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KOJIMBAHHSI OPTOTPOITHOT LMJITHAPMYHOI OBOJIOHKM 3
MHOKMHOIO BKJIFOYEHB IOBLILHOI KOH®IT'YPALII,
’KOPCTKO 3’€ JHAHUX 3 OBOJIOHKOIO

Pestome. B pavkax ymounenoi mooeni, sika 8paxogye O0eopmayiio nonepeurHozo 3cysy, nobyoo8aHo
PO36’A30K 3a0aui npo ycmanewi KONUBAHHS OPMOMPONHOI 3AMKHEHOI YUNiHOPUYHOI 0OONOHKU 3 008IIbHON
KINbKICMIO abCconOmMHO HCOPCMKUX BKIIOYEeHb 008IbHOI 2eoMempudHol hopmu, opieHmayii ma po3mauty8anHs,
saKI ocopemko 3’€OHani 3 obononkoro. Topyi 0bonouku € 008inbHOI 2eeomempuyHoi Kongicypayii. Posensinymo
008ilIbHi 2APMOHIYHI 8 YACi epAHUYHI YMOBU HA 308HiMHIL epanuyi obonoHku. Po36 130k noby0o8aro Ha ocHO8I
Henpamo20 Memooy EPAHUUHUX elleMeHmie Ma CeK8eHYianbHo2o nioxo0y 00 300pasxcenHs @yukyii [pina.
Kpaiiogy 3a0auy 36edeno 0o cucmemu niHilHUX aneeOpaiyHux pisHsHb.

Kniouoei cnosa: opmomponna yuninOpuuna o00OONOHKA, KONUSAHHS, GKIIOYEHHS, GIACHI Yacmomu,
nocnioognichutl nioxio, gyuxyis I'pina, nenpsamuili Memoo epanuyHux eleMeHmis, Memoo KOAOKAayiil.

T. Shopa

VIBRATION OF ORTHOTROPIC CYLINDRICAL SHELL WITH A
SET OF INCLUSIONS OF ARBITRARY CONFIGURATION RIGIDLY
CLAMPED TO THE SHELL

Summary. In the framework of the refined theory, which takes into account transverse shear deformation,
the solution of the problem on the steady state vibrations of the orthotropic closed cylindrical shell with the
arbitrary number of rigid inclusions of the arbitrary geometrical form, orientation, and location is constructed.
Inclusions are rigidly clamped to the shell. The case of the translational motion of the inclusions along the
normal direction to the middle surface of the shell is investigated. The shell of the uniform thickness is
considered. External boundaries of the shell is of the arbitrary geometrical configuration. This object can be
obtained as the result of an arbitrary cut out from the shell of the canonical shape. Arbitrary harmonic in time
boundary conditions are considered on the external boundaries of the shell. The solution of the system of partial
differential equations in the multi-connected domain with the non-homogeneous boundary conditions of different
types is built on the basis of the indirect boundary elements method. The Green’s functions are found on the base
of the sequential approach to the representation of the Dirac delta function (as the sequence of the delta-like
functions) and the Fourier series method. The boundary value problem is reduced to the system of the Fredholm
type integral equations on the base of indirect boundary element method and is solved by the collocation
method. The cases of external boundaries of the shell and the contours of the inclusions with the corner points
can be analysed within the solution constructed. The solutions for arbitrary mixed cases of the boundary
conditions on the external boundaries of the shell can be obtained on the base of integral equations constructed
in the paper. Different arbitrary mixed boundary conditions on all subsections of the external boundaries are
also allowed. Some aspects of the efficient numerical schemes of the collocation method in order to obtain the
convergent solutions for the ill-posed problems, considering Fredholm integral equations of the first kind and
the cases of non-smooth boundaries, are discussed.

Key words: orthotropic cylindrical shell, vibration, inclusions, natural frequencies, sequential approach,
Green function, indirect boundary elements method, collocation method.

IlocranoBka mpobjgemn. B cydacHoMy aBia- Ta KopabneOyayBaHHI IHPOKO
BUKOPUCTOBYIOTHCSI aHI30TPOIHI OOOJIOHKOBI €JIeMEHTH 3 BKIIOUEHHSMHU pi3HOI (opMu Ta
pO3TallyBaHHsI, SIKI MPAIIOIOTh 3a 3MIHHHUX y Yaci HaBaHTaXeHb. oMy BHHHUKA€e 3pocTaroua
notpeba JOCIiDKEHHS TUHAMIYHOT TOBEIHKHA TaKUX €JIEMEHTIB.

