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Summary. The discrete-time conditional linear random process is defined, and its properties in the 

context of application for mathematical modelling of information signals in energy and medicine are analyzed. 

The relation to the continuous-time counterpart is considered on the basis of time sampling and aggregation. One-

dimensional and multidimensional characteristic functions of discrete-time conditional linear random process are 

obtained using conditional characteristic function approach. The conditions for the investigated model to be strict 

sense stationary are justified. 
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Statement of the problem. In the tasks of creating modern information systems and 

technologies, which are based on the methods of processing stochastic signals and noises, 

the substantiation of their mathematical models is of great importance. Linear [1–3] and 

conditional linear random processes (CLRP) [2–5] are important classes of models gaining 

considerable popularity. Such mathematical objects are used for mathematical and computer 

modeling of information signals, their generation mechanism makes it possible to represent 

them in the form of the sum of a large number of random impulses occurring at random 

moments of time. Such signals include, for example, electrophysiological signals of the 

brain, photoplethysmography signals, cardio signals, energy consumption processes 

(electricity, gas, water consumption), vibration signals of energy objects, radar signals, etc. 

[1, 2, 4, 6]. The development of the methodology of mathematical modeling of information 

signals using CLRP, as well as the construction of methods for their statistical analysis and 

forecasting in information systems for technical and medical purposes is vital scientific and 

applied problem. 

Analysis of available investigation results. Due to the analysis of literary sources 

we can conclude that for the first time the concept of «conditionally linear random process» 

have been proposed by Percy A. Pierre [2] in the context of his researches carried out at 

RAND Corporation concerning the problem of mathematical modeling of radar signals and 

interferences. In paper [2] CLRP is defined in the form of stochastic integral of random 

kernel according to the Lévy process, and the possibility of using such model to study 

signals represented as the sum of a large number of stochastically dependent random 

impulses occurring at Poisson moments of time is also substantiated. In paper [6], similar 

processes where random pulses are represented in the form of deterministic functions with 

random stochastically dependent parameters have been investigated. Volatility modulated 

Lévy-driven Volterra processes and fields [7] can be considered as partial case of CLRP, 

where the kernel in the corresponding integral representation is the product of non-random 

function and nonnegative stochastic process. In papers [3, 5, 8] and others conditional linear 
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random processes with continuous time are investigated by the method of characteristic 

functions, the conditions under which CLRP will be stationary or cyclostationary random 

process are substantiated, the possibilities of applying CLRP in the problems of 

mathematical modeling of information signals in medicine and power engineering are 

shown. 

Discrete time CLRP, represented as stochastic sum with stationary generating white 

noise, was analyzed for the first time in paper [2]. In a number of theoretical works, the 

central limit problem concerning randomly weighted sums of random variables [9], linear 

processes with random coefficients [10], etc. have been investigated. In various literature 

sources, however, there is no analysis of the properties of multidimensional probability 

distributions for the general case of discrete time CLRP, which should be taken into account 

in applied problems of mathematical modeling and information signals processing. 

The objective of the paper is to substantiate the expressions of one-dimensional and 

multi-dimensional characteristic functions of discrete time conditional linear random process 

in general case and to analyze their properties, particularly, to establish conditions under which 

the investigated process is stationary in strict sense. 

Statement of the task. Thus, the tasks of the paper are to define the discrete-time CLRP, 

to obtain expressions of the conditional and unconditional characteristic functions of the 

process, making it possible to determine the conditions under which discrete-time CLRP will 

be stationary in the strict sense. 

Discrete-time conditional linear random processes. First, let us give the definition of 

CLRP with continuous time [3, 5, 8]. That is, conditional linear random process (with 

continuous time) ( , ), , ( , )t t       given in certain probability space  , , PF  is 

defined as stochastic integral in the following form: 
 

( , ) ( , , ) ( , )t t d





         , (1) 

 

where ( , , ), , ( , )t t        is real random function (kernel);  

( , ), ( , )      , ( ( ,0) 0) 1   P  is real Hilbert stochastically continuous random 

process with independent increments;  

random functions ( , , )t    і ( , )    are stochastically independent. 

