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WITH INITIAL (RESIDUAL) STRESSES
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Summary. The article is devoted to problems of contact interaction of infinite elastic stringer and two
identical jammed along one edge pre-stressed stripes.

The research has been conducted in the framework of linearized theory of elasticity in a general form for
the theory of large (finite) initial deformations and for two variants of the theory of small initial deformations with
arbitrary structure of elastic potential. The study is carried out in the coordinates of the initial strain state
associated with Lagrangian coordinates (the natural state). In addition, it is assumed that the interaction with the
stringer occurs when the initial stresses appeared in the stripes, and the external load caused in the stripes small
disturbance of the basic stress-strain state.

Based on the assumption that for the stringer, which is loaded at the same time by the vertical and
horizontal forces, a fair model of the bending of the beam in combination with uniaxial stress of the rod, the
problem is formulated mathematically as a system of integrated differential equations relatively to the unknown
contact stresses. Using Fourier transforms, the system is solved in a closed form. Expressions of the stresses are
represented by Fourier integrals of rather simple structure. The influence of initial stresses on the distribution of
the contact stresses has been studied and the effects of concentrated load have been identified.

Key words: the linearized elasticity theory, initial (residual) stresses, contact problems, integral Fourier
transformations.
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Type Codes:

E, — elasticity modulus of stringer;

v, — Poisson's ratio stringer;

A; —elongation ratios, defining displacement of initial (residual);
y; — coordinates of the initial strain state;

x; — Lagrange coordinates;

t— the length of the strip in the initial deformed state;
h — thickness of stringer.

Introduction. One of the most actual problems of modern construction and engineering
is to improve the reliability and durability of engineering structures and machines. In all real
structures and parts of machines there are almost always original or residual stresses. The causes
of their appearance may be different. The most often the initial stresses in the details and
structures are created especially during their manufacturing or in the process of assembly to
compensate those tensions, arising in structural elements, in order to improve the strength
characteristics of the structures. They can also appear both in the process of exploitation and
under the influence of mechanical factors, such as irreversible plastic deformations, and also
because of the reasons of non-mechanical nature. The presence of initial stresses affects the
whole stressed-deformed state of the bodies, so can affect the strength of structures, lead to loss
of internal stability; promote local destruction of material, etc. Taking into account the impact
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of the initial (residual) stresses in the calculation of structural elements, machines and
constructions allows us to consider more effectively the strength of material resources by
correct evaluation of strength margin.

The research of the influence of the initial (residual) stresses began to be actively
conducted in our country and abroad only in the late XX century. It should be noted that in
general, strict formulation of such problems requires the involvement of the staff of nonlinear
elasticity, which greatly complicates the construction of analytical solutions. However,
provided the big (ending) and low initial stresses (deformations) it is possible to be limited to
consideration of the theory of linearized elasticity [1,2].

In this paper, using ratios of linearized elasticity theory [2] the solution of contact task
about contact interaction of infinite stringer with two pre-stressed stripes has been introduced.
The research is done in general for compressible and incompressible bodies for the theory of
large (finite) initial deformations and for two versions of the theory of small initial deformations
at arbitrary structure of elastic potential. Following [2,3,5] we will conduct all researches in the
coordinates of the initial stressed potential y,, that are related with the ratios y, = 2,x,,(i =12) .

Problem setting and basic correlations. Let the endless elastic strips are made of the
same compressible or incompressible materials with potential of arbitrary structures. In these
stripes identical initial or residual stresses operate, the thickness of the stripe is t. On the edges
y= =+t they are jammed and are in conditions of flat deformation.