AHaT3 BiToMHX pe3yJbTaTiB AocailkeHb. KoIMBaHHSIM CYIUIBHUX TOHKOCTIHHHX
€IIEMEHTIB KOHCTPYKI[ifi OaraTto yBard WPHIUIMIOTE dYuAMaio (axiBIiB 3 MEXaHIKA
nedopmiBHOTO TBeporo Tija [1 — 3]. OxHak HEAOCTAaTHRO € OMYOIKOBAaHMX MaTepiaiiB, sKi
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CTOCYIOTBLCSI IMHAMIYHOI TMOBEIIHKH OPTOTPOIMHHUX TOHKOCTIHHMX €JIEMEHTIB KOHCTPYKIIH 3
BKJIFOYCHHSIMH, 30KpeMa AT HJIPHIHAX 000JIOHOK. Y JIaHiil poOOTi y3arajlbHEeHO pe3y/IbTaTH,
oTpuMaHi B poboTi [4].

Meta po6oTn — moOyayBaTH po3B 30K y3arajbHEHOI 3a/1a4i MPo ycTajleHl KOJTUBAHHS
OPTOTPOITHOIT 3aMKHEHOT IMTIHJAPUIHOT 000JIOHKH 3 MHOYKHHOIO BKIIFOUEHB JIOBLUIBHOI (hOpMHU
OpieHTAIlil Ta pO3TAlllyBaHHS, SIKI JKOPCTKO 3 €AHAHI 3 O0OOJOHKOIO, 3 JOBUIEHUMH
TFapMOHIYHMMH B Yaci I'paHMYHUMHM YMOBAaMM Ha 30BHIIIHIA JOBUIbHOI ()OpPMH T'paHUII
000JIOHKH e(heKTHBHIM METOJIOM y paMKax YTOYHEHOI Teopii, Tka BpaXoBYy€ MONEPEYHi 3CYBH
1 BCl iHepIIiifHI KOMIIOHEHTH.

IMocranoBka 3amaui. Po3risiHyTH 3amady Tpo ycTaleHi KOJMBAHHS OPTOTPOITHOT
3aMKHEHOI IMITIHAPUYHOI 00010HKH. O00I0HKAa MICTUTH N aOCOIIOTHO KOPCTKHUX BKIIIOUEHb
JOBUIbHOT (OpPMHU Ta pO3TAIllyBaHHS, SKi >KOPCTKO 3’e€nHaHi 3 oOononkor. KoHTypamu

pKrouenb € kpupi L), j=1, N . Hexaii Ha BKTIOYeHHS Mach /') JiIOTh CHIM 3 TOTOBHHM
BEKTOPOM pU) = Po(j ) sin (r), sxuii € HOPMAIBHAM [0 CEPEAMHHOI OBEPXHI 0BOJIOHKH 1 Jii€

B TOUIIi IIEHTpa Mac BKJIIOYEHHS. BBaxkaeMo, MO BKIIOYCHHS 3JIHCHIOE MOCTYMATbHAN PyX
y370BK HOPMAJILHOTO HAMpsIMKY JO CEPEAMHHOI MOBEPXHI OOOJOHKHU. 30BHIIIHS TPAHHUIS

0GOJIOHKH € TAaKOXK JOBLIBHOI (popmu, a if korTypamu — kpusi L' ta LNV Moxna ysButu
TaKy 00OJIOHKY, sIKa B TepMiHaX CEPeIMHHOI MOBEPXHI 3aiiMae OaraTo3B’si3HY 00J1acTh Q, K
pe3yJIbTaT JOBUILHOTO BHPI3Y 3 CYIUIBHOI OOOJIOHKH, JIOBXKHHH [ Ta pajiyca R, sKa B
TepMiHAX CEepeJIMHHOI TIOBEpPXHI 3aiiMae OJHO3B’sI3HY oOsacTh II  KaHOHIYHOI (opMmHU.
KpuBomiHiiHY cHCTeMy KOOpIMHAT PO3MIIICHO B YSIBHO po3mupeHiit oomacti. KoopauHaartHi
JiHIT KPUBOJIHIMHOI CHCTEMH KOOPIWHAT CIIBMAQJAlOTh 3 OCSMH OPTOTPOIi Marepiary
00os0HKH (puc. 1).

