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Inemumym npukiaouux npooiem mMexaniku i Mamemamuxu
im. A.C. Iliocmpueaua HAH Yxpainu

KOJIMBAHHS OPTOTPOIIHOI MAHEJII NOABIHHOI KPUBUHHU 3
MHOKWHOIO BKJIIOUEHB JJOBLJIbHOI KOH®IT'YPAIIII 3
HHPYKHUMHU ITPOINAPKAMUA

Pe3tome. B pamkax ymounenoi mooeni, axa epaxosye Oeopmayiro nonepeuHozo 3cysy, nobyooeamo
D038 430K 3a0aui npo yCmaieHi KOAUBAHHA OPMOMPONHOI naneni NoOGIHOI KpUSUHU 3 00BIIbHOI KITbKICMIO
abCONIOMHO  JHCOPCMKUX BKIIOUEHb O008ILIbHOI 2eomempuuHoi (opmu, opicumayii ma po3mauiy8aHHs, sKI
63a€MO0iIOMb 3 NAHENNI0 Yepe3 MOHKI npyxcui npowapku muny Binxnepa. I'panuys nameni € 008inbHoi
eceomempuunoi Kongieypayii. Po3zensnymo O008iIbHI 2apMOHIUHI 6 4aACl SPAHUYHI YMOBU HA 306HIWHIL SDAHUYL
naneni. Po3é’si30xk nobyooeano na OCHO8I Henpamo2o0 Memooy ZPAHUYHUX eleMeHmi8 Md CeK8eHYIaNbHO2O0
nioxody 0o 306padicenns pyuxyii I pina. Kpatiogy 3a0auy 36edeno 00 cucmemu JIHIUHUX al2eOpaidHux PieHsHb.

Kniouosi cnosa: opmomponna nanenv noogiliHoi KpUGUHU, KOAUBAHHS, GKIIOUEHHSl, NPYICHUL NPOUUAPOK
muny Binknepa, enacni wacmomu, nocnioosHichuu nioxio, @yukyis Ipina, HenpAmuu MmemooO 2PAHUYHUX
eneMeHmie, Memoo KOJIOKAYill.

T. Shopa

VIBRATION OF ORTHOTROPIC DOUBLY CURVED PANEL WITH A
SET OF INCLUSIONS OF ARBITRARY CONFIGURATION WITH THE
ELASTIC LAYERS

Summary. Within more exact theory, which takes into account transverse shear deformation, the solution
of the problem on the steady state vibrations of the orthotropic doubly curved panel with the arbitrary number of
rigid inclusions of the arbitrary geometrical form, orientation, and location is constructed. Inclusions interact
with the panel through the thin elastic layers of the Winkler type. The case of the translational motion of the
inclusions along the normal direction to the middle surface of the panel is investigated. The panel of the uniform
thickness is considered. External boundary of the panel is of the arbitrary geometrical configuration. This object
can be obtained as the result of an arbitrary cut out from the panel of the canonical shape. Arbitrary harmonic
in time boundary conditions are considered on the external boundary of the panel. The solution of the system of
partial differential equations in the multi-connected domain with the non-homogeneous boundary conditions of
different types is built on the basis of the indirect boundary elements method. The Green’s functions are found
on the base of the sequential approach to the representation of the Dirac delta function (as the sequence of the
delta-like functions) and the Fourier series method. The boundary value problem is reduced to the system of the
Fredholm type integral equations on the base of indirect boundary element method and is solved by the
collocation method. The cases of external boundary of the panel and the contours of the inclusions with the
corner points can be analysed within the solution constructed. The solutions for arbitrary mixed cases of the
boundary conditions on the external boundary of the panel can be obtained on the base of integral equations
constructed in the paper. Different arbitrary mixed boundary conditions on all subsections of the external
boundary are also allowed. Some aspects of the efficient numerical schemes of the collocation method in order
to obtain the convergent solutions for the ill-posed problems, considering the Fredholm integral equations of the
first kind and the cases of non-smooth boundaries, are discussed.
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Key words: orthotropic doubly curved panel, vibration, inclusions, elastic layer of the Winkler type,
natural frequencies, sequential approach, Green function, indirect boundary elements method, collocation
method.

IloctanoBka mpoOiaemu. B cydacHomy aBia- Ta KopabneOyayBaHHI IIHPOKO
BUKOPHCTOBYIOTh aHI30TPOITHI OOOJIOHKOBI €JIEMEHTH 3 BKIIOUEHHAMHU pi3HOI (opmu Ta
po3TallyBaHHs, SKi MPAIIOIOTh 32 3MIHHUX Y 4Yaci HaBaHTaXeHb. TOMY BHHHUKAE 3pOCTar0ya
notpeba JOCiHKeHHS JMHAMIYHOT TIOBEIHKH TAKMX CIIEMEHTIB.

AHani3 BizoMux pe3yabTaTiB aoc/igkeHb. KonuBaHHSAM CYIUIBHUX TOHKOCTIHHUX
€JIEMEHTIB KOHCTPYKLiA Oarato yBarum MNOpUIULIIOTH 4YuMano (axiBIiB 3 MEXaHIKu
nedopmiBHOro TBepaoro Tina [1 —3]. OnHak HEAOCTaTHBO € OMyOJIiKOBAaHMX MaTepiatiB, SKi
CTOCYIOTbCS JIMHAMIYHOT MOBEIIHKA OPTOTPONHUX TOHKOCTIHHUX €IEMEHTIB KOHCTPYKIIH 3
BKIIIOYCHHAMHU, 30KpeMa, maHesneil. B maHiif poOOTI y3aralibHEHO pe3yibTaTd, OTpUMaHI B
pobotax [4, 5].

