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Summary. Solution of the contact task on the interrelation of the ring-parabolic and parabolic punch
with the preliminary-stressed plate has been presented in the article. Development of analytical solutions for the
plate is performed by its modeling by the finale thickness preliminary-stressed layer. The systems of double and
triple integral equations obtained here are solved by presenting necessary functions as finale set sums according
to the Bessel’s functions with the unknown coefficients and further obtaining finale systems of the linear algebraic
equations for their finding. Basing on the obtained solution the effect of the initial deformations field nature on
the stressed state of thick plate has been analyzed.
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Problem setting. Determination of contact stresses and deformations in the interaction
of hard punches with the elastic plate is an important objective in the design of machine parts
and elements of buildings. In particular, when assessing the strength of reinforced concrete
beams, monolithic foundation plates in construction, road coatings, etc. To minimize the error
of calculations, it is necessary to consider the maximum number of factors that affect the contact
interaction. The initial deformations, on which contact stresses and movement depend directly,
are one of the key factors.

Analysis of the known research results. A lot of scientists, including domestic, dealt
with the interaction of bodies with existing residual deformations. In general, the statement of
such problems requires the use of a linear system of elasticity, but at fairly large initial
deformations it is possible to be restricted by its linearized version [1].

2t p Despite the increasing number of
\ researches, dedicated to contact interaction
" / of bodies of preliminary-stressed state [2-4],
the task about the compression of the
preliminary-stressed plate by the parabolic
and the ring-parabolic punch is still
unresolved  for  compressible  and
— incompressible bodies in general, according
Tl to the arbitrary structure of the elastic
potential.

Problem statement. We will
conduct the formulation and problem
solving within the theory of linearized
elasticity. We will model thick plate by
Figure 1. Scheme of the contact interrelation of the means of isotropic preliminary-stressed

parabolic punch and layer layer.
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Pressing of the preliminary-stressed plate by two co-axial punches of complex configuration

Let us consider preliminary-stressed layer with the thickness of2h, which is
compressed by the parabolic and ring-parabolic punches.

Let us choose a cylindrical coordinate system (O, r, 8, z)in such a way that coordinate

plane(r, O, 0) coincides with the middle plane layer, and the axisOz — coincides with a

common axis of the punches (fig.1).

We will assume parameters as the known areas of contact on both boundary planes and
will define the corresponding configuration of punches. The function, by means of the rotation
of the graph of which round the axis Oz the ring-parabolic punch is made, we will show as
1

2
—(r-r,) ,0<r<r;
2R1( a) 2

(r)=40,r,<r<r;

i(r— rb)z, r<r.

2R,
Similarly, for a parabolic punch we will have
0,0<r<r;
W, (r)=
(1) —i(r—rc)z, r<r
2R,

The boundary conditions of the problem have the following look
o,(r,h)=0,r<ab<r<ow; 1)
0,(rh)=0,0<r<ow; )
u,(r,h)=w/(r), a<r<b; (3)
o,(r,—h)=0,c<r<ow; (4)
0,(r,—h)=0,0<r<o; (5)
u,(r.-h)=w,(r),0<r<c. (6)

Functions ,(r)and w,(r) describe the movement of the points respectively the
upper and lower boundary plane of the stressed layer at the site of his contact with hard punches.
Therefore, based on the appearance of functions, W, (r) andW, (r), we can write down:

wl(a)+£[(ra—r)z—(ra—a)z]a3r<ra;
a)l(a)—i(ra—a)z,rasr<rl;

2R, ro+r,

o (r)= 1 , n= > (7)

wl(b)_Z_RZ(rb_b) JL<r<n;