We will assume that they are interconnected with the endless elastic stringer where the
modulus of elasticity of the material is E1 and Poisson coefficient is v 1. After that let us
consider the reinforced in such a way stripes with the initial stresses are loaded with the
horizontal force Q,5(y, ) acting in the middle point of the stringer and here 5(y1) —isaknown

single Dirac delta function. We will conduct the research of this problem in the coordinates of
the initial (residual) strained state oy; v, (Fig.1).
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Figure 1. Force operation on the stripes

The law of distribution of normal and tangential contact stresses along the line of
stringer connection with the previously stressed stripes should be defined. When considering
this problem, following [2], we believe that the interaction occurs in the performance of the
known four provisions1-4, which are basic in the theory of contact interaction of bodies with
initial stresses. Moreover, we will assume that under the influence of the applied load and only
tangential contact stresses, stringer is stretched or is compressed as the core which is located in
the uniaxial stressed state 4]. Furthermore we will consider that along the horizontal axis
vertical elastic movements are constant, due to the small thickness of stringer. Let us mark
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intensities of normal and tangential contact stresses by p(yi) and qg(yi), and vertical and
horizontal movements of the stringer accordingly by v@(y1) and u®(y). Then we can write
that:

8u‘1) (y,)

)L Tka-Qowh . (ecy <) @
®

v
ayl(yl)zo ‘v’yle(—oo<y1<oo) 2

In case of full contact it should be noted, that along the line of contact the conditions
should be done:

ovO(y,) _ouP(y)  au®(y,) _ou”(y,)
oy, oy, oy, oy,

, (Fo<y >) (3)

Where Uy v (y) —components of the vector of displacements in the elastic stringer,
u (2>(y), u<22>(y) — components of the vector of displacements in the elastic stripes with the
1 1 1

initial stresses.

The method of solution. Considering the contact conditions (3) together with (1), (2),
and also the expressions for the vertical and horizontal displacements of the boundary points
free of jamming. The last were received according to the principle of superposition in case of
equal and unequal roots of the defining equation [2] for compressible and incompressible bodies
and following [3,5] have such a form:

1) - Thllqyl _t|)p(t)dt + ]ihlz (yl _t)Q(t)dt'

j h,, (y t)dt + j h,, (|y; —t])a(t)dt. (4)

Having considered (1)-(4) relatively to unknown contact stresses, we will obtain the
following system of integrated differential equations:

{ [hally (t)dt + j hy, (y )q(t)dt} =

—0

oo Y,
“hu (t)dt + jhzz —t|)q(t)dt}= I[Zq(t)—Q05(t)]dt. ®)

where h; (i, j=1,2)— are the functions of the impact for the elastic stripe with initial

(residual) stresses, the expressions of which are defined in [3] and in accordance have the form:
from the action of single normal force for even roots , - .
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100
hn(yl):;lel(a)COSOlylda (6)
0

17 :
hlz(y1)=;IH12(a)Sm ayda.
0
for uneven roots 7y # 1,

15~
hll(yl):;_[Hu(a)cosaylda @)
0

1% ~ .
hy () == [Hpp(a)sina yida.
7o
Here hl-j (a), i, j =1,2 are the functions of the impact, characterizing the moving of

the boundary points of the verge y, = 0 of the infinite elastic stripe with initial (residual) stresses
from a single normal force of the core H; (a) inaccordance have the form

for ny=ny

Hll (0{) = Hl (0{,0) =ng |:S0S]’l20{(01 + SISOS]’I26X¢)1 - a(plf(a)+ (agpl )2 —

(8)
-518(a)+ o }‘1_1(05)-
Hyy(a)=Hy(a,0)=i 17 [sos&(@) - so(agy)-51518(@)+ 51 (apy) 147" ().
Iy
for ny #n,
Hll(a) = Ijll(a,O) =N, [_ s,ch2ap, + Sofl(a)— Slso(a¢1)§1(a)+so(0‘(/’1 )2 sh 205501 - )

—soch’apy + 518 (@)+apiés(@) x4 («)

No

Hy, (0‘) = H~2(a,0) = i%[soslga(a)_ so(a¢1)§l(a)+ sl(awl)é(a)_ Slfl(a)]x Agl(a)'

Let us write down the functions of the impact for elastic stripe with initial (residual)
stresses from the action of the single tangential force
for even roots n; = n,

hy1 ()= %THzl (a)sin (@) yda.
0

1 0
hy (y1)= . [Ha (@)cos a yida. (10)
0
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for uneven roots ny # n,