Meta po6oTH — moOyayBaTH PO3B’SA30K y3arajJbHEHOI 3a/a4i MPO yCTalleHI KOJHMBAHHS
OPTOTPOIHOI TaHeNi TMOJABIHHOI KPWUBMHM 3 MHOXHHOIO BKIIOYEHb JOBUIBHOI (opmH,
opieHTamii Ta po3TamlyBaHHS, SKi B3a€EMOJIIOTH 3 MAHEIUIIO Yepe3 MPYXKHI MPOIIAPKH THUILY
Binkiiepa, 3 JOBUIPHUMH TapMOHIYHMMHU B Yaci TPAaHMYHUMH YMOBAaMH Ha 30BHIIIHIN
JOBUTRHOI (pOpMH TpaHHIl MaHedl ehEeKTUBHUM METOJOM y paMKaxX yTOYHEHOI Teopii, sika
BPaxoBY€ MOMNEPEYHi 3CyBHU i yci iHEpIiiiHI KOMITIOHEHTH.

IMocTranoBka 3axayi. Po3risHyTH 3a1ady npo ycTaneHi KOJMBaHHS OPTOTPOITHOT MaHeli
nozBiitHO1 kpuBUHM. [lanenb MicTuTh N aOCOTIOTHO JKOPCTKHUX BKJIIOYEHD JIOBUTBHOI (popmu Ta
po3TalryBaHHs, SKi B3a€EMOJIIOTH 3 MAHEJUTI0 Yepe3 TOHKI MPYXKHi MPOUIapKu THITy BiHkiepa 3

Koe(imieHTaMu KOPCTKOCTI k) (o). KoedimieHT *0pCTKOCTI HpoOLIapKy Moxe OyTH pi3HMM

IV KOXKHOTO BKJIIOUEHHS, a TaKOX MOXe OyTH 3MIHHMM Y3JI0BX KOXXHOTO 3 KOHTYDIB
BKJIIOYEHb. TOBIIMHOIO MpPY)XHUX HpOIIApKiB HeXTyeMo. KOHTypaMu BKIIOYEHb € KpHUBI

L(]), j=1,N. Hexall Ha BKIIOYEHHS MacH /) JIOTh CHJIM 3 TOJIOBHUM BEKTOPOM

P(" ) =P§J )sin(wt), SKUH € HOPMaJbHUM JI0 CEpEAMHHOI MOBEPXHI MaHeNli W Ji€ B TOYIl

[IEHTpa Mac BKJIIOYEHHS. BBakaemo, 110 BKIIOYEHHS 3[1HCHIOE MOCTYMalbHUN PyX Y3H0BXK
HOPMAJIbHOTO HAMPSIMKY J0 CEPEeIUHHOI MOBEPXHI MaHemi. 30BHIIIHA TPaHULIS MaHENl € TAKOK

IV Mosxna

noBinbHOT (opmu, a ii KoHTypom — 1Bi B3aemomomnosrioroui kpusi L® Ta
YSIBUTH TaKy IaHEllb, Ka B TEPMiHAX CEPEIUHHOI MOBEPXHI 3aiiMae 0arato3s’s3Hy 001acTh ),
SK pe3ylbTaT JOBUILHOTO BUPI3Yy 3 CYLUIBHOI MaHeNi, sika B T€pPMiHAX CEPEeIMHHOI MOBEPXHi
3aiiMae OAHO3B’sA3HY 00nacTh I1 kaHOHIUHOI (opMmu (NMPsAMOKYTHY B miaHi). KpuBomiHiiiHy
CHCTEMY KOOPJMHAT 3 METPUKOI0, OJIM3BbKOI0 10 €BKIIIJOBOI, PO3MILIICHO B YSIBHO PO3IIMPEHIi
obnacti. KoopannartHi niHi1 KpUBOMIHIKHOI CHCTEMH KOOPAMWHAT CIIIBMAAAIOTh 13 HANPSMKaMH

TOJIOBHHX KPUBHUH Ta OCSIMH OPTOTPOIIii MaTepiany mnaHeni (puc. 1).
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Pucynox 1. [1arens noaBiiiHOT KpUBUHY 3 MHOXKHHOIO BKIIFOUEHB TOBUIFHOI KOH(IrypaIlii Ta 30BHIITHEO0
TPaHUIICIO JOBLTHHOI (hopMu

Figure 1. Doubly curved panel with a set of inclusions of arbitrary configuration and
with external boundary of the arbitrary form

