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Summary. The discrete-time conditional linear random process is defined, and its properties in the
context of application for mathematical modelling of information signals in energy and medicine are analyzed.
The relation to the continuous-time counterpart is considered on the basis of time sampling and aggregation. One-
dimensional and multidimensional characteristic functions of discrete-time conditional linear random process are
obtained using conditional characteristic function approach. The conditions for the investigated model to be strict
sense stationary are justified.
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Statement of the problem. In the tasks of creating modern information systems and
technologies, which are based on the methods of processing stochastic signals and noises,
the substantiation of their mathematical models is of great importance. Linear [1-3] and
conditional linear random processes (CLRP) [2-5] are important classes of models gaining
considerable popularity. Such mathematical objects are used for mathematical and computer
modeling of information signals, their generation mechanism makes it possible to represent
them in the form of the sum of a large number of random impulses occurring at random
moments of time. Such signals include, for example, electrophysiological signals of the
brain, photoplethysmography signals, cardio signals, energy consumption processes
(electricity, gas, water consumption), vibration signals of energy objects, radar signals, etc.
[1, 2, 4, 6]. The development of the methodology of mathematical modeling of information
signals using CLRP, as well as the construction of methods for their statistical analysis and
forecasting in information systems for technical and medical purposes is vital scientific and
applied problem.

Analysis of available investigation results. Due to the analysis of literary sources
we can conclude that for the first time the concept of «conditionally linear random process»
have been proposed by Percy A. Pierre [2] in the context of his researches carried out at
RAND Corporation concerning the problem of mathematical modeling of radar signals and
interferences. In paper [2] CLRP is defined in the form of stochastic integral of random
kernel according to the Lévy process, and the possibility of using such model to study
signals represented as the sum of a large number of stochastically dependent random
impulses occurring at Poisson moments of time is also substantiated. In paper [6], similar
processes where random pulses are represented in the form of deterministic functions with
random stochastically dependent parameters have been investigated. Volatility modulated
Lévy-driven Volterra processes and fields [7] can be considered as partial case of CLRP,
where the kernel in the corresponding integral representation is the product of non-random
function and nonnegative stochastic process. In papers [3, 5, 8] and others conditional linear
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random processes with continuous time are investigated by the method of characteristic
functions, the conditions under which CLRP will be stationary or cyclostationary random
process are substantiated, the possibilities of applying CLRP in the problems of
mathematical modeling of information signals in medicine and power engineering are
shown.

Discrete time CLRP, represented as stochastic sum with stationary generating white
noise, was analyzed for the first time in paper [2]. In a number of theoretical works, the
central limit problem concerning randomly weighted sums of random variables [9], linear
processes with random coefficients [10], etc. have been investigated. In various literature
sources, however, there is no analysis of the properties of multidimensional probability
distributions for the general case of discrete time CLRP, which should be taken into account
in applied problems of mathematical modeling and information signals processing.

The objective of the paper is to substantiate the expressions of one-dimensional and
multi-dimensional characteristic functions of discrete time conditional linear random process
in general case and to analyze their properties, particularly, to establish conditions under which
the investigated process is stationary in strict sense.

Statement of the task. Thus, the tasks of the paper are to define the discrete-time CLRP,
to obtain expressions of the conditional and unconditional characteristic functions of the
process, making it possible to determine the conditions under which discrete-time CLRP will
be stationary in the strict sense.

Discrete-time conditional linear random processes. First, let us give the definition of
CLRP with continuous time [3, 5, 8]. That is, conditional linear random process (with
continuous time) &(wm,t), @€, t e (—o0,00) given in certain probability space {Q,F,P} is

defined as stochastic integral in the following form:
E(o,) = [ o(o,7,t)dn(w,17), (1)

where @(®, T,t), T, € (—o0,0) is real random function (kernel);

N(®, 1), T € (—0,0) , P(m(®,0) =0) =1 is real Hilbert stochastically continuous random
process with independent increments;
random functions ¢(w, t,t) i n(w,t) are stochastically independent.

Discrete time real conditional linear random process &, (), t € Z, @ € Q , is defined
as random sequence of the following form:

(@)= 0. (). (0), @

T=—00

where ¢_, (o), t, te Z is real random function (random matrix);
C.(®), teZ is Hilbert sequence of infinitely divisible independent random variables

(infinitely divisible white noise with discrete time);
random functions ¢_ (w) and ¢ (o) are stochastically independent by definition.