Pucynoxk 1. [{uninapuyna 000J0HKa 3 MHOXKHHOKO BKJIFOUEHb JIOBLTLHOI KOHQIrypaii ta
30BHILITHBOIO TPAHULIEIO IOBITHHOT (hopMu

Figure 1. Cylindrical shell with a set of inclusions of arbitrary configuration and
with external boundary of the arbitrary form

BukoprcraHo Taki Mo3HaueHHS: M, T — HOPMAIBHUM 1 JIOTUYHUN BEKTOPH Y3I0BXK
nesikoro Hampsmky; E; — moayni Oura; Gia, Gis, Goz — MOAYI 3CYyBY Matepiany; Viz, Vo) —
koe(irieatn Ilyaccona; p — ryctmHa Matepiany; 24 — ToBImHaA oOonoHKH; k=0, k=1/R —
TOJIOBHI KPUBUHH; ¢;, M; — KOMIIOHCHTH 30BHIIIHBOTO HABAHTAXCHHS;, W — NPOTHH; Uy, U —
HOpMaJIbHI Ta TaHTCHIIAIbHI KOMITOHEHTH TIePEMIllleHh TOYOK CEPEJMHHOI MMOBEPXHI; Yy, Yr —
HOpMaJIbHI Ta TaHT€HIllAIbHI KOMIIOHEHTH KYyTiB IIOBOPOTY HOpMaJIi IO CEpeANHHOI MOBEPXHi; Q)
— HOpMaJlbHa KOMITOHEHTA Tiepepi3yBaTbHUX CHl, M, , N, — HOpMaJlbHi KOMIIOHEHTH 1 M, N; —
TaHEeTeHITiaJTbHI KOMITOHEHTH MOMEHTIB Ta MEMOpPaHHUX CHIL

Hexait Ha oTHOMY TOpITi OOOJIOHKH 33J]aHO PO3IOAiIIEHI KOMIIOHCHTH TIepeMIIleHb
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w =wy(o)sin(@r), u, =u,,(a)sin(0t), v, ="7Y,()sin(wr),
w, =gy (o)sin(@r), Y, =Yy (a)sin(ox), ae (1)
a Ha IPyroMy — 3aJ1aH0 PO3IO/IiIeHI KOMIIOHCHTH 3yCHITb
0, =0, (o)sin(wr), M,=M,,(a)sin(wr), N,=N,,(a)sin(wr),
N, =N (a)sin(er), M, =M (a)sin(or), ae ™, )
r paHI/I‘-IHi YMOBHU HAa KOHTYpax BKJIFOYCHb MAtOTh BUTJIA]
w(ont) = (ot), u, (0t)=0, v, (0u)=0, u, (0,)=0, v, (0t.t)=0,

) 3)
ae IV, j=1N,

~(J) _ ~(J)

ne w' =y sin (o) — nepemileHHs j-0ro BKIIOYECHHS.
SIKIIo MOKJIacTH
wo () =110 () =¥, (@) =11 (04) =V (@) =0,
Q0 (0) =M o ()= N, (@) =Ny (o) = M () =0,
TO MATUMEMO BMIAI0K KOPCTKOTO 3aKPilLIEHHs] OJHOTO TOPLA Ta BLILHOTO APYroro TOPIISL.

Po3p’si3yBanHs 3axadi. /i1 TOCTi/PKeHHST BHKOPUCTAHO PIBHSIHHS OOOJIOHOK, SIKi
BpPaxoBYIOTh MOTIEPEYHI 3CYBU. PIBHSHHS pyXy MaloTh BUTIISI [5]

oMy,  0M, 2h3 ) 2%y, 9N, LN o’u

— =—m s k .= (. 2h i :1,2 ’
do, 80c2 @ o> doy  do, +hQ=a;+2hp a1 X )
90, 90 92w
aT“ll"‘ aa;_(k1N11+k2N22):_613+2hPa— “4)

Ha ocHOBI mpuIyIesb CTOCOBHO PO3MOJIUTY HAPY>KEHb 1 IepeMilleHb
0, |ats| <,

Ui=u+v,03, Uy=w, O33=9 .
653, OC3=ih,

0.
N. 3M, =, |0s|<h, o
Gg=2—é+ 2h3J oy, (-h<oy<h), 65=12h | (L,j=L25i#j) (5

B Oy =7h,

(i3u4HI CIiBBITHOIICHHS HAOYyTh BUTIISLY

i o ou; Ou;
" B[ao‘ V”WJF(]C +Vuk1)} Nzy':Nﬁ:B;J'[WJra_oc]),

D:—' D, = i B. = 2hG.. B.——i, A, =2hG,, (6)

j=L2; i#j.
HopMmanpHi Ta TOTUYHI KOMIIOHEHTH MEPEMIIeHb 1 3yCHJIb BU3HAYAEMO 3a opMyIaMu
_ 2 2 _ 2 2 _
M, =Mni +2Mymny +Moyn;y . N, = Nynj +2Npmny +Nypny . Q, = Oymy +Ohny
M= (M +Mpm, ) T +(Moygm +Mppny ) Ty, No =Ny + Nipiy ) T +(Nyymy + Nypi ) T,
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Yo =mY1tmYas Yo =T+ T0Yos Uy =Myt Uy, U =Tyl + Tl (7)
YHacIiJIOK IiJICTAHOBKH (i3MYHUX CITIBBIIHOIICHD (6) Y PIBHIHHS pyXy (4) OTpUMyeEMO
KJIIOYOBI PiBHSIHHS