1
a)l(b)+§[(rb—r)2—(rb—b)z]rbgrsb,

2

1

2R
wz(r): 13 , (8)
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The solution of the problem. We will assume residual stresses, available in a layer,
as homogenous. So we can use the following expressions for the components of the stress tensor
and displacement vector [1]

c,(rz)= csjoﬁ{Alch(az) + A [ sch(az)+azsh(az)]+

+Bsh(az)+B,[ ssh(az)+azch(az) ]} I, (ar)da ; 9)

o,(rz)= —c3lofa3 {Ash(az)+ A,[sysh(az)+azch(az) ]+

0

+Bch(az)+B, | s,ch(az)+azsh( az)]} (ar)da; (10)
:mjaz{Alsh(az)+Az[slsh(az)+azch(az)}+ (11)

+Bch(az)+B,[sch(az)+azsh(az)]} Iy (ar)da.
Constantsc,,, c,,, m, s, s,, s, depend on the nature of elastic potential and are selected in

each case separately [1]. Unknown functions A, B,, A, B, are defined by the boundary

conditions of the problem.
Demanding the fulfillment of the boundary conditions (2) and (5) out of the ratio (10),
we will have:

Ash(ah)+ A,[ssh(ah)+ahch(ah)]+Bgch(ah)+B,[s,ch(ah)+ahsh(ah)]=0

—Ash(ah)— A, [ s;sh(ah)+ahch(ah)]+Bgch(ah)+B,[s,ch(ah)+ahsh(ah)]=0
From the last equations we get

_ A, [ sysh(ah)+ahch(ah) ] B B, [ s,ch(ah)+ahsh(ah)] | 12)
Sh(ah) Ch(ah)
Demanding the fulfillment of the boundary conditions (1) and (4) out of the ratio (9),
we will have:

c33ja {Ach(ah)+ A, [ sch(ah)+ahsh(ah)]+

+B,sh(ah) + B, ssh(ah) + ahch(ah) ]} I, (ar)da =0, r<ab<r <w; (13)
cgsja {Ach(ah)+ A,[sch(ah)+ahsh(ah)]-
—~Bysh(ah)—B,[ssh(ah)+ahch(ah) ]} J,(ar)da=0,c<r<w. (14)

Having introduced two unknown functionsx(r) and y(r), sets at intervals [a,b] and
[O,c] respectively, we will continue the ratio (13) and (14) on the whole additional semi-axis
[0,c0)

Csjoﬁ{Alch(ah)+ A,[sch(ah)+ahsh(ah)]+
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Pressing of the preliminary-stressed plate by two co-axial punches of complex configuration

+B, sh(ath) + B, ssh(ah)+ahch(ah)]} I, (ar)da = x(r)n(a-r), 0<r <o (15)
Cssja {Ach(ah)+ A [sch(ah)+ahsh(ah)]-

—B, sh(ah)—B,[ ssh(ah)+ahch(ah) ]} J,(ar)da = y(r)n(c—r), 0<r <. (16)

where 7(r) —is Heaviside function.
Applying the formula of the inverse Hankel transformation to the equations (15) and
(16), using the ratios (12) we will get the system of relatively unknown A, , B, . Solving it we

will have
Sh(ah)

a2A2:2c33[( s,)ch(ah)sh(ah) ah][l L) ()
20 ch(ah)

B = oeaT(s—5,)ch(ah)sh(ah) +ah][ ~1e()]; 19

where

—.Trx J'ry ra dr

From the boundary condltlons (3) and (6), based on the ratios (7), (8), (11), (12), (17)
and (18), we will have:

—I[% @)+ 0, ()1, ()]s (ar) - (@) da =
:‘i(r ~a) {n(r-a)-n(r-n)}+ %(ra—r)z{n(r—ra)—n(r_rl)}; (19)

2R, )
—I[col &)+, ()1, ()](3, (@r) -y (b)) der =
__ 1 (r,=b) {n(r-r)-n(r-b)l+ 1 (n,-r){n(r-r)-n(r-r)}; (20

2R, 2R,
%T[Wl(‘z) |1(0‘) TV, (a) I, (a)](Jo(ar) - ‘]O(ac))da -

1 2 1 2
(e n ale ) ph (st fn(r 1) (o)) @

In the latter ratios the following notations have been introduced:

p(a)=A(a)+4,(a); ¢,(a)=A(a)-A,(a);