Bukopuctano Taki Mo3HAa4eHHsS: M, T — HOPMAJIbHUN 1 JOTUYHHI BEKTOPU Y3IO0BK
nesikoro Harpsamky; E; — monyni Oura; Gia, Gis, Goz — Moayli 3CyBy Matepiaiy; Viz, Vo —
koeimientu Ilyaccona; p — ryctuHa marepiany; kj, k, — TONOBHI KpuUBUHM maHeni; R, R, —
TOJIOBHI pajiycl KPUBHMHHU; 2/ — TOBIUMHA MaHENl; @, ¢, — KyTH PO3XWIy HaHeml; ¢;, m; —
KOMITOHCHTH 30BHIIIIHBOTO HABAHTAXKEHHS; W — MPOTHUH; U, U; — HOPMaJbHI i TaHTESHI[IAIbHI
KOMITOHEHTH TIepPEMillleHb TOYOK CEPeAWHHOI MOBEPXHI; Yy, Y: — HOPMAJIBHI Ta TaHTEHIIAIbHI
KOMIIOHEHTH KYTiB ITOBOPOTY HOPMali 0 CEPEIMHHOI MOBEpXHi; (J, — HOpMalIbHa KOMITIOHEHTA
niepepi3yBabHUX cUit, M, , N,, — HOpMaJlbHI KOMIIOHEHTH 1 M;, N; — TaHT€HIlIaJIbHI KOMIIOHESHTH
MOMEHTIB Ta MEMOpPaHHHX CHIIL.

Hexaii Ha o/1HIM YaCcTHHI I'PAaHMIN MaHENT 3aaH0 PO3IMOAICHI KOMIIOHEHTH IepeMIleHb

w =wy(a)sin(wr), u, =u,y(a)sin(wr), 7y, =7,0(o)sin(wr),

u, =ug(o)sin(ot), v, =7v,(a)sin(or), ae 19, (1)
a Ha IpYTii — po3MoIijieHi KOMIIOHEHTH 3yCUIIh

0, =0, (a)sin(wr), M, =M, (a)sin(ot), N, =N, (a)sin(wr),

N, =N o(o)sin(wt), M =M  (a)sin(wr), ae ™, ()

73



BICHUK TEPHOIMIJIbCbKOIO HALIOHAJIBHOIO TEXHIYHOIO YHIBEPCUTETY. Ne1 (69) 2013

FpaHI/ILIHi YMOBH Ha KOHTYpax BKIIFOYCHb MArOTh BUIJIS
0, (a.t)==p (1), M, (a,t)=0, N,(at)=0, M, (0,t)=0, N, (ct,t)=0, 5
aecl), j=1,N,

ne p(j )(oc,t) = (a)(w(j ) w(a, t)) — KOHTaKTHi CHJIM B3a€MOJIii MAHEN Ta BKIIOYEHHS,

ﬂ/(f ) = 171/(()] ) sin(wt) — MePEeMIILEeHHS j-OT0 BKIIOYEHHS,
w(oc,t) — MMPOTHH MaHell Ha MEXI 3 MPOIIapKOM,

i) (o) — KoedilieHT mPYKHOCTI MPOLIAPKY MIXK j-MM BKIOUCHHSM Ta HAHEILIO, sSKHH €
3MiHHHM y3/I0BK KOHTYDPY BKJIFOUEHHS.
SIKII0 ITOKJIacTH

Wy () =1,0(0) =7,,0(Q) = 5(Q) =y,0(0) =0,
O, 0(@) =M () =N,o(a) =N g(a) =M o(a) =0,

TO MAaTUMEMO BHUIIAIOK KOPCTKOI'O SaKpiHHeHHH O,Z[Hi€.1. YaCTHHHU I‘paHI/II_Ii mmaHesi Ta BIJIBHOI

BiJl HABaHTKEHHS IPYrol YaCTUHU TaHEeNi.
Po3B’si30k 3amaui. /[ 1OCHIDKEHHS  BHKOPHCTAaHO PIBHSHHA  OOOJIOHOK,  SIKi

BPaxOBYIOTh MOIEpPeUHi 3CyBU. PIBHSHHS pyXy MaloTh BUTIIS [6]

oM, OM, 2n &%y, 0N, oN, o*u, .

=+ = -0, =—-m, + o =+ +k; +2hp—- (i=1,2),
ba T oas OTTMTIPOR Ga T, RO T e e (i512)
00,00, O*w
—+ kyNy +k,N. —q5+2hp— 4
da, | Bo, — (kN +hy Ny ) = Pa (4)

Ha ocHOBI npuITyIIieHb CTOCOBHO PO3IOJILTY HAIIPY)KEHb 1 IepeMillieHb

{0, |ows| < A,
Ui=u;+v,05, Uy=w, 033= .
O3, O3 =1h,
0.
N; 3M, S || <h L
Glj =2—};+ 2h3j (X.3, (—hSOL3Sh), Gi3 = Zil | 3| (l,]_laza l;t]) (5)

¢b131uH1 CIiBBiIHOIIEHHS HAOYAYTh BUTIISATY

Ou . Ou;
N, =B, Oy +v;; —+(k +vlk) , N,=N,=B, %_,._J ,
aOLl 8(xj vy ij J ij _

i, j=12 i#j . (6)
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HopManbHi Ta TOTUYHI KOMIIOHEHTH MEPEMIIIECHb 1 3YCHJIb BU3HAYAIOTh 3a (hopmynamu

M, =M n} +2M ymny + Myyns , N, = Nyyni +2Nyymny + Nypni . O, = Oymy +Oyny
M, =(Mymy +Myym )ty +(Mym + Myym )y,
N, = (N“n1 +N12nz)r1 +(N2lnl +N22n2)12,
Yo =Y F Yy, Ve =TV H oY, U, =My +Ryly, U =Tyl + Tolly . (7)