T T
[L]U:_P’ U:{ul’uz’ w, Y1 Yz} > P:{Ch’ 4, 613”’”1””2} > 8)
o T 9’ 9’ * 0°
L,=B +B —ki A, —2h ,L,=B,——+B,—— kA, —2hp—,
1 1al 2T 5 0°2 1\ Pat 2 = by 0‘12 2 % 2\ p8t2
92 92 92
Li.=A\—+A,——| kB, (k, +V ,k, )+ k,B, (k, +V,. k) |—2hp—,
33 180(12 280(% [1 | (ki +Vioky ) +ky By (ky + v 1)] paﬂ
0> 02 2h 92 92 0> 20 92
Ly =D ——+Djy——— A~ p——r Les =Djy——+ Dy ——— Ay~ p—
44 I 12 12 a(xg 1773 p8t2 55 12 80(12 280(% 2773 pat2
02 02
L.,=L,, =kA,, L,=(BvV,,+B,)——, L,,=(B,+B Vv, )] ————
14 =Ly =kA;, L, =(Bv,+B)) 90, 21 =(B, +B, 21)aoclaocz
92 92
L,.=L.,=k,A,, L,-=(DVv,,+D,)——, L, =(D;, + DV, ) ———
25 s =kyAy, Lys=(Dyv), 12)30618062 s4 =(Dpp + D, 21)80618062
L., =-L —A—a L:.=—L.,=A —a L,,=L,,=0, L.:=L: =0
34 =Ly =4y » Lys =—Ls3 =147y s Lipg =Ly =0, Lis=Ls =0,
o0, oo,
0 0
L :(k1A1+Blk1+Blk2v12)_aa » Ly :_(k1A1+Blk1+BZk2V21)_aa )
1 1
0 0
L,; =(kyA, + Byky + BykyV o ) =—— 3o . Lyy == (kyAy + Byky + Bikyvyy ) =—
2 2

PiBHSIHHS pyXy BKIIIOYCHb MATUMYTh BHTJISIT

2.:(J)
m()% jp (E.1)dl(E), j=LN, )

e p(] ) (o,7)=-0,(01), o€ L(] ) _ KoHTaKTHI cHIH B3a€MOJTiT 000JIOHKH Ta BKITFOYCHHS.

YV Bunmaaky ycranenux komuBanb p(o,7)=-0,(o)sin(wr).Y pesyasrari maemo

KpaitoBy 3anauy (1), (2), (3), (8), (9).

Jlist po3B’si3aHHS KpaloBOi 3a/iadi BUKOPHCTOBYEMO HENPSAMHUN METOJ| TPaHUYHHUX
eneMeHnTiB. Oynkuii ['pina 3HaxoauMo Metogom Dyp’e 3a BUKOPHUCTAHHS CEKBEHIIAJIBHOTO
MIIXOAy JI0 TpeICTaBieHHs jaeiabTa-pyHkmii Jlipaka (K TpaHWIO IOCIITOBHOCTI
nenbranoaionux GyHkiii [5 — 7]). 3Biacu kpaiioBa 3amava Juis 3Haxo KeHHs QyHKii ['pina
CKJIQJTAETHCS 3 PIBHAHB (8), B IKUX

qs =TS, (ocl,oclr)éS£2 (ocz,ocg)sin(oot), s=13,

m, =T5, 8, (0407 )3, (.00 )sin(wr), p=12, (10)
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1 ‘0‘1_0‘{ .
2% 5 e | oy — 0 | <€,
O, (ocl,oc{): € &
,
0, ‘ocl—oc1 >¢€,
1 ‘0‘2_055 ,
- 2 g2 0 062—062 382,
682 (062,062)2 82 82
,
0, ‘ocz—oc2 >€,,

B ysBHO noOynoBaniii oOmacti I1:0<q, </,Qell i omHOpimHUX KpaloBUX YMOB Ha ii
rpanuti oIl [8, 9]
w=0, M,=0, N,=0, u =0, v,=0. (11)

3rigno 3 merogoMm Pyp’e dpynkuii ['pina mykaemo y popmi

WO (.00 = Y [, (o) 5, (o) + ) (o) i, (0)Jsin

k=1 m=0
laa) e[l [
Gl oyr _Z_:Z_: 0 (o) [T D sin{ar),
Y (OC,OC ,l‘) k=0 m=0 Y]gkm((x ) Ylekm
uzG(oc,oc’,t) e uge)km(ocr) uéﬁl)cm(a B
) r ¥y oo o o (o) [sin(or).
Y> ((x,(x ,t) k=1m=0 stkm(a ) stkm(a )