1% ~ ,
a1 ()= . [Hyi(a)sin(a)yida .
0

175~
hy) (Y1)=;IH22 (a)cos a yda. (11)
0
The cores H;(a) and H;(e) in accordance have the form for n; =,

H,,(a)=m, [— (s +1)s,é(a)-aq)+ch’ap —ssh’ap, — S]=
=m, [— (s +1)s,shagchap, —ap,)+ch’ag, —ssh’agp, - S]- AN ).

H,(x)=1i n:/onﬂl [s . Slchzagol + (agol)z - a¢1§(a)— sfsh 2 (agol)— S- 31]- A_ll(a). (12)

for ny #n,
H~21(05)= My [_ 531(0“”1)652(“)_ 553(0‘)+ S(a¢1)§2(a)+ és(a)]'A_zl(a)'

I:'22 (@)= im[l_ s,ch(2ap, )+ss,& (@) + saps,(a)+ 331(0“?1)2 sh®agp, -
N (13)
—ss, ch®apy) —si (a(ﬂl )54(05)+ &) ] 4 (@)

It should be noted that there are the following asymptotic formulas:
when ¢ — 0

Hy(a)=Hy (@)=0(1) Hipla)=Hy(a)=0(a), Hyla)=Hy(a)=0()
when a — «©

Hy (o) = Ay (o) = o[lj; H, (@)= A, (@) = o(lj; H,, = A ()= o(l} (14)

Let us multiply the first and the second equation (5) by e ' and integrate in y; from

—oo to +o0, applying the convolution theorem after elementary tabs we will get a system of
algebraic equations relatively to Fourier transforming p(«) i G(e)

H,, (a) 5(“)_ iH, (a)a(a) =0 (15)

EltoaziH 21 (a)_ [Eltoa2 H,, (a)+ Z]G(O‘) =Q,
Here we will enter the following notations:

Bler) = [ ply,Je'™dy, )= Jaly, o™ ay: (16)

—00
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Functions P(a), G(a) — the Fourier transforming essence from the function
p(1), q(y;) — are the contact stresses on the line of the contact of elastic stringer and the

stripes with initial (residual) stresses; Q, — external horizontal load; functions Hij (z‘ = 1,2)

according to the equal and uneven roots of the defining equation [2] are specified by the
formulas (12) (13).
To find transformants p(e) and G(e) we will write down the determinants of the

system (15)

H*(a): Hll(a) _ile(a) _
0 Et,a’H,,(a)+2 an
= Hll(a)[EltoazHZZ (a)+2]= Hy(a)H,, (a)
* 0 -Hy, (a)-i . .
A = - H . H 5
(@) EtoarliH (@) -Q, Etya’H,(a)+2 (@) Hix(a) (18)
. H (a) 0 i i
Az(a)_ . 2: = Hn(a)Hzl(a)
0 Et,a’iH,, () -Q,
Here, we will introduce the notation:
H;l(a): Hll(a) Hl*z(a)z—ile(a); (19)
Hzl(a): Eltoazinl(a)_Qo ng(a): Eltoaszz(a)+2

Applying the formula of Kramer and inverse Fourier transform we will get the solution
of the system of integrated differential equations (5). This solution gives the expressions to the
required contact stresses in a form of

_& R Hl*l(a)
90) == u! H*(a)cosaylda
() = % [ el i oy 4 (20)
' T % H*(a) '

*

Here the values H"i, H;

i (i, j=1,2) are expressed in terms of known functions

H, (i,j =1,2), that are determined by formulas (12) — (13) for even and uneven roots of the

defining equation [2] in case of the specific structure of elastic potentials. Let us experiment
improper integrals on the convergence that are included in the formulas (20).