Wl(a):_¢)2(a); Wz( )——(/)1(06);

o) (s—s,)sh*(ah) _ e (s—s,)ch?(ah) .
Aula) (s—s,)ch(ah)sh(ah)-ah’ (@)= (s—s,)ch(ah)sh(ah)+ah’
- m(sl—so)l

Cis(5—5p)

Unknown functions x(r) and y(r) determine the distribution of contact stresses under
the punches. Having taken into account their continuity, and the lack of contact at the border
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area (providedr =a, r =b andr =c), we will introduce x(r)and y(r) in the form of partial
sums of series according to the linear combinations of Bessel functions

x(r):azz(r,h)zzN:anLn(r), as<r<b; (22)
y(r)=au(r,—h)=ZN:ano(£,Bn),0§rsc, (23)

where L (r)= Jo(y—”ero(yn)—Y{ﬁr)\]o(yn), a<r<b;
a a

B, and y, —additional roots of equations J,(x)=0 and JO(B ijo(x) —YO(B ijO(x) =0.
a a
Having substituted the ratios (22) and (23) into equalities (19) — (21), we will get

%{iaj[(ﬁl(a) |r(]1)(a)(\]0(ar) - Jo(aa))da +
+ibnz[(ﬂz(0!) |,(12)(a)(\]0(05r)— Jo(aa))da} =

- (- n( - ) a o)) @
L ganz[gol(a)m”(a)(ao(ar)—%(ab))da+
30 [ @0, 1) -3, b)) -

5 B (=) n(r=B)}+ (=) folr =) -n(r-n)s @9
Sl 0) 3 )2, )
S0 v @0, )~ 2 ) -

= ) (o) = g (=) (=)= n(r e}, (20

Having multiplied both sides of ratios (24) and (25) by rL,(r) and the ratio (26) by

rd, [Eﬁqj by g=1,N, and having integrated the obtained expressions in r we will have

a K(u)(a)+

n’Ngn

b, K(lz)(a) =BY;

n'“gn

(27)

n'Ngn

N
2.

n=1

N

a,K& (a)+Y b,k (o) =B

=1

nN

)
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Pressing of the preliminary-stressed plate by two co-axial punches of complex configuration
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Having used the method of superposition and entering the designation

-t taw  tae, taolp M pw e Tpe (28)
k.| R, R, R, k | R, R, R,

1 1

from (27) we will obtain the systems of equations relatively to the unknown a, 5, a'¥, b,

b( Ta b . n =1,_N.
The valuesR,, R, Ta R, in the ratios (28) we determine from the conditions of balance

of the punches

b c

Zﬂjrazz(r,h)dr:—P; ZEJ.FUZZ(F,—h)dr:—P,

a 0
and the condition of equality of the vertical displacements of points of the upper boundary plane
of the layer provided r =r,and r =, .

Finally, from the ratios (22), (23) and (28) we will get the formulas for finding the
function of distribution of contact stresses under punches

:EZN:{ alV + : (2)+ia£‘°’)}Ln(r);

1:1 2 3

1 1 1 1 r
o, (r,=h =—§ = b +=b + —b* |3 (— j
zz( ) kl |:R n R n R n 0 ﬂn

n=1 1 2 3

(29)
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Numerical example. On the fig. 2 and 3 the graphs of functions are introduced
. ,0 : N
o = #, that characterize the distribution of contact stresses (30) under the upper and

lower punches according to the case of existence in the plane of elastic potential of Bartenev-
Khazanovych [1] and on the fig. 4 and 5 — according to the case of the potential of harmonic
type. The dashed curve on figures corresponds to the case of the absence of the residual
deformations (4, =1), the curve 1 — corresponds to the case of available deformations of the

stretching (4, =1.2), and the curve 2 — corresponds to the deformation of the compression
(4,=08).
As can be seen from the figures, the nature of the field of initial deformations influences
the distribution of contact stresses significantly.
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Figure 2. Distribution of contact stresses under the
upper punch in the case of the Bartenev-
Khazanovych potential
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Figure 3. Distribution of contact stresses under the
lower punch in the case of the Bartenev-
Khazanovych potential

\

/

-01

\

)

\

A

-03

X

o

S

i

r

-04

08

1

12

0 a.