Discrete time real conditional linear random process ( )
t
  , tZ ,  , is defined 

as random sequence of the following form: 
 

,
( ) ( ) ( )

t t



 



       , (2) 

 

where 
,
( )

t
  , ,t Z  is real random function (random matrix);  

( )

  , Z  is Hilbert sequence of infinitely divisible independent random variables 

(infinitely divisible white noise with discrete time);  

random functions 
,
( )

t
   and ( )


   are stochastically independent by definition. 

Let us denote the mathematical expectation and variance of white noise as follows: 

( ) a
 
    E ,   2

Var ( )
 

      ,  .  
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The random sequence (2) can serve as the model of random signal with discrete time, 

obtained by sampling of the corresponding signal with continuous time (for example, in the 

problems of biomedical signal analysis) or by aggregation of the process with continuous time 

(for example, for the problems of energy consumption monitoring). Let us consider the 

relationship of models (1) and (2) for both cases, which have an important practical 

significance. 

According to the method of constructing the stochastic integral (1) [8], we get: 

( , ) ( , , ) ( , ) . . . ( , , ) ( , )

b

a
ab

t t d l i m t d




 

                 , in addition ( , , ) ( , )

b

a

t d       it 

can be represented as the limit in the mean-square sense of integral sums sequence of the 

following form: 
1

( , ) ( , , ) ( , )
n

n i i

i

I t t


        , where 0 1 2
...

n
a b          , 

 1 1
( , ) ( , ) ( , ), , , 1,

i i i i i i
i n

 
                . That is, if 

1
1,

max( ) 0
i i

i n



     at 

n , then 
1

. . . ( , , ) ( , ) ( , , ) ( , )

bn

i i
n

i a

l i m t t d




              . 

Now if we choose 1
, , 1, 2, ...

i i i
ih i


      , ,

k
t kh k Z  (where h  is the 

sample time of the process) and denote 1 ,
( , , ) ( )

i k i k
t


      , ( , ) ( )

i i
       

(increment of the process with independent increments ( , )    on interval  1
,

i i
  ), then the 

sequence of integral sums can be represented as follows: , ,

1

( ) ( ) ( )
n

n k i k i

i

I


      . 

Independent random variables ( ), 1, 2, 3, ...
i

i    are infinitely divisible because they 

are increments of the process with independent increments.  

Now let n  such that 1
( ) , 1,

i i
h i n


     , but a , b  . At the 

same time if there is the limit in the mean-square sense of the sequence defined above ,
( )

n k
I 

, then , ,
. . . ,

n k k i k i
n

ia
b

l i m I k







      Z  is discrete time CLRP.  

It is also possible to obtain discrete time conditional linear random process by aggregating 

the corresponding continuous-time process, i.e.: ( 1)

( ) ( , ) , ,

th

t

t h

s ds t


      Z

 where 0h   is the 

aggregation step. For example, in the tasks of monitoring the consumption of energy resources, 

there can be 
( , )t 

is electricity load, and 
( )

t
 

 is electricity consumption during the time 

interval 
 ( 1) ,t h th

 (if 1h   hour, then 
( )

t
 

 is hourly electricity consumption).  

Characteristic functions. In order to obtain the expressions of one-dimensional and 

multidimensional characteristic functions of CLRP (2), we will use the properties of 

infinitely divisible distributions, as well as the apparatus of conditional characteristic 

functions [2, 8, 11, 12]. 

Let us denote 
F F

as  -subalgebra generated by the random function ,
( )

t
 

, 

for which the below given conditions are fulfilled with probability 1: 
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,
( )

t
a



 



   
 and 

2 2

,
( )

t



 



    
, t . 