Having considered the values H"j(cr) (19) and the value H, () (12) —(13), and also
the asymptotic formulas for H, (@) (14), without considering the bulky elementary

transformations, we will find the following asymptotic expressions:
when ¢ — 0
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Hy ((Z) -

) ofer ) (21)
when o — oo

Hyp (a) - 1

o) ofe ) (22)

From asymptotes (21) — (22) follows that in (20) the second integral, which expresses
the law of distribution of normal contact stresses coincides quite quickly.

. o “H .
According to the first integral _[Hlj((a)) cosay,da, which expresses the law of
(24

0

distribution of tangential contact stresses, its convergence could be accelerated,
: H., .
Having presented ﬁ in the form
H*(e)
H, C
n_ 22 (), (23)

H*(a)~C2+a

(t>0) when o — ohere C, and c, — are the constants, which essentially depend on the value
of the roots of the defining equation [2], and on the particular form of elastic potential and are
determined from the formulas[D] (3.76) — (3.77), (3.86) — (3.89) i (1.80) — (1.100) for the
specific compressible and incompressible structural materials. With the continuity of contact
tangent stresses, taking into account the thickness of the elastic cover h and elastic constants of
the material A and x , out of which the elastic cover is made.

Constant C, can be presented in the form of:

2c+1 A+ u
c= (2

C,= Elto(c +1)’ Y ¢, =24C,) (24)

Having considered (23) and (24) we will get:

J' 1l(a)COSay1dUl:—Cz(cosczy1Ciczy1+Sinczy15iczy1+,[|:(C2+a)Hll( ) CZH (a):|COSa ylda (25)
) . (¢, +a)H ()
here
sin a COSO!
C 2 Y1 _—J. C y1 I
CoY1 CaY1

it is accordingly integral sine and cosine.
Now the last integral in (25) considering (23) coincides quite quickly as:

(Cz +0‘)H1*1(0‘)_C2H *(O‘)
(c, +a)H (@)

~0(a) (26)
when a¢ — 0
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So having taken into account (25) for the contact tangent stresses(20) from the action
of horizontal external force Q,5(y, ), we will get:

q(y,)= Q. ¢, (cosc,yici(c,y,)+sin c,y;si(c,y, ) - | 2p(¢; + @) H“(a)* —&H (2) cosay,da
2r 5 (c,+a)H () (27)

(-0 < y1 > o0)

Numerical analysis. In the last formula with the first number with precision of the
constant the known solution of Melanie is provided [4]. Based on the formula (27) the numerical
analysis is done [3,5,6], the results of which are presented in graphs (fig. 2, 3).

All graphics and numerical results are obtained in Maple -8, for harmonious potential
and potential of Bartenev Khazanovych, in case of equal roots of the defining equation [2].

The graphs (fig. 2, 3) illustrate the impact of the initial (residual) stresses in elastic
stripes on the law of distribution of stresses in contact stringer from the action of tangential

force Q,5(y, ) for dimensionless values%q(t) .

A

I3
Qq()

0.4

0,3

coo==aa
NOO =SNW

0,2 4

0.1

Figure 2. Contact stress distribution under the Figure 3. Contact stress distribution under the
stringer, the case of harmonic potential stringer, the case of Bartenev-Khazanovych

Here gq(t) — dimensionless tangential contact stresses. The value 4, =1 (the dotted

line on the graphs) — correspond to the classical theory of elasticity coincides with the results
of the work [7];4, =0,7;0,8,0,9— correspond to the initial stresses of compression;

A =11121.3_ correspond to the initial stresses of stretching t— dimensionless coordinate of
the initial stressed state in the elastic stripes with the initial stresses.

Conclusions. In this paper, within the framework of linearized elasticity theory the flat
contact task is considered about the transmission of the load from the endless stringer for two
identical stripes with initial stresses. The researches have been conducted in general terms for
the initial theory of large initial deformations for the arbitrary structure of the elastic potential.
The impact of the presence of the initial (residual) stresses in the stripes on the distribution law
of contact stresses along the line of contact with the infinite stringer has been studied.