5

/

=0

y

2

Y

,-«-"‘"""/

=05

Figure 4. Distribution of contact stresses under the

Figure 5. Distribution of the contact stresses under

upper punch in the case of the harmonic-type
potential

the lower punch in the case of harmonic type
potential

Conclusions. Within the framework of linearized elasticity the formulation and the
solution of axisymmetric contact task has been presented about the compression of the ring-
parabolic and parabolic punches of the preliminary-stressed plate. The influence of the initial
deformations on the distribution of contact stresses has been analyzed. The patterns have been
revealed that are traced also in the works of other authors [2-4]:

a) the presence of residual deformations of stretching in the plate cause narrowing of the
contact area and increasing of the absolute value of the contact efforts. The value of the caused
changes depends on the type of elastic potential. In case of availability of the elastic potential
of harmonic type, availability of 20% of stretching deformations leads to increased contact
stresses by only 1% and in the case of potential Bartenev-Khazanovych — by 5%;
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Pressing of the preliminary-stressed plate by two co-axial punches of complex configuration

6) the presence of residual deformations of compression in the plate in turn entails the contact
area and reduce the absolute value of contact stresses. Particularly in the case of elastic potential
of harmonic type 20% compression reduces to 10% of normal stresses. Thus in cases of
potential of Bartenev-Khazanovych normal stresses are reduced by 25%.
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CTUCHEHHA NOIIEPE/THBO HAHPY}KEHQT IIATU ABOMA
CHIBBICHUMHU IITAMITAMMU CKJIATHOI KOH®IT'YPAILI

Ouer ITanuyk

TepHoninbcokuul HAYIOHAILHUU MeXHIYHUL YHigepcumem imeHi leana [lynios,
Tepnonins, Ykpaina

Peztome. Hasedeno po3e’si3ok KOHMAKmMHOI 3a0aui Npo 63ae€mMo0il0 Kilbyeso-napadoniunoco ma
napaboniuHo20 Wmamnis iz nonepeoHbo Hanpyosicenor naumoio. Ilo6yoosy ananimuynux po3e sa3Kié 0l naumu
npoBeOdeHo ULIAXOM i1 MOOENO8AHHS NONEPEOHbO HANPYICEHUM WAPOM CKIHueHHOI moguyunu. Cucmemu napHux
ma nNOMpIUHUX IHMeSPANbHUX PIBHAHb, AKI NPU YbOMY OMPUMAHO, PO38 A3AHO 3d 00NOMO20I0 NOOAHHSA ULYKAHUX
@yHKYII Y 8u2ns0l CKIHUeHHUX cym psaody 3a QyHkyiamu beccens 3 negidomumu Koegiyicumamu ma nooarsuium
OMPUMAHHAM CKIHYEHUX CUCMeM JIHIIHUX an2eOpaiyHux pieHAHb 01A ix 3HaxooxcenHa. Ha ocnosi ompumanozo
PO38 3Ky NPOAHANI308AHO BNIUE XAPAKMepy NOJisi NOYAMKOGUX Oehopmayiil HaA HANPYICEHUN CMAH MOECmol
naumu.

Kniwouoei cnosa: nineapuzoeana meopis  NPYICHOCMI, KOHMAKMHA — B3A€MO0is, KOHMAKMHI
HANpYHCenHsl, Kilbyeso-napadorivHull wmamn, napaboriyHull wmamn, niuma, wap, noyamxosi oegopmayii,
NnoNnepeoHi HaNpPYICeHHs.

Ompumano 10.09.2016
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