(12)
Oynkmii y Bupazax (10) poskmamaemo B psam Oyp’e

gy (o 1) = S G @ @5 (o) @, (0)+ 0 (o), (or) Jsin o),

k=1 m=0

:ii{;}:}ckm(g)[q)gn( )q)gn( )+q3i§},(ar)q>i;(a)}sin(mt),

=ii{T{}ckm@)[@z;(oc’)cbzsg(oc)+c1>>iin(ar)cbiin(a)}sin(wt), (13)

4
Cim (€) = Wi — 01 (A 81) 95 (X3,85) .

hLi,
km mT
7~1k_l_’7”2m_ l , 1 =1,1,=27R 1, sxmo k # 0, m #0,
1 2
1
@y (o) =cos (A0 )sin(A,,0,), 5 akmo k =0, m #0,
¢ (o) =sin (A, o )cos(A,, O, ), m =
(o) ( 1k 1) ( 2m 2) M l,;ncmok;tO,m:O,
P, () =sin (A 0 )sin (A0, ), 2
1
q)cc (a)_Cos(klkal)cos(kzmaz)’ Z,ﬂKH.[Ok :O,m:O,
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O, (A€), ©,(Ay,€,) — BaroBi QyHKHil, sAKi BH3HAYAOTH TUI Y3arajlbHEHOTO

nizcymMoByBaHHS. Mo)kHa OpaTH IJIsl IPOCTOTH €, =€, =€.

[Ticns mincranoBkw criBBiqHOmEeHs (12), (13) y po3’si3yBalbHY CHCTEMY pIiBHSHB (8)
OTPUMAEMO CHUCTEMY JiHIHHMX anreOpaiuHUX pIBHSHB BIJIHOCHO HEBLIOMHX KOe(IIi€HTIB.
YacoBa KOOpJIMHATA BiJJOKPEMIIOETHCS Yy BHIQAKY YCTAICHHX TapMOHIYHUX KOJWBaHb. Y
pe3yJbTaTi oTpuMaeMo QyHKIiro [piHa B aHAIITHYHOMY BUTJISI

U° (oc, ocr,t) =1im U° (oc, o, e, t) = limi i Cin (e)<[E§;3, (a)}[Uﬁi][E%ﬁl (ocr)}+
k=0 m=0

£—0 £—0 —

+[EQ) (oc)}[U}ﬁ}[E}ﬁ (o )DT" sin (o), (14)

U (e o) ={uf (ono ). (o0’ r) w (en o) ¢ (e e). o5 (ena e}

T :{Y—ir’TZr’Y—ér’T‘tr’]—vSr}T’

@p () 0 0 0 0
0 @) 0 0 0
[EQ(a)]=] 0 o @p(a) o 0o |
0 0 0 @p(a) 0
0 0 0 0 @ (o)
@ (o) 0 0 0 0 |
0 @p (o) 0 0 0
[EQ(o)]=| o 0 @ (o) o o .
0 0 0 @ () 0
0 0 0 0 op, (o)
__dﬁfn(oc) 0 0 o 1
0 ®<(a) O 0 0
[EQ (0)]=| 0 0 @ (o) 0 0o |
0 0 0 @ (a) O
0 0 0 0 @ (o)
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L(l)km = A\ _Azkg I:kl (ki +V12k2 )+ szz (& +V21k1 ]"‘ 2ph0)

3
LY =—DAL, —DpA3,, — A, +2—p0) L3 = DpAf = DoA3,, — A, +%pw
Lk =Dk = A L(l)km _ (l)km =kyA,, L(l)km _ (SIikm =Lk =Dk

L(l)km _ _(Blvl2 + Blz)klk;“
km

L( = =—Ah s

_(DIVIZ + D, )7\‘1k7\‘2m ’

L(l)km - (klAl + B1k1 + Blk2V12 ) 7‘1k ’

L™ = (kyAy + Byky + BykyVyy ) b

2m >

L(l)km
L(l)km

2m >

L(l)km = _(Bzvzl + By ) A A

2m
m?
Dk
L(sz); "= _(D2V21 +Dpy) Ay,

L(l)km =(kiA; +Bik; + BykyVy ) Ay s
L(l)km =(kyA, + Byky + Bikvy, ) A

2m >

L(323)"’" = -Alek [kl (k, +v12k2 ) +k,B (k2 +Vy k) |+ 2pher”,
2n° 2n°

2 km 2 2 2 km _ 2 2

2)km 2)km 2)k 2)ki 2)km 2)km 2)km 2)km
L() — () _klAl’L()m: (52)m szz’L() — (51) — (242 — (42) =0,

2)ki 2)km
L( o = (Blvlz + By ) Mgy s L( ) = (BZVZI + By ) Mg Aoy

2)ki 2 km
L(45) "= (D1V12 + Dy ) Migha s L(54) = (D2V21 + Dy ) A A,
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2)ki D km

L(13) " = (kA + Bk + Bikyviy )My s L(31) =(kiA; + Biky + BykyVy ) Ay
2)km 2)km

L(23) =—(kyA, + Byky + BykyVa ) Ay L(32) =—(kyAy + Byky + BikViy ) Ay,

Beomumo y3arameHenmii komtyp [8—10] L=ILP vV u...uLY UL 1 Taki

(YHKITT HA HBOMY:
(&) ={0 (8)... %" (8)) . ge 1),
(&) = {1 (8)... 7 (8)} . e L.