 

Let us denote , , ,
( ) ( ) ( )

l

k l t t

k

I
 



      , k l Z . Elements ,
( ) ( )

t 
     

included in the specified sum are conditionally independent (


F -independent) infinitely 

divisible random variables. Therefore, the conditional (relatively to 


F ) characteristic function 

(


F -characteristic function) of the sum , ,
( )

k l t
I   of 


F -independent random variables is equal 

to the product of their infinitely divisible 


F -characteristic functions. 

Thus, 


F -characteristic function of the random variable , ,
( )

k l t
I  , t Z  has the 

following form: 
 

 , , ,
( , ; ) exp ( )

k l k l t
f u t iuI


     E

F
F  

 , ( )

, , 2

( ; )
exp ( ) 1 ( ) , , 1t

l l
iux x

t t

k k

d K x
iu a e iux u i

x




 

  

  

 
           

 
   R , 

 

where ( ; )K x   is Poisson jump spectrum in Kolmogorov’s form of white noise ( )

  . 

Taking into account the convergence properties of conditional characteristic functions 

[11], we can state that there is   ,
lim ( , ; ) ( , ; ) exp ( )E

k l t
k
l

f u t f u t iu 

 



     
F F

F  with 

probability 1. 

Let    , , , , , ,
( ; ) exp ( ) exp ( ) ( , ; )E E E E

k l k l t k l t k l
f u t iuI iuI f u t


             

F
F  

be the unconditional characteristic function of the sum , ,
( )

k l t
I  . Since ,

( , ; ) 1
k l

f u t  
F

 

with probability 1 [2], then we can find the one-dimensional unconditional characteristic 

function   ( ; ) exp ( )E
t

f u t iu


    of the random sequence (2) based on the following 

relations: 

 

, , ,
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So, one-dimensional characteristic function of the discrete time conditional linear 

random process is as follows: 
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According to this, the expression for m -dimensional characteristic function of the 

discrete time CLRP is as follows: 

 

1 2 1 2

1 1

( , ,..., ; , ,..., ) exp ( ) exp ( )E E E
k k

m m

m m k t k t
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(4) 

 

In the same way like for CLRP with continuous time, it is obvious that the probability 

distribution of discrete time CLRP belongs to the class of mixtures of infinitely divisible 

distributions [13]. 

Strict sense stationarity. Stationary random processes are an important 

class of random signal models that can be used to construct more complex mathematical 

objects, for example, piecewise stationary, cyclostationary [14–16], etc. Let us 

consider the properties that are required for kernel and generating white noise in 

representation (2) in order for discrete time CLRP to be stationary in the strict sense. 

For this purpose, we will use the expressions obtained above for the characteristic functions 

of CLRP. 

Let us assume that for any Zs  the following conditions are met: 

- random matrices 
,
( )

t
  , , Zt   and 

,
( )

s t s 
   are stochastically equivalent in the 

wide sense, that is, their finite-dimensional distributions are equal: 
 

   , ,

1 1 1 1

: ( ) : ( ) ,P P R
j j j j

n m n m

t ij s t s ij ij

i j i j

x x x
   

   

   
            

   

, (5) 

 

- white noise ( ), Z


    is strict sense stationary: 

 

s
a a a
 
  ,   ( ; ) ( ; ) ( )

x x
d K x d K x s dK x    . 

 

Then characteristic function (4) of the discrete time CLRP satisfies the condition: 

 

1 2 1 2 1 2 1 2
( , ,..., ; , ,..., ) ( , ,..., ; , ,..., ), Z

m m m m
f u u u t t t f u u u t s t s t s s
 

      . (6) 

 

that is, the discrete time CLRP is stationary in the strict sense. 

The above mentioned statement can be proved by means of analyses the properties 

of multidimensional characteristic function (4). Further, if the random variables ( )   and 

( )   have the same distributions, then we write Law( ( )) Law( ( ))     . Thus, 

 

, , ,

1 1 1

Law ( ) Law ( ) Law ( ) ,
k k k

m m m

k t k s t s k t s

k k k

a u a u a u
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Therefore, the distribution of m-dimensional 


F -characteristic function 

1 2 1 2
( , , ,..., ; , ,..., )

m m
f u u u t t t




F
 of the discrete time CLRP does not depend on the shift in the 

set of its time arguments, i.e. 