VYHacHiIoK MiCTaHOBKHU (i3WYHUX CIIBBiAHOMIEHD (6) Y PIBHAHHSA PYyXY (4) OTpUMYy€EMO
TaKi KJIFOYOBi piBHSHHS:

[L]U:_P, U:{ula u2: w, Yl) YZ}TJ P:{(]p 92: 93: m15 mz}Ta

o? or o o 3, o*
L, =B —+B,———kfA; -2hp—, L, =B,—+B,——-k’A, —2hp—,
11 18(x12 12 8&% 144 p8t2 22 12 8&12 280(% 243 p8t2
o? o? o
Lyy=A—+A,——| kB, (k +Vv5k, )+ kB, (k) + vy k) |—2hp—,
33 18(x12 28&% [1 1(1 12 2) 2 2(2 21 1)] p8t2
o* o* 2 82 o? o? 2 82
L,=D,—+D,——-A —p—, L..=D,—+D,—-A, —p—,
44 18(x12 12 80(% 1773 p8t2 55 12 80(12 28&% 2773 p8t2
L, =Ly =kA;, L,=(Bv,+B )5—2 L, =(Bj, +B,v )5—2
14 41 IEAS RS b) 1V12 12 8oclaoc2’ 21 12 2V21 80c180c2’
o o*
L,.=L,, =k,A,, L,s =(Dyv,, +D,)———, L., =(D,, + D,v ,
25 52 2439 45 ( 1V12 12)8(11 o 54 ( 12 2 21)60c160c2
0 0
L34=_L43=A1_a > L35=_L53=A2_,L24=L42=0, L15=L51=0,
o, oo,
0 0
1 a4
0 0
12%) 2%)
PiBHSHHS pyXy BKJIFOYCHb MATUMYTh BHTJIS]T
o 82 (a1 : () .
) SR 0 e ae), 71N ©)

0

VY pesyibTari MaeMo kpaiioBy 3amauy (1), (2), (3), (8), (9).

Jlis po3B’si3aHHS KpaloBOi 3ajadi BHKOPHUCTOBYEMO HEMPSMUN METOJ TPaHUIHUX
enemenTiB. Oynknii ['piHa 3HaxoauMo mMeronom Dyp’e 3a BUKOPUCTAHHS CEKBEHIIAIBHOTO
miaXoay 10 mpeAcTaBieHHs nenbra-QyHkiii [lipaka (SK TpaHHIIO TOCITiIOBHOCTI
nenbranoaionux ¢ynkuii [6 — 8]). 3Biacu kpaiioBa 3amaya /Uit 3HaxoKeHHS QyHKuii ['pina
CKJIQIA€ThCSA 3 PIBHSAHB (8), Y SIKUX

q, =T, (ocl,ocf)ng (az,ag)sin(wt), s=13,

7

m, =Ts, 8. (al,af)682 (az,ag)sin(a)t), p=1,2, (10)

75



BICHUK TEPHOIMIJIbCbKOIO HALIOHAJIBHOIO TEXHIYHOIO YHIBEPCUTETY. Ne1 (69) 2013

P
1 ‘0‘1—0‘1 -
. _2 81 s |0 —oy =€,
S, (ocl,al): € &
0 r
, o, —oy|> g,
1 ‘0‘2 0‘2‘ .
. > g , [0y — 0| S €,,
S, (ocz,ocz)= ) )
0 r

B yaBHO n00ynoBaniii obmacti [1:0<a,</,0<a,</,,QQell 1 ogHOpiAHUX KpalOBHX

yMOB Ha ii rpanuti oIl [9, 10]
w=0, M,=0, N,=0, u =0, vy, =0. (11)

3rigHo 3 metoaoM Dyp’e dhyukii ['pina mykaemo B Takiit Gpopmi:

(ococ t) Zngkm( )CD”“ (a)sin(wr),

k=1 m=1
G r r
" (Ot ” ) Zi i (Ot ) @, (a)sin(wr),
ylG(oc o t) =0m=1 | Y10 (0 )

{uz (OL,OL ,l‘)}ii{uzskm (a )}cpifn(a)sin(@t)- (12)

% (oc,ocr,t) k=1m=0 | ¥ etom (OL )
@ynkii y Bupasax (10) po3kinagaemo B psiau Oyp’e:

s (a, a’, t) = g iT;Ckm (e)DP, (ocr )dbifn (a)sin(wr),

{6]1 (Ot ” ))} ii{ﬂr}Ckm(s)CDifn (ar)cbifn(oc)sin(cot),
=0 m=1

ml (OC,OC ,t T4r

5

S e} TV
. )}=ZZ{ zr}Ckm(s)d)ifn (ar)d)zfn(a)sin((nt), (13)
4
Ciom(&) =Hpp— (Mkﬁ)@z (szsz),

lllz
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Xlk:l;_:taxzm:’;i_:a L =Ry, [, = Ry0,, 1, sxmo k #0, m =0,
O, (o) = cos (A0 )sin (A0, ), %,ﬂKHIOkZO,miO,
Dy, (o) =sin (A o )cos(A,,0, ), Mo = l’ aittio & % 0, m = 0,
3, (o) =sin (Ao )sin(A,,a; ), 2
D, (o) = cos (A 0 )cos (R0, ), %:’[Km(’k:o’m:o'
¢ (Ai€r)s  @3(Ayue,) — BaroBi  dyHKuii, sKi BH3HAYAIOTH THIl y3aralbHEHOTO

Hi,I[CYMOBy'BaHHH. I[J'IH MMPOCTOTH MOKHA 6paTI/I €1 =&, =E¢E.

