIIbIIOl I1HTEHCUBHOCTI JOTHYHUX HaIpPYy>KEHb)
HeOe3MeyHnid CTaH JI0CIraeTbes, KOJM 0e3po3MipHa IHTEHCUBHICTh TEH30pa HAIpPYy)KeHb 0'3

jnocsrac  Ge3posmipHOi BemmumHEM  4/2/30), ne Og=0y/0,— OGesposmipa Mexka
MIIHOCTI [6].
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Pucynok 2. [TnactuHa 3 1BOMa MepneHANKYIIPHIMHA pO3pi3aMH, BiACTaHb MK SIKUMHU TOPIBHIOE OUIBIIOMY
po3Mipy po3pisy, Ta KpaiioBUMH yMOBaMH Ha 30BHIlLIHII Mexi

Figure 2. Plate with two perpendicular cuts the distance between which equals the bigger size of a cut and the
boundary conditions on the external border

Ha puc.3 300paxeHO pO3BUTOK 30H IUIACTHYHUX JedopMariiii 3i 30iIbIIeHHIM
Gesposmiproro Hampyxkenus P’ st 306pasxkeHoi Ha puc.2 IUIACTHHH (MOJY/b IPYKHOCTI
E =731-10"MIla; xoedimient Ilyaccona v =0,33; mapamerp 3minmuenns y =0,1; Mexa
TedinHa o, =324 Mlla; mexa minHOCTI 05 =469 MIlla). Ha puc.3 30uu 1 noGynoBani 3a
P’ =0,37;30a1 2 —3a P’ =0,56;30mm 3 —3a P’ =0,8;308a4—3a P’ =0,92.

Pucynok 3. Jliarpama oGmacTeii po3BHTKY rimacTiIHUX nehopMaLliii 32 MokpokoBoro 36inbmenns P° y
TUTACTHHI 3 ABOMA MePIEeHANKYIISIPHUMH PO3pi3aMu, BiICTaHb MiXK SIKIMHU JOPIiBHIOE OiNTbIIOMY po3Mipy po3pi3y

Figure 3. Diagram of development of the plastic deformation zones for step enlarging of the loading P° in the
plate with two perpendicular cuts such that the distance between them equals the bigger size of a cut

Sx 6aunmo 3 puc.3, CoOYaTKy 3’ SIBISIFOTHCS OBaJIbHI 00JIACTi IUIACTHYHUX JieopMartii
Ha TOPUSX po3pi3iB (30HU 1), sIKi Jaii po3MOBCIOKYIOThCS OBajlaMH HAaBKOJIO TOPIIB (30HH
2). 3a nanpyxenss P° =08 o6macti mmacTHYHMX aedopMmariiii HaBKOJIO TOPIIB JiBOTO
PO3pi3y Ta JIBOTrO TOPI MPABOTO Po3pizy 00’ eMHYIOThCA (30HH 3). 3a HanpyxeHnast P° = 0,92
yKe J1BI 30HU 3 00 €IHYIOTBCS 1 BUXOJATh Ha MpaBUi Kpail rmiacTwHH (30Ha 4). 3a ImMbOTO
HaNpy>XeHHS y TPYKHOMY CTaHi BCepelHMHI 30HHW 4 3alMINAIOTHCS JIMINE OBaJbHA 30HA
HABKOJIO JIIBOTO OTBOPY 1 30Ha y BHIJISAL MiBMicAIlsl HABKOJO mpaBoro. Buxin 3oHu

IJJACTHYHOCTI caMe Ha MpaBHil Kpail IUIACTHHHU TOSCHIOETHCS HANOUTBINOI ONHU3BKICTIO JIO
HBOTO BiJITIOBITHOTO TOPIISI pO3Pi3y.
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Pucynok 4. [1nactina 3 1BOMa MEpNeHINKYIIPHAME PO3pPi3aMu, BiACTaHb MiXK SKAUMU JOPIBHIOE MEHIIOMY
po3Mipy po3pisy, Ta KpaiioOBUMH yMOBaMH Ha 30BHIlLIHII Mexi

Figure 4. Plate with two perpendicular cuts the distance between which equals the smaller size of a cut and the
boundary conditions on the external border

Ha puc.4 HaBeqeHO reOMeTpit0 IJIACTUHY 3 JIBOMA MEPICHAUKYJIIPHO PO3TAIIOBAHUMHU
po3pi3zamu, BiJICTaHb MiX SKHMH JIOPIBHIOE MEHIIIOMY PO3Mipy po3pi3y, Ta KpaioBi YMOBH Ha