T(N)(i)z{Tl(N)(&),...,TS(N)(Q)}T, te V)
T(V+) (g) :{TI(N+1) (&),...,TS(NH) (g)}T , Ee L(N+1)’

{”no(“), gy (00), wo (), Y0 (), Yoo () }T, ae LV,

{0, 0, w", o, o}T, ae 1)

{No (@), Neg(@0). Qo (1) My (1), Mg (a)} ore LV,

Ha ocnoBi 3mHaiinenoi ¢ynkuii [pina (12) po3s’S30K IMyKaeMoO y BHIUISAI HOTEHIALY
MIPOCTOTrO Iapy

Uan)=lim [ 33 ¢, (e){[ED (o) [ Ul J[ED (8) ]+

e—0 7. k=0 m=0

B2 (@) U@ ][ (2)])T(8)dl (&)sin (o), (15)
U (0 t) = (0ur).ty (o) w(en) 7y (00r). 1 ()}

Jlns  moOynoBW  iHTErpalbHHX  pIBHSAHb  KpalioBOI  3ajadi  BUKOPHCTOBYEMO
npeacTaBieHHss po3B’s3Ky (15), kpaiioBi ymoBu (1), (2), (3) Ta cmiBBimHomenHs (7). Y
BUIIAJIKy KpailiOBUX YMOB, KOJIM HA KOHTYpax 3aJaHO KOMIIOHEHTH 3YCHJIb, BUKOPHUCTOBYEMO
MeToJT (pIKTUBHOTO KOHTYPY JUIS YHHKHEHHS CTpHOKa ITOX1JHOI BiJl MOTEHIIAy IPOCTOTO
apy Ha TpaHUIll, SIKAH MOJIATaE B TOMY, IO KpaiioBI YMOBH 3aJJ0BOJIFHSIEMO HE Ha pealbHil
IpaHUWIli, a Ha TpaHMIl (PIKTUBHO 3MIINCHIN BCepeAWHY pPO3TJISIyBaHOI 00MacTi HAa Mairy

. N . N el7 N
BijicTanh €. KpuBi 3MilEHUX KOHTYPIB MO3HAYATHMEMO V), Tomi cucrema S(N+2)+N
iHTerpanbHuX PiBHAHB BifHOCHO HeBinomux ¢ynkuii rycrun T(&) Ta BignocHO HeBimoMux

(J)

HepeMilleHb BKIIIOYEHb W'~ HaOyBae BUIIISALY
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Po3B’s130K cucTeM iHTErpajbHUX PIBHSHb MOJKHA 3HAMTH HAa OCHOBI PI3HUX CXEM
MeToxy KoJoKamii. JIms BiammykyBaHHS pO3B’S3KYy IHTErpaJbHHX piBHSHH @Dpearombma
MEPIIOro Pojay HEOOXiJHO BHKOPHCTOBYBAaTH PETYJISIPU30BaHI alTOPUTMH, OCKUIBKH 1€ €
TPaAWIifHO HEKOpeKTHa 3amada. Jlmg KOHTYpiB 3 KyTOBHMH TOYKaMH HEOOXiTHO
BUKOPUCTOBYBaTH HEPIBHOMIPHY CITKY 3 JOCTaTHBO CHJIbHHM YUIUIbHEHHSIM OL7sl KYTiB 3
METOIO OTPUMaHHS 301KHUX po3B’sA3KiB. JIJIT MpUKIIaAy, JOCUTEH JOOPi pe3yIbTaTH J1a€ METO]T
KOJIOKAI[ilf, KOIIM KOHTYpH y3araibHeHol KpuBoi L 3aminroemo namanmmu (S — KinmbkicTh

(pr

BIJIPi3KiB PO3OUTTS j-Or0 KOHTYpY, 0. /" — CepeMHHU BIPI3KiB PO3OUTTS j-Or0 KOHTYDPY, [ D _
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KOHTYPIiB 3aa€éMO PO3MOMIIT HEBITOMHX T'yCTHH T(j)(g):T(j)rS(oc(j)’,ﬁ). Misimizyemo