Let us denote the mathematical expectation and variance of white noise as follows:
EC.(w)=a, <x, Var[{ (0)]=0c’<x, VT,
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The random sequence (2) can serve as the model of random signal with discrete time,
obtained by sampling of the corresponding signal with continuous time (for example, in the
problems of biomedical signal analysis) or by aggregation of the process with continuous time
(for example, for the problems of energy consumption monitoring). Let us consider the
relationship of models (1) and (2) for both cases, which have an important practical
significance.

According to the method of constructing the stochastic integral (1) [8], we get:

E(w,t) = T(p((o,r,t)dn(oa, T) = L.LTO.J.(p(w,r,t)dn(m, ), in addition j(p((x),r,t)dn(w, T) it

can be represented as the limit in the mean-square sense of integral sums sequence of the

following form: 1, (o,t) =" ¢(®, T, t)An(w,7;) , where =T, < T, < T, <...<T, =b,
i=1

An(o,7;) =n(o, 1) —n(o,7,,), T, €[t 4, 1), i=Ln. That is, if max(r,—7,,)—>0 at
i=1,n

n b
n— oo, then I.i.m.Z(p(oo, T, 1)An(o,1,) = .[(p(m,t,t)dn(co,r) .
n—ow 4 "

Now if we choose T; =ih, T, =1,,,i=12,..., t, =kh,keZ (where h is the
sample time of the process) and denote @(®,T_1,t)=¢;, (®), An(w,1,)=¢, (w)

(increment of the process with independent increments M(®, T) on interval [, T;)), then the

sequence of integral sums can be represented as follows: I, , (®) = Z(Pi,k (0)¢, ().
i=1

Independent random variables (), 1 =1, 2, 3, ... are infinitely divisible because they
are increments of the process with independent increments.

Now let n—oo such that (t; —T;,) =h,i=1n but a—>—00, b— . At the

same time if there is the limit in the mean-square sense of the sequence defined above |, (®)

, then LLLP In,k =& = Z (Pi,ka K€ Z s discrete time CLRP.

a——w I=—0

b—o

It is also possible to obtain discrete time conditional linear random process by aggregating
th

(@)= [ &ws)ds,teZ,

the corresponding continuous-time process, i.e.: (t=Dh where N> 0 js the
aggregation step. For example, in the tasks of monitoring the consumption of energy resources,

there can be &(o1) is electricity load, and & () is electricity consumption during the time

interval [(t=Dh, th] (if h=1 hour, then & () is hourly electricity consumption).
Characteristic functions. In order to obtain the expressions of one-dimensional and

multidimensional characteristic functions of CLRP (2), we will use the properties of

infinitely divisible distributions, as well as the apparatus of conditional characteristic

functions [2, 8, 11, 12].

F(P cF a

Let us denote s O -subalgebra generated by the random function P ((D),

for which the below given conditions are fulfilled with probability 1:
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i 0., > o, (w)‘zﬁf < oo

T=—0 and T=—00 ,

vt

Let us denote |k,|,t(0)):z(Pr,t(@)Cr(0)), k<leZ. Elements ¢_ (). (»)

included in the specified sum are conditionally independent (F  -independent) infinitely
divisible random variables. Therefore, the conditional (relatively to F ) characteristic function

(F , -characteristic function) of the sum I K1t (o) of F , -independent random variables is equal
to the product of their infinitely divisible F -characteristic functions.

Thus, F_-characteristic function of the random variable |k,|,t (0)) , Vte Z nas the
following form:

for (o,u;t) = E(exp[iulk“ (@)J‘ Fq,) _

=exp |u2(pﬂ(oo)a +ZJ'( @ _1—juxe, (@))M} UeR,i=+1,

1=k _p

where K(X;T) is Poisson jump spectrum in Kolmogorov’s form of white noise €. ().
Taking into account the convergence properties of conditional characteristic functions

[11], we can state that there is klim f (o,u;t) = ng‘” (o,ut) = E(eXp[iU‘it(m)]‘F(p) with

[

probability 1.
Let  f,, (uit) =E(exp[iul, ,, (0)])= E[E(exp[iulkvm (@] F¢)J — Ef" (o,u;t)

be the unconditional characteristic function of the sum I, (®). Since ‘fkﬁ“’ ((D,U;t)‘ <1
with probability 1 [2], then we can find the one-dimensional unconditional characteristic

function f. (u;t) = E(exp[iuﬁt(m)]) of the random sequence (2) based on the following
relations:

f (uit) = lim £, (u;t) = lim Ef, " (o,u;t) = E lim for (ou;t) = Ef (o,u;t).