 

1 2 1 2 1 2 1 2
Law( ( , , ,..., ; , ,..., )) Law( ( , , ,..., ; , ,..., ))

m m m m
f u u u t t t f u u u t s t s t s 

 
     

F F
. 

 

Since 1 2 1 2 1 2 1 2
( , ,..., ; , ,..., ) ( , , ,..., ; , ,..., )E

m m m m
f u u u t t t f u u u t t t

 
 

F
, then (6) 

holds, i.e., discrete time CLRP is stationary in the strict sense. 

Conclusions. In this paper, discrete time CLRP is defined, the relationship with the 

corresponding model with continuous time is analyzed. The expressions for one-

dimensional and multi-dimensional characteristic functions of the process are substantiated, 

which makes it possible to characterize the conditions under which CLRP will be stationary 

in the strict sense. On the basis of the obtained expressions for characteristic functions, it is 

also possible to determine the conditions under which the investigated discrete-time process 

will be cyclostationary. 
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ВИЗНАЧЕННЯ ХАРАКТЕРИСТИЧНОЇ ФУНКЦІЇ УМОВНОГО 

ЛІНІЙНОГО ВИПАДКОВОГО ПРОЦЕСУ З ДИСКРЕТНИМ ЧАСОМ 

ТА ЇЇ ЗАСТОСУВАННЯ 
 

Михайло Фриз; Богдана Млинко 
 

Тернопільський національний технічний університет імені Івана Пулюя, 

Тернопіль, Україна 
 

Резюме. Лінійні та умовні лінійні випадкові процеси (УЛВП) поширені у задачах математичного 

моделювання стохастичних інформаційних сигналів, зображуваних у вигляді суми великого числа 

випадкових імпульсів, що виникають у випадкові моменти часу. Для УЛВП ці імпульси є стохастично 

залежними (для лінійних процесів – незалежні), а моменти їх виникнення утворюють неоднорідний 

пуассонівський потік. Прикладами таких сигналів можуть бути електрофізіологічні сигнали (сума 

постсинаптичних потенціалів), процеси споживання енергоресурсів (електро-, газо-, водоспоживання), 

вібраційні сигнали енергооб’єктів, радіолокаційні сигнали та ін. Розвиток методології математичного 

моделювання інформаційних сигналів із використанням УЛВП, а також побудова методів їх 

статистичного аналізу й прогнозування в інформаційних системах технічного й медичного призначення 

є актуальною науково-прикладною проблемою. Проаналізовано варіант моделі УЛВП із дискретним 

часом, що може бути отриманий шляхом дискретизації відповідного сигналу з неперервним часом (в 

інформаційних системах і технологіях цифрового опрацювання даних) або ж шляхом його агрегації 

(наприклад, у системах моніторингу споживання енергоресурсів).  Отримано вирази для одновимірної та 

багатовимірної характеристичної функції досліджуваного процесу, що дає можливість здійснювати 

теоретичний аналіз ймовірнісних властивостей модельованих сигналів. Встановлено, що ймовірнісний 

розподіл умовного лінійного випадкового процесу з дискретним часом належить до класу сумішей 

безмежно подільних розподілів. Також у роботі обґрунтовано умови, яким повинні задовольняти ядро та 

породжуючий безмежно подільний білий шум у зображенні УЛВП для того, щоб він був стаціонарним у 

вузькому сенсі. Перспективним напрямком досліджень є аналіз властивостей циклостаціонарних умовних 

лінійних випадкових процесів із дискретним часом, який можна здійснити на основі результатів, 

викладених у даній роботі.  

Ключові слова: математична модель, інформаційний сигнал, умовний лінійний випадковий 

процес, характеристична функція, стаціонарний у вузькому сенсі випадковий процес. 
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