HEB’S3KY B KOHTPOIBHHX TOUKaX Kojokamii o'/, siki BHOMpaeMO cepeMHAMH Bimpi3KkiB
pPO3OUTTS KOHTYpIB a00 TOUKAaMH, SIKi € Ha BIJICTaHI € BiJ HUX 3 OOKY PO3IJISyBaHOI 0OJIACTi.
[Ipm iHTErpyBaHHI B OCTaHHIX CITIBBiAHOIICHHSIX chUcTeMH (16) MoxHa BHOWpaTH CIociO
PO3OUTTS KOHTYpPIiB BKJIIOUEHb HE3aJEKHO BiJ CIIOCOOY pO3OUTTSI KOHTYPIB 32 BUKOPHCTAHHS

METO/Ty KOJIOKAIii JUIS alpoKcuMarii HeBiJOMUX T'yCTHH .
N+l
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~(()j)’j:l,_]\] Ta T(j)r’ j:O’N+1’ r:LS(j) Ha6y,[[e BULTAAY

{0 (0099 0. w04, 7,0 (0¥ ). 720 () }T _

W& ¥ M) [ (0)g W ()
-3 Y S Sa,, (£)<[ka () | B (o) |+
j=0 r=1 k=0 m=0

km

J{Q(z)(w a(o)q”[Eﬁz(Oﬂ(f)r)DT(,-)r’ 0@ ¢ 1O 4150

48



MEXAHIKA TA MATEPIAJIO3HABCTBO

0, 0, wy, 0, o} -
o 0. . 0. 0

553 0o (o) [ (o0
j=0 r=1 k=0 m=0
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+lP£n)((X’( )P)(OC(J)’)TI(J)V_,_ ()( (s)p )q)ss ( (')r)TZ(J')r_,_\P(;l)(OC(S)P)q)ISJn (a(j)r)T3(j)r+
+‘PE&)(Oc(s)p)dDZ;(Oc(j)r)TAf(j)r+‘Pgi)(Oc(s)p)d)i;(a(j)r)Ts(j)r}}—mzﬁa(s) ~(()S), s=1N.

\P(.l)(oc(s)p)=/\1‘l’ifn( (s)p )('yﬁ;’1 +A kW;((,lqzl k1”1(11<;)111)

mn

2m " km

# A, (07 (1 + ol k)
) (o7 )= (@) (i + ) = k) ¢

mn

F AP, () (V5RE — R w2 kD),

v (@)= [ m Qo (0)a(g), Wi (oa7)= [ n(2) ey, ()a(g),
L(S)]T l,(Y)p

v (@)= [ m Q) (0)a(g), Wi (oa7)= [ m(2) g, ()a(8),
L(S)]T l,(Y)p

s=1LN, i=1,5.

BrnacHi yacToTH 3HaX0AMMO 3 YMOBH iCHYBaHHS HETPUBIAJILHOTO PO3B’SI3KY BiJIOBIIHOL
CHUCTEMH OJIHODPIJIHUX JIHIHHMX anreOpaidHUX PiBHSHB, MPUPIBHIOIOUN BH3HAYHHK CHCTEMHU
710 HyJIsl. XapaKTepUCTHKU HaINPYKEeHO-1e(OPMOBAHOTO CTaHy B3JIOBXK JIOBUTLHOTO HATIPSIMKY
3 HOPMALTIO n(a)={n (at),n, ()} Ta JOTHUHOIO T(Q)={T,(Q),T,(0t)] MOXHA OTpUMATH Ha
OCHOBI 3HAWJICHUX TMCKPETHUX 3HAUCHb (DIKTUBHUX 3YCHJIb HA 30BHIIIHIX KOHTYpax Ta KOHTYpI
BKJTFOYCHB, BAKOPUCTOBYFOUH TaKi (popMyIIu:
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u, (0t,1)
Ue (oc,t) N+1SY K M .
w(en) (=3 33 Y Cole){[20 (@] (o) |+
v, (our)| =0 = E0m=D
Yo (out)
+[Q§jfw) (oc)}[EEjf (oc(j)r )}> T sin (ot);
en
N (a’t) N+1SY) K M
0, () =3 X3 € (e){ [0 (o) B (a7 |+
M, (or)| 70 = k=0m=0
M (a,z)
[ (oc)][Egn) (o )}> T sin (o). (18)