[Ticns mincranoBku cmiBBigHoteHb (12), (13) y poss’szyBanmbHY cucteMy piBHSHB (8)
OTPHMAEMO CHCTEMY JIiHIHHHUX anredpaiuHuX pIBHAHB BIJIHOCHO HEBIIOMHX KOe(illi€HTIB.
YacoBa KoOpAWHATa BIJOKPEMIIIOETHCS Yy BUMAJAKY YCTAJCHHX TapMOHIYHUX KOJIMBaHb. Y
pesynbTari orpuMaemo GpyHkiio [pina B aHaTiTHIHOMY BUTIIAII

o (a, ar,t) =1im U° (a, a',e, t) = ling i i Cim (8)|:Ekm (a)][Ukm][Ekm (ar )} T  sin(or),
g0

g0 —0 m=0

T
U¢ (a, ar,t) {ulG (oc,ocr,t),uzG (o, 0", 1), wG(oc,ocr,t), ylG (a, ar,t),yzc(oc,ocr,t)} , (14)

T
TV:{EV’BV’]}V’TA‘V’IEV} ,

DL (o) 0 0 0 0
0 L () 0 0 0
(B (a)]=| 0 0 o2 (a) 0 o |
0 0 0 @ (a) 0
0 0 0 0 ®F (a)]
og, (o) 0 0 0 0 |
0 o (a) 0 0 0
(B ()] 0 0 @p(a) 0 0o |
0 0 0 op(a) 0
0 0 0 0 (o)
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1 2 3 4 5
Uim YUlkm Yikm Yiom UYikm

1 2 3 4 5
Wim Uokm Y2km U2km U2km

km km km km
L5 Ly Lyy Los
km km km km

[U ]_ | 2 3 4 5 I 1 det L3, L33 Ly, Lis
km Wim  Wim Wim - Wi Wi |» Lkm —d N Lol g g
¢ 42 gz Lugg Liys

1 2 3 4 5
Yiem Yvem Yvam Yiem Vikm L phm pm g
52 Lis3 Lisy Liss

_yl2km Y%km ngm Y§km ngm i
L' =—BA% —BA2, —kPA, +2phe’ L8 = —B A% — BoAS, —kiA, +2pho’

LY =—AAD, — A3, —[ KB, (K +vioky )+ ko By (ky + vy k) |+ 2phe’,
28,

20
k 2 2 2tk 2 2
Lg; =—D/Aj; — Diohs, — Ay +TP‘D ,L55 ==Djyhi; —DyAs, — A, +_3 p®

km _yhkm _ km _yhkm _ km _yhkm _yhkm _ ykm _
L14 _L41 _kIAD L25 _L52 _k2A29 L15 _L51 _L24 _L42 _0’

k o
L5 = _(BIVIZ +Blz)x1k}\’2m ) Ly = _(BZVZI +Blz)7wk7”2m ,
k k k k
L3’Z :L4n31 = _A17\f1k 5 L3”51 :L5rgl = _A2}\’2m ’
- -

L]irgl = (klAl + Bk + Bikyvy, )}"lk ) L]‘;”f :(klAl + Bk + Bykyvy, )}"lk )
L];m3 = (szz + Byky + Byky vy )}LZm ) L’;’; :(szz + Byk, + Bikyvy, )sz .

Beomumo y3aramenenmii koutyp [9, 10] L=LPuiVu...or®) LM i raxi
GyHKIIIT HAa HBOMY:

T(O)(F;)={Tl(°)(§),...,T5(°)(§)}T, F;eL(O),
T(l)(a):{Tl(l)(g)’ijs(l)(a)}T’ EJEL(I),

T‘N)(g):{TI(N)(Q),...,TS(N)(Q)}T, ge 1™,

TN+D (i) _ {TI(NH) (&),.“’TS(NH) (é)}T, £ e L(N+1)’

! 0)
{it,0(00), wg (@), wo(@), 7,0(@), Yro(@) | e L,

{0, 0, k(l)(a)(w(a)—ﬂ;(()l)), 0, O}T’ e

UpR(0) =9 et

{NnO(OL)’ NTO(OC)’ QnO(O(’)’ MnO(O('), M-C()(OC)}T,OCEL(NH),
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Ha ocHoBi 3Haiizenoi ¢ynkuii Ipina (12) po3s’s30K HIyKaeMO y BHUIJISAAI MOTEHLIALY
IPOCTOTO HIapy

U(o,t)= hgéji i: Con(®)| B (@) || U, || i (8) | T(E) () sin(wt), (15)