| >0 | >0 | >0

So, one-dimensional characteristic function of the discrete time conditional linear
random process is as follows:

f, (u;t) = E[E(exp[iugt(m)]‘F(p)J _

N o ©)
:Eexp{iuz 0. (o)a, + Z J(eiuxwr,t(w) “1-iuxo, (m))d KX(x r)}

T=—00 T=—0 _g

ISSN 2522-4433. Bicuux THTY, Ne 1 (109), 2023 https://doi.org/10.33108/visnyk_tNtu2023.01 ..........vvevvveveereeeerreererrerneneee 19



Determination of the characteristic function of discrete-time conditional linear random process and its application

According to this, the expression for m-dimensional characteristic function of the
discrete time CLRP is as follows:
-

(U, Uy, Uttt ) = E(exp[izmlukﬁtk (m)D = E[E[exp{izm:ukatk (03)}

—EEXP{'ZUkZ(Pu (w)a, + (@)
k=1 T=—

o © i)(iuk(pnIk (@) K N
+Zj e - —1—|x2uk(p“( ) d, (X v teZu eR,k=1m.

In the same way like for CLRP with continuous time, it is obvious that the probability
distribution of discrete time CLRP belongs to the class of mixtures of infinitely divisible
distributions [13].

Strict sense stationarity. Stationary random processes are an important
class of random signal models that can be used to construct more complex mathematical
objects, for example, piecewise stationary, cyclostationary [14-16], etc. Let us
consider the properties that are required for kernel and generating white noise in
representation (2) in order for discrete time CLRP to be stationary in the strict sense.
For this purpose, we will use the expressions obtained above for the characteristic functions
of CLRP.

Let us assume that for any s € Z the following conditions are met:

- random matrices ¢_,(0),t,teZ and o, (o) are stochastically equivalent in the

wide sense, that is, their finite-dimensional distributions are equal:

)=

(ﬁﬁ{m:cpn,tj(m)<xi,-}} {ﬁ

i=1 j=1 i=1j

{(D:(PTJ.Jrs,thrs((D) < xij}], X; €R, (5)

1

- white noise ¢_(w), T e Z is strict sense stationary:

a_=a_ =a, dK(x1)=dK(Xxt+s)=dK(X).

T T+S

Then characteristic function (4) of the discrete time CLRP satisfies the condition:

f.(u,uy,..ust,t, )= .U, Uy, Ut +s,t +s, 0t +8),VseZl (6)

1 m?
that is, the discrete time CLRP is stationary in the strict sense.

The above mentioned statement can be proved by means of analyses the properties
of multidimensional characteristic function (4). Further, if the random variables &(w) and

n(w) have the same distributions, then we write Law(§(w)) = Law(n(w)) . Thus,
Law(az U, Z ?., (w)j = Law(az U, Z Py i ((D)J = Law[az Uy Z Pt (w)J,
k=1 T=—00 k=1 T=—00 k=1 T=—00
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o ® iXiUNu (@) L dK (x
Law| > I e = —1-ix3 U, (©) g -
T=—0 o k=1 - X
© © ixzm:ukgomvws(w) L dK(X)
= LaW Z J. e —1_|Xz uk(pr+s,tk+5(m) 2 =
P—— k=1 X
© © ixZuktpmkﬁ (») L dK(X)
cto] 1 F T S e, ) %
——— k=1

Therefore, the distribution of m-dimensional Fq,-characteristic function

f;“’(co,ul,u2,...,um;t1,t2,...,tm) of the discrete time CLRP does not depend on the shift in the

set of its time arguments, i.e.

Law( f;“’ (o,u,U,,....,u ;t,t,,....t ) = Law( f;“’(a), U, Uy, Uit +5, 8, 45,00, 1 +5)) .

m?

Since f. (ul,uz,...,um;tl,tz,...,tm):Ef;“’(co,ul,uz,...,um;tl,tz,...,tm), then (6)

holds, i.e., discrete time CLRP is stationary in the strict sense.