BucnoBkn. BukopucroByroun moOymoBaHi B poOOTi iHTErpalibHI PiBHSHHS, MOXHA
OTPUMATH PO3B’S3KU JJI JOBUIPHUX MIMMAHUX BHIMAAKIB KpalOBUX YMOB Ha 30BHINIHIX
TPAHUIISIX 000JIOHKH, PO3IIISLIAI0YH JIOBLIIBHI KoMOiHar1 aMILTITY ]
w(o)i, (o). 7,(@). (@), 7o) Q@) M, (@), N, (o). My(a). Ny(0r).  Taxow
JI03BOJISIFOTBCS JTOBUTBHI pi3HI MilllaHi KpaiioBi yMOBH Ha BCIX CKJIaJOBHUX KOXXHOI 30BHIIIHBOL
rpanuili. ToMy B paMKax ITOCTaBJICHOT 3a/1adi He 00OB’SI3KOBO, 100 IIIAI 30BHIIIHINA KOHTYP
oboyionkn OyB 3akpituieHmid. OpHa abo KijgbKa CKJIAJIOBHX 30BHIIMHIX KOHTYPIB MOJXKHA
PO3MIIAAaTH SKMUMOCHh YMHOM 3akpimiieHMMHu. KimrouoBi piBHSHHS BpaxoBYIOThH JAedopmaltito
MOTIEPEYHOr0 3CYBY Ta BCl 1HEpIIiHI KOMIIOHEHTH, BKJIIOYAIOUM iHepIito oOepranHs. lle
JTO3BOJIIE JIOCHIJDKYBATH y Kpalliifi SKOCTI Pi3HI THIHM KOJWBaHb, CIHPHYAHECHUX PI3HAM
XapakTepoM 30ypeHHsI 30BHIIIHBOI IPAaHUINl Yy BUIAAKY aHI30TPOIHUX MarTepiaiiB. ¥ pamkax
no0y/TOBAaHOTO PO3B’SI3Ky MO’KHA PO3TJISIaTH BHIIAJKU 30BHIIIHIX TI'paHUIlb OOOJIOHKH Ta
KOHTYpiB BKJIIOYEHb 13 KyTOBUMH ToukaMu. OJHAK y BHITQJKy KOHTYpPIB i3 KyTOBHMH
TOYKaMH HEOOXiHO pO3IIIAJIaTH HEPIBHOMIpPHE pPO3OUTTS B CXeMi METOAY KOJIOKAIliid 3
JIOCUTHh CHJIBHUM YUIUIbHEHHSIM O KyTiB 3 METOIO OTpUMaHHs 301KHHMX PO3B’SI3KiB. A s
pO3B’sI3Ky piBHSIHBb PpenrobMa Mepiroro poay HeoOXiJHO BHKOPHUCTOBYBATH CTab1Ii30BaHi
QITOPUTMH, OCKUIBKH TI€ € TPAJAUIIIHHO HEKOPEeKTHA 3amava. Ha erari 9nciioBoro po3paxyHKy
HEOOXIZIHUM € JOCHIJUKeHHS 30DKHOCTI W ONTHMajibHOrO BHOOpY 3HAuUeHb MapaMeTpiB

ampoKcuMarii sV Kk, M, e y paMKax KOKHOTO KOHKPETHOTO BUTAJIKY JUIS OTPUMAHHS JOCUTh
TOYHHX YHWCIIOBHX PE3yJbTATiB. 3alpOIlOHOBAaHA B CTATTi CXeMa JIa€ PO3B’S3KH, sKi Jo0pe
Y3TO/DKYIOTBCS 3 BIJIOMUMH pe3yJIbTaTaMH JUIsl YaCTKOBHX T'PAaHMYHHX BHITAJIKIB, OTPUMAHIMHU
THIIIUMH METOJIaMH.

Conclusions. Using integral equations constructed in the paper, the solutions for
arbitrary mixed cases of the boundary conditions on the external boundaries of the shell can
be obtained considering arbitrary combinations of the magnitudes
w(a), u,(a), v, (), u (), v, (), 0,(a), M,(a), N, (), M (at),N, (). Different arbitrary
mixed boundary conditions on all subsections of each external boundary are also allowed.
Such that it is not mandatory within the problem statement that the whole external contour of
the shell is fixed. One or several subsections of the external contours can be considered
somehow fixed. The key equations take into account transverse shear deformation and all
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inertial components including rotary inertia. This allows to investigate different types of
vibrations caused by different character of external boundary excitation in case of anisotropic
materials in the higher quality. The cases of external boundaries of the shell and the contours
of the inclusions with the corner points can be analysed within the solution constructed.
However, non-uniform meshes with the strong mesh refinements near the corners in the
collocation scheme must be considered for the cases of the contours with corner points in
order to obtain the convergent solutions. And the stabilized procedures must be used for the
solution of the system of the Fredholm equations of the first kind, because this is
conventionally ill-posed problem. It is indispensable to investigate the convergence and

optimal choice of the values of the approximation parameters s K, M,e on the stage of

numerical computation within each particular case in order to get the numerical results
efficient enough. The scheme proposed in the paper provides the solutions which are in
reasonable agreement with the known results for the partial limiting cases obtained by the
other methods.
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