U () = {u (0, 1), 15 (0, 1), W(0t, ), 71 (00,2, Y2 (00,2}

Jnss  moOynoBM — IHTETpaNbHUX — PIBHAHB  KpaioBOi  3amadi  BUKOPUCTOBYEMO
npezacTaBieHHs po3B’si3ky (15), xpaiioBi ymoBu (1), (2), (3) Ta cmiBBimHomenHs (7). Y
BUIAJKy KpalilOBUX YMOB, KOJIM Ha KOHTYpax 3aJaHO KOMIIOHCHTH 3YCHJIb, BUKOPHCTOBYEMO
MeToa (iKTUBHOTO KOHTYpPY JJIsi YHUKHEHHS CTpHMOKa TMOXITHOI BiJl MOTEHIialy MPOCTOTO
Iapy Ha TPaHUIli, SKUH NOJSATae B TOMY, 1110 KpailoBI YMOBH 3a/I0BOJILHSIEMO HE Ha peaybHil
TpaHulli, a Ha TpaHUIl, (DIKTUBHO 3MillleHIH BCEpeqUHY pPO3IJIsAYyBaHOI 00NacTi Ha Maiy
BiAcTanb €. KpuBi 3MIIIEHUX KOHTYpIB MO3HAYATUMEMO Lg(j). Tonmi cucrema S5(N+2)+N

IHTETpaJbHUX PIBHSAHB BIITHOCHO HEBIIOMUX ()YHKIIH TYCTHH T(&) Ta BIZIHOCHO HEBIJOMUX

nepeMillieHb BKIFOYCHB vT/(()" ) HaOyBa€e BUTIIALY

{unO(O(')a u‘tO(O(')a WO(a)a YnO(O(‘)a YTO(G‘) }T =

“lim [ 303 @] A ][ B ()] T(E) (), el

&0 120 m=0

{0, 0, k) (o) (w(e) =t} 0. O}T -

1imjiiCkm(s)[ggﬁ(a)][]akm(g)]T(g)dz(g), aelfV), j=1N,

&0 170 m=0

{Nno(a)v NTO(OL)v QnO(a): MnO(a)v MrO(a)}T =

lim [ >3 ¢, (&) Q) (@) ][ By (8) | T(E)dl(2), aer™,
0 m=0

e—>0 T =

—mznﬁ(j)ﬂ/(()j) :P()(j)_ I k(j)(C (~(() )dl - (16)
R

e

0)=[ 33 Gy (6)0F, (o) (s, @55, ()T (5)+ w2, O3, ()T (2)+

L k=0 m=0

w0, (8)T5 (8)+wh, @i, (8)T; (8)+wh, @i, (8)T: (8))l(2),
0)=[ 33 Co ()0, (O) W5, (8)T (8)+ w2, 0, (BT ()
L k=0m=0

@, (8) Ty (&)+wh, @, (8) Ty (&)+w}, D, (8)T5 ()l (&),
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1y, (0) 2,(00) 113, () 214, () t5,, (1) |
up (o) uy (o) uz (o) wuy (o) us (o)
(OO @) ]=| wi (@) wy(@) wy(0) wy(a) ws(a)
V1a (@) ¥2,(0) v3,(0) 74,(0) Vs, ()
L Y1:(0) Yo (@) 13.(0) y4. () v5.() |

1 (00) = 1 ()t P (00) + 1y (a3, Pl ()

-

1 (00) = Ty ()], @, (@) + Ty ()13, Do (1)
¥ ju(00) = 1y (0o @i (00) + 1 (0) V0, P ()

'Yj'r (OL) =T (a')’yljkmq)ifn (OL) + T (a’)’yékmq)ifn ((X) ’

w; (o) = wl @ (a), j=15,

| Nip(@) Nyy(@) Nay(0) Ny, (o) N, (@) |
N (o) Ny (o) N3 (o) Ny (a) Ns ()
Q0 (@)]=| 0,(@) 0,(0) Os,() 04,(@) Oy (@)
M, (o) M,,(a) M;,(a) My, (o) Ms,(a)
M () M, (a) M3 (o) My (o) Ms (o) |

-

N, () = By @, (a)[ Mty = Vi2h ot + (ki +Vioky ) W, ] +
+2By,mn, Oy, (a‘)(}\’ZmMIJ}cm + Mt ) +
+ By O}, (00) |:_7\‘2mu{km =Vt + (kg +Varky ) W, ] ’
N (o) = Bimt Dy, (o) [_klk”ﬁm — Vi kgt + (K +vioky) W ] +
+Byy (m 1y +my1y ) @ (@) (}LZmulj}cm + Myt ) +

+B,1, T, @y, (1) [_}LZmu{km =Vt + (ky +V21k ) W, ] s

M, (o) = Dlnlzq)iin () (_klk'Y{km - V127\‘2m'Y£km ) +2Dy,mm, @y, (o) x
X (}LZmyljkm + MY S ) +Dymy @y, (O(‘)(_}\’Zm’Yékm =V i ) )

M (o) = Dymy, @y, (Ot)( MY Hn ~Vi2h 2V dion ) + Dy, (mTy +ny1y ) @, (o) X

x (7\'2my1jkm + MY B ) +Dyny Ty 0y, (G)(—kszékm VoMV iom ) )