The impact of the initial stresses on the stress-strain state along the line of contact
stringer with elastic stripes is that: initial stresses in the stripes lead in the case of compression
to the reduction of the stresses in the contact area, and in the case of stretching — to its increasing,
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and for the movement - on the contrary. This result can be used effectively to regulate contact
efforts when considering the structures for durability. Moreover for the contact stresses initial
stresses are more dangerous in case of stretching, and for the moving — in case of compression.

Comparing fig. 2 and fig. 3, which show the distribution of contact stresses, we can see
that more significant influence of quantitative character initial (residual) stresses form in highly
elastic materials compared with hard materials.

Mechanical effect that is similar to the earlier conducted researches has been discovered
[2, 3, 5], which means that in case when %, , approach to the values of surface resistance of the

material, phenomena of resonance character appear both in the stripes and in the stringer. They
lie in the fact that the stress and the movement in the bodies that interact dramatically change
their meaning.
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INNEPEJAYA HABAHTAKEHHSA BILl HECKIHUEHHOI'O
CTPUHI'EPA J1O ABOX 3ATUCHEHMUX 110 OTHOMY KPAIO
OJHAKOBHUX CMYT 3 IIOYATKOBUMU
GBAMUIIKOBUMN) HAITPY ) KXEHHAMMU

MUKOJIA JIXTAPYK

XmenvHuybkuti HayionanvHul yHigepcumem, XmeabHuyvkui, Ykpaina

Pe3tome. Jlocniooicenns UKOHAHO Y pAMKAX NIHeApU308aH0i Mmeopii NPYICHOCMI 8 3a2albHOMY 8UAA0L
o0na meopii eenuxux (KiHyegux) nouamxosux Oegopmayiti ma 080X GapiaHmie MmMeopii Manux NOYAMKOBUX
Odepopmayiii npu O0BLIbHINL CMPYKMYpi npystcHozo nomenyiany. [locniodcenns nposeoeHo y KOOPOUHAMAX
nouamKo6020 0eopMo8aH020 CMAHY, WO NO8 S3aHI 3 JIASPAHICEBUMU KOOPOUHAMAMU (NPUPOOHO20 CMAHY).
Kpim moeo, npunyckacmocs, wo 63aemo0is 3i cmpuneepom 8i00y8acmuvcsi Nicis Mmoo, K Yy CMy2ax SUHUKIU
NOYAMKOBI HANPYJCeHHs, 4 308HIWHE HABAHMANCEHHS BUKIUKAE 6 CMy2ax Mmane 30YPeHHA OCHOBHO20
Hanpyaicenno-0eghopmosanoeo cmany. Ha ocnosi donywenns, wo ons cmpuneepa, HA8AHmMadiCeHo20 00OHOYACHO
BEPMUKATLHUMU | 2OPU3OHMATILHUMU CUNAM, CHPABEOUBA MOOEelb 32UHY OAIKU 6 NOECOHAHHI 3 OOHOGICHUM
HANPYIHCEHHAM CIMPUCHA. 3a0aua MamemamuyHo GopmyT0eEmsbes y 8U2iioi cucmemu iHmezpo-ougepeHyiarbHux
Di6HANHb GIOHOCHO HEBIOOMUX KOHMAKMHUX HANpYJceHsb. 3a Oonomozor nepemeopenb @yp’e cucmema
PO38’A3yeEmMbCsi 8 3amMKHeHitl ¢opmi. Bupazu uanpysicenv npeocmasnsiromvcs inmeeparamu @Pyp’e documov
npocmoi cmpykmypu. Jocnioxiceno 6naue nouamrosux HANpyx*CceHb HA pO3N00il KOHMAKMHUX HANPYHCEHb |
BUABIEHO eheKmu 30CepedICeHO20 HABAHMAICEHHS.

Knwouoéi cnoea: nineapuzosana meopis npyji#CHOCMI, NOYAMKOSI (3ANUUKOBT) HANPYHCEHHS, KOHMAKMHI
3a0aui, inmezpanvii nepemeopenus Pyp’e.
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