30BHimHiH Mesxi. TyT Takox BBeieHo 6e3po3mipHi koopaunatu x’ =x/d ta y° =y/d, ne d
— MeHMuU# po3mip po3pizy. Po3pizu € BinbHUMH Bij HaBaHTaxeHs (o, =0,0,. =0). o ycix
KpaiB IUIACTUHHM TaKOX IPHKIaJeHe Oe3po3MipHe piBHOMipHE HOpPMAalbHE HAIpPY>KeHHS
P’ =Plo,, ne o, — Mexa TediHHs.

Ha puc.5 300paxeHO PpO3BHTOK 30H IUIACTHYHHX JedopMartiidi 3i 301IbIICHHIM
6e3posmipaoro mampyxemms P° s momaHoi Ha puc. 4 TUIACTMHH 3 TAKHMH K
xapakTepucTikamu. Ha puc.5 308u 1 mobymosani 3a P’ = 0,25 ; 30mu 2 —3a P’ =0,62; 3081
3—3a P’=0,8;30un4—3a P’ =0,92.

Sk 6aunmo 3 puc.5, Ha BiAMiHY BiJ puc.3, oOaacTi miIacTUYHUX jAedopMarliii Brepiie
3’SBISIOTBCA HE HAa yciX Topusx pospisiB (3omm 1). 3a Hampyxenns P°=0,62 3oHH
IJIaCTHYHUX JiehopMalliif HaBKOJIO JIIBOTO PO3Pi3y PO3BUBAETHCS 3MIIEHUMH JIO JIIBOTO Kparo
IJTACTUHY OBaJaMH (30HH 2), 32 HanpyxenHs P° = 0,8 ui oBanu 06’ eaHyI0ThCS (30HH 3).

Pucynok 5. Jliarpama obiacTeii po3BUTKY IIIaCTUUHUX AedopMariiii 3a MOKPOKOBOTO 301bIIEHHS P° y
TUTACTHHI 3 IBOMA NMEPTEHANKYIISIPHIMH PO3pi3aMu, BiICTaHb MK SIKUMHU JTOPiBHIOE MEHIIOMY PO3Mipy po3pi3y

Figure 5. Diagram of development of the plastic deformation zones for step enlarging of the loading P’ in the
plate with two perpendicular cuts the distance between which equals the smaller size of a cut
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BucnoBku. IloOymoBaHo 30HU €BOJIONII IUIACTHYHHX JedopMallii B IUIaCTHHAX 3
JIBOMa TEPIEHIUKYSIPHUMU ~ PO3pi3aMd 32 IOKPOKOBOTO 3OUTBIICHHS HaBaHTaKCHHS.
3’sicoBaHi HANPYKCHHS, 32 IKUX y IJIACTHHAX JIOCSATAIOTHCS MEKI TSHiHHS Ta MIITHOCTI.

Ha ocHOBI unc0BOr0 aHajizy BUSIBICHO Taki OCHOBHI 3aKOHOMIPHOCTI: TpU OJIMKIOMY
B3aEMHOMY pO3TalllyBaHHI PO3pi3iB y IUIACTHHI IUTACTHYHI JtehopMallii BIiepIiie BAHUKAOTH 3a

HarpyxxenHs P’ Ha 33% MeHIIOro, Hi’ y IUIACTHHI 3 TAKMMH K PO3pi3aMM TIPH IXHHOMY
JANBIIOMY  po3TallyBaHHI. [IpoTe yTpuMyBallbHA 3/aTHICTh IUTACTHH B  OOHIBOX

PO3IIIsAyBaHUX BUINIAKAX BTPAYAEThCA MPAKTHYHO 34 OJHAKOBOTO HampyxkeHns P°.
Conclusions. The zones of evolution of plastic deformations in the plates with two
perpendicular cuts for step enlarging of the loading are constructed. There are found the
stresses under which the yield limit and the strength limit are achieve in the plates.
On the base of numerical analysis the following main regularities are found: under the
close mutual location of cuts in the plate, the plastic deformations first appear under the stress

P°which is 33% less than in the plate with the same cuts under the far mutual location;
however, the strength limit in the plates in the both considered cases is achieve practically

under the same stress P°.
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