Q) (a) = Alnlq)i;n(a)(ylkm + MWy — klulkm)+ Ay, @y, (Ot)(Yka + Mg Wiy — k2”2km) J=15.
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Po3B’A30K cucTeM iHTErpaqbHHX pPIiBHSHb MOXKHA 3HAWTH HAa OCHOBI PI3HHX CXEM
MeTony Kosokamid. Jliast BiNIIyKyBaHHS pO3B’SI3KY IHTerpajbHHX piBHSHb Ppearoiabpma
NEepIIOro pojy HEOOXiHO BHUKOPHUCTOBYBATH PETYJSIPU30BAHI aJTOPUTMH, OCKUIBKH 1€ €
TPaOUIIfHO HEKOpeKTHa 3azava. Jlyis KOHTYpiB 3 KyTOBHMH TOYKaMH HEOOXiTHO
BUKOPHCTOBYBATH HEPIBHOMIPHY CITKY 3 JOCTaTHBO CHJIBHHMM YIIUJIBHEHHAM OLIsl KYTiB 3
METOI0 OTPUMAaHHS 301KHUX PO3B’sA3KiB. J{JIs MpUKIamy, TOCUTH J00Pi pE3yNIbTaTH JTA€E METOT
KOJIOKAIliid, KOJIM KOHTYPH y3araJlbHeHOT KpHBOi L 3aMiHIOEMO JIaMaHUMH (S — kinbkicTs

Bi/i3KiB PO3GUTTS j-0r0 KOHTYPY, 0/ — cepearHu Biapi3KiB poO3GHTTS j-0ro KOHTYpY, ) —

JOBKUHH BIJPI3KIB PO3OUTTS L ,r=1,8Y)), a Ha KOXKHOMY 3 NPAMONIHIHHUX Bifpi3KiB

KOHTYpiB 3a7aeMo po3nofin Hesizomux rycrun TV (€)= 2% )rS(oc(j )’,i). Minimizyemo
HEB’SI3Ky B KOHTPOJBHHX TOYKax Komokamiii o/, ski BHOMpacMO cepeadHAMH BiIpi3KiB
PO3OUTTSI KOHTYpIiB 200 TOYKaMH, SIKi € Ha BIACTaHI € BiJ HUX 3 OOKY PO3IJISAYBaHOI 00JacTi.
[Ipu iHTerpyBaHHI B OCTaHHIX CIiBBIIHOIICHHAX cucTteMu (16) MokHa BUOUpaTH CcHOCiO
PO3OUTTSI KOHTYPIB BKJIIOUEHb HE3aJIEKHO Bifl CIIOCOO0Y pPO3OUTTSI KOHTYPIB 32 BUKOPUCTAHHS

METO/Y KOJIOKALIN JJIsl alpOKCUMAIlii HEB1IOMUX T'yCTHH.
N+1 )
3Biacu cucreMma 5 Z SY 4 N ninidiaux anreOpaiyHUX PIBHSHB BIJHOCHO HEBIIOMHX
Jj=0

w("),j =1,_N Ta T(j)r’ j=0,N+1, r=1, S(j) HaOyze BUTTISILY

) o). ). (). 1)

N+1SY) K M

S5 S 5 o] 02 (a0 o o1

j=0 r=1 k=0 m=0

o ¢ 10 41 5O

®,O,kM(¢HﬂbdGMQ_ﬂyujOjofz

N+1SY) K M

2.2.2.2.Cm (s)[ Q(P)( )ji[Ekm (a(j)r)]r( .

j=0 r=1 k=0 m=0

oM er) g=1,5Y, j=LN,

{ N, (a (N+1)g ) N (a(N+1)q)’ 0. (a(N+1)q)’ M, (a(N+1)q)’ M., (a(NH)q)}T:

N+IS“)§:iCkm(g)[Qg;)(a(Nﬂ)qﬂ[E ( (J)r )}T(/)r,

Jj=0 r=1 k=0 m=0

(X(N+1)q c LS(NH), g= 1, S(N+l),
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) nr1sY) kM

(5) _ X
R = IS
m=0

~Ci (&) 5 (o7 il (0 )T
p=1j=0 r=1 k=0
%%®a<ﬁmﬁfy+w%®aﬁwyﬁ¥” wi ‘g, (o) 70+ (17)
)Ts(’)’}} ) Z®( Or) ol | s=1N.
zxa@»)=(gk@uc> o (€)1 (%),
kS

o(al”)= [ K ()al(c), s=LN.

L( s)p

15 J
oy, (o

BrnacHi yacToT 3HaXOAMMO 3 YMOBH iCHYBaHHS HETPHUBIAIBHOTO PO3B’SI3KY BIAMOBIAHOT
CHCTEMH OJHOPIIHMX JIHIMHUX anreOpaiyHuX piBHSHB, NPUPIBHIOIOYN BHU3HAYHUK CHCTEMHU
JI0 HYJISA. XapaKTEePUCTUKH HAMIPYKEHO-ACPOPMOBAHOTO CTAaHY B3/I0BXK JIOBUILHOTO HAMPSMKY
3 HopMammo n(a) ={n(a),n,(a)} Ta JOTHUHOW T(a)={T (), T,(0)] MOXHA OTPHMATH Ha
OCHOBI 3HAMICHUX JAUCKPETHUX 3HAYCHb (DIKTUBHUX 3yCHJIb Ha 30BHIIIHIX KOHTYypaxX Ta KOHTYpi
BKITIOYCHB, BAKOPUCTOBYIOUN (hOPMYITH
u,(o,t)

u(a,) N+1SY) K M

w(o,t) = Z Z Z Z Cim (8)|: Q%)(oc)][Ekm (oc(j)r )}T(j)r sin(o?),

v (0,1) 7=0 r=1 k=0 m=0
n b

Y. (a,1)

N, (o,t)
Ne(o,0) |
0, (a,t) f=
M, (o,t)| =0
M (o,t)