Conclusions. In this paper, discrete time CLRP is defined, the relationship with the
corresponding model with continuous time is analyzed. The expressions for one-
dimensional and multi-dimensional characteristic functions of the process are substantiated,
which makes it possible to characterize the conditions under which CLRP will be stationary
in the strict sense. On the basis of the obtained expressions for characteristic functions, it is
also possible to determine the conditions under which the investigated discrete-time process
will be cyclostationary.
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BU3HAUYEHHS XAPAKTEPUCTUYHOI ®YHKIIII YMOBHOI'O
JIHIMHOT' O BUIIA JKOBOI'O IMTPOIIECY 3 JMCKPETHUM YACOM
TA Il 3BACTOCYBAHHSI

Muxaiijio ®pu3; borrana MuInHKo

Tepnoninvcovkuil HayiOHAILHUN MeXHIYHUL YHigepcumem imeni leana [lynios,
Tepnoninw, Yrpaina

Pe3tome. Jliniini ma ymosHi ninitini eunaoxosi npoyecu (YJIBII) nowupeni y 3a0auax mamemamuyHozo
MOOENIOBAHHA CMOXACMUYHUX [THQOPMAYIIHUX CUSHANIB, 300pAXCY8AHUX V BUSTAOL CYyMU BEIUKO20 HUCIA
BUNAOKOBUX IMNYIbCIB, WO BUHUKATOMb Y 8UNaokosi momenmu yacy. [na YJIBII yi imnyascu € cmoxacmuuno
3ANeACHUMU (015 JUHIUHUX NPOYecie — He3ANeNCHI), a MOMeHmu iX GUHUKHEHHS YMBOPIoIomb HeOOHOPIOHUL
nyacconiécokuti nomix. Ilpuxnadamu makux CUcHANI6 MOXCYmb Oymu eiekmpo@iziono2iuni cueHamu (cyma
NOCMCUHANMUYHUX NOMEHYIANi8), Npoyecu CHONCUBAHHA eHepeopecypcie (enekmpo-, 2a30-, 000CNONCUBAHHS),
8ibpayiiini cuenaniu enepeood’ckmis, padionokayiini cuenaiu ma in. Pozeumox memooonocii mamemamuunozo
MoOenosanus  iH@opmayitinux cuenanie i3 euxkopucmannam YJIBII, a maxodxc nobydosa memooie ix
CMAmMuUCmMuyHo20 aHAi3y i NPOSHO3Y8AHHS 8 THPOPMAYIUHUX CUCEMAX MEXHIYHO20 1l MEOUYHO20 NPUSHAYEHHS
€ aKMyanbHOI HAYKOBO-NPUKIAOHOK npobremoro. Ilpoananizoeano eapianm mooeni YJIBII i3 Ouckpemruum
4acom, wo Modxce Oymu OMPUMAHUU WISAXOM OUCKpemu3ayii 8i0N0BIOHO20 CUSHATY 3 HeNepepeHuM 4acom (8
iHGhOpMayitiHuX cucmemax i MexHoN02iAX Yu@dpoeoeo onNpayro8aHHs OAHUX) AOO JHC WIIAXOM 1020 azpezayil
(Hanpuxnao, y cucmemax MOHIMOPUH2Y CRONCUBAHHS eHepeopecypcig). Ompumano upasu 01 0OHO8UMIPHOL ma
b6azamosumiproi xapaxmepucmuyroi QYHKYii 00CHi0NCY8aAH020 NPOYecy, Wo 0aA€ MONCIUBICMb 30IUCHIO8AMU
meopemuunull aHani3 UMOGIPHICHUX 81ACMUBOCMEL MOOeTbOBAHUX CUcHANis. Bemanosneno, wo timogipHicHuil
PO3N00IN YMOBHO20 JIHIIHO20 BUNAOKOB020 NPOYecy 3 OUCKPEMHUM YACOM HALeHCUMb 00 Kiacy cymiutell
0e3MeNCHO NOOINbHUX PO3N00inie. Taxkodc y pobomi 00TPYHMOBAHO YMOBU, AKUM NOBUHHI 3A0080ILHAMU AOPO MA
ROPOOCYIOUULL Oe3MeNHCHO NOOLTbHULL Oinull wym y 300paxcenni YJIBII ons mozo, wo6 6in 6ye cmayionapuum y
8y3bKoMY ceHci. [lepcnekmuHuUM HANPAMKOM OOCTIONHCEHD € AHANI3Z 81ACTNUBOCTEN YUKIOCMAYIOHAD HUX YMOGHUX
JUHIUHUX 8UNAOKOBUX NPOYECi8 I3 OUCKPEMHUM YACOM, SKUN MOJICHA 30IUICHUMU HA OCHOBI De3yibmamis,
BUKIAOEHUX Y OaHill poOOm.

Kniouosi cnosa: mamemamuuna mooens, iHOOPMAYIUHUL CUSHAL, YMOGHUU JIHIHULL BUNAOKOBULL
npoyec, XapakmepucmuyHa QyHKyis, CmayioHapHuil Y 8y3bKOMY CEHCI 6UNAOKOBULL Npoyec.
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