N2

énickm (o) Q) (a)][Ekm (o )}TU)’ sin (o). (18)

BucHoBku. BuxopucroBytoun moOymoBaHi B poOOTi iHTErpanbHi PiBHSHHS, MOKHA
OTPUMATH PO3B’S3KH ISl JOBUIBHMX MINIAHUX BHITAJKIB KPaHOBHX YMOB Ha 30BHIIIHIN
TPaHMII TIaHeNi, pO3IVIANAaloYM JIOBiNBHI KoMOiHamii ammmityn  w(a),u,(a), v,(a),
u.(a), vo(a), 0,(a), M,(a), N,(a), M (o), N (o). Takoxk J0O3BONAIOTECSA NOBiNBHI pi3Hi
MillIaHi KpailoBi yMOBM Ha BCIX CKJIaJOBHX YaCTHMHAaX 30BHIIIHBOI rpaHulli. ToMy B pamkax
MocTaBleHo 3aa4ul He 000B’SI3KOBO, 11100 MM 30BHILIHIN KOHTYp MaHeli OyB 3aKpIiIUICHUN.
OnHa a0 KiuTbKa CKIIQJOBUX 30BHIIIHBOTO KOHTYPY MOYKHA PO3MNISAJATH SKAMOCH YHHOM
3akpiruieHnM. KIilo4oBi piBHSHHS BpaxoBYIOTH JedOpMallifo MOMEepeyHOro 3CyBY Ta BCi
IHepIiiHI KOMIIOHEHTH, BKIIOYAIOYM iHEpIi0 oOepranHs. Lle mo3Boisie moCTiKyBaTH y
Kpamiiii SKOCTI pi3HI THUNU KOJMBaHb, CIPUUYMHEHHX PI3HAM XapakTepoM 30ypeHHs
30BHIIIHBOT TPaHWIl y BHIAAKY aHI30TPONHUX MarepiamiB. Y paMKax N0O0yIZOBaHOTO
PO3B’S3Ky MOXKHA PO3IJISIATH BUITAIKU 30BHIIIHBOI TPAHMIII MTaHEINi Ta KOHTYPIiB BKJIFOYCHb 3
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KyTOBUMHM ToukaMu. OJHAaK Yy BMIAJKy KOHTYPIB 3 KYTOBMUMH TOYKaMHM HEOOXITHO
pO3TISAaTH HEpPIBHOMIpHE PO3OUTTS B CXeMi METOAY KOJOKAalii 3 JOCHUTh CHIIBHUM
YIIUTBHEHHSIM O1JIs1 KyTiB 3 METOI0 OTPUMAaHHs 301KHUX PO3B’SI3KiB. A I PO3B’SI3KY PiBHIHb
O®penronpbmMa MEPIIOTO POXYy HEOOXITHO BHKOPUCTOBYBATH CTAOLII30BaHI aJNTOPUTMH,
OCKIUJIBKH 1€ € TPAIHIIfHO HEKOPEeKTHA 3a1a4a. Ha erari 4ncioBoro po3paxyHKy HEOOXiTHIM
€ JOCHIDKeHHSI 30DKHOCTI W ONTHUMAaJbHOTO BHOOpY 3HAYEHBb IMapaMeTpiB ampoKCHUMaIlii

S(j),K M, ¢ Y paMKax KOKHOI'O KOHKPETHOI'O BHIIAAKY I OTPUMAHHA JOCUTb TOYHUX

YHCIIOBUX PE3YJbTaTiB. 3alPONIOHOBAHA B CTATTI CXeMa Ja€ pO3B’SI3KH, SIKi J00pe y3rOIKYIOThCS
3 BIIOMHMH pe3yJbTaTaMd Ul YaCTKOBUX T'PaHWYHHX BHUIMAJKIB, OTPUMAHUMH IHIIMMHU
METO/IaMH.

Conclusions. Using integral equations constructed in the paper, the solutions for
arbitrary mixed cases of the boundary conditions on the external boundary of the panel can be

obtained considering arbitrary combinations of the magnitudes w(a), u,(a), v,(a), u (),

v.(a),0,(a), M,(a), N,(a), M. (a),N (a). Different arbitrary mixed boundary

n T
conditions on all subsections of the external boundary are also allowed. Such that it is not
mandatory within the problem statement that the whole external contour of the panel is fixed.
One or several subsections of the external contour can be considered somehow fixed. The key
equations take into account transverse shear deformation and all inertial components
including rotary inertia. This allows to investigate different types of vibrations caused by
different character of external boundary excitation in case of anisotropic materials in the
higher quality. The cases of external boundary of the panel and the contours of the inclusions
with the corner points can be analysed within the solution constructed. However, non-uniform
meshes with the strong mesh refinements near the corners in the collocation scheme must be
considered for the cases of the contours with corner points in order to obtain the convergent
solutions. And the stabilized procedures must be used for the solution of the system of the
Fredholm equations of the first kind, because this is conventionally ill-posed problem. It is
indispensable to investigate the convergence and optimal choice of the values of the

approximation parameters st ),K ,M,e on the stage of numerical computation within each

particular case in order to get the numerical results efficient enough. The scheme proposed in
the paper provides the solutions which are in reasonable agreement with the known results for
the partial limiting cases obtained by the other methods.
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