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Summary. The problem of construction of a new mathematical model of the gas consumption process is
considered in this paper. The new mathematical model is presented as an additive mixture of three components: cyclic
random process, trend component and stochastic residue. The process of obtaining three components is carried out on
the basis of caterpillar method, thus obtaining ten components of singular decomposition. In this approach, the cyclic
component is formed from the sum of nine components of the schedule, which have one thing in common — repeated
deployment over time. The trend component of the new mathematical model is the second component of singular
decomposition, and the stochastic residue is formed on the basis of the difference between the values of the studied gas
consumption process and the sum of cyclic and trend components. Two approaches to stochastic processing of cyclic
gas consumption process based on the known model of stochastic-periodic random process and cyclic random process
as models of the cyclic component are used in this paper. Application of mathematical model of cyclic component in the
form of cyclic random process with cyclic structure makes it possible to obtain estimation of variance on cycle of gas
consumption process, provided segmentation of cyclic component on depressions, much less in comparison of obtained
variance estimation for indicating greater accuracy in the study of the gas consumption process and will use the obtained
stochastic estimates when modeling the gas consumption process in further studies.

Key words: cyclic random process, gas consumption process, statistical processing, segmentation, cyclic
random process.
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Statement of the problem. At the present stage of development of science and
technology, one of the main problem is the need for efficient use of natural resources, including
energy resources, which by their nature are exhaustible, limited. This problem is especially
important while using natural gas. The important task of gas supply companies is the
distribution and control of natural gas consumption, which saves expensive energy resources.
This is possible due to effective information systems that monitor, control and annually forecast
natural gas consumption. The use of new hardware and software systems or the modernization
of old ones due to the use of effective software in decision-making systems will allow us to see
and analyze possible ways of natural gas saving. Such approaches can be implemented by
constructing mathematical models and methods of processing the gas consumption process,
taking into account the effects of various factors, such as climatic conditions, which have
significant impact on the process of gas supply to the population.

Analysis of available investigation results. The topology of natural gas consumption
is complex, it depends on the influence of various factors, as well as the external environment.
Numerous papers concerning the development of gas consumption processes use two
approaches for the construction of mathematical models — deterministic and stochastic. In
published works, methods for predicting natural gas consumption are investigated using various
tools and techniques. Various models are used to predict natural gas consumption, including
Hubbert curve model, neural network model, statistical models, Gray prediction model,
econometric model, Stochastic model of Gompertz innovation diffusion, dynamic system
model and others. The authors in paper [1] using stochastic approach have developed the model
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in the form of linear periodic random process, which describes the energy load and makes it
possible to take into account the rhythm of this process. Also in paper [2] the model of loads of
the gas supply system in the form of linear periodic random process is described. In papers [3,
4] the model of Hubbert curve is presented. This model can be used to simulate the logistics
function, and particularly to predict natural gas consumption. By processing information using
artificial neural network, it is possible to predict the consumption of natural gas as shown in
papers [5-7]. The approach in which statistical models are used for forecasting is also known
[8]. In paper [9], the investigation using econometric modeling to predict natural gas
consumption is described, and in [10], Bayesian averaging model (BAM) is used.

The objective of the paper. This paper is devoted to the development of mathematical
model of gas consumption process based on the stochastic approach in the form of additive
mixture of components: cyclic random process, trend component and stochastic residue.

Statement of the problem. In order to construct a new mathematical model of the gas
consumption process, first of all let us consider the mathematical model in the form of cyclic
random process, as it will be used as its component. In paper [11] the mathematical model which
makes it possible to describe cyclic signals in the form of cyclic random process is substantiated.
This model, as a partial case, includes the model in the form of stochastic-periodic random process
considered in paper [12]. According to paper [11], a separable random process
{E(w,t), w e, t e R} is called cyclic random process if there is function T(t,n) that satisfies

the conditions of the rhythm function, i.e. conditions (1), (2), that are finite-dimensional vectors
(&), E@1,) o E(@1)) aNd (E(,t, +T (1, 0)s E(@,t, + Tt n)) e E(@, b +T(t,N)),
neZ,where {t;, t,,...,t} is the set of separability of the process {&(w,t),w < ©,t < R}, for all

integers k >1 are stochastically equivalent in broad sense.
Rhythm function T(t,n) determines the law of change of time intervals between single-

phase values of the cyclic function.
Function T (t,n) should satisfy the following properties.

It is given on the whole real axis t € R and on the whole set of integers and is equal to
zero when n=0. In other cases, it is either positive or negative, i.e.:

a) T(t,n)>0,if n>0;
b) T(t,n)=0,if n=0; 1)
¢) T(t,n)<o0,if n<O0.

Forany t, e Rand t, e R for which t, > t, the inequality for functionT (t,n)is:
t,+T(t,n)<t,+T(t,,n),VneZ )

The cyclic random process of continuous argument is characterized by the fact that the
family of its consistent distribution functions satisfies the following equality:

B (XX tety) =

= Fké(xl,...,xk,tl+T(t1,n),...,tk +T(t,,n)), (3)

XX byt e RyneZ, ke N

Mathematical model. Now let us represent the mathematical model of the cyclic
process of gas consumption &'(@,t) in the form of additive model consisting of three
components (4). As noted above, the similar approach is used in paper [13], but let us specify
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the components of the new mathematical model. The additive model describing the cyclic
unfolding during the gas consumption process is presented in the form of cyclic random
process, in contrast to the proposed approach in paper [13] when the given component of the
model is considered as stochastic-periodic random process:

g'(ot)=c(o )+, (1) + f, (0"1),

” 14 (4)
teW,0eQ, 0" e Q’,

where £(ew,t) is cyclic component, f,_(t) is trend function, f, (®" 1) is stochastic balance

function.
Since in practice we are dealing with discrete data, let us represent the mathematical
model (3) in the following way:

co() =&, M)+ f N+ fropr (). TeW=D Q)

where & (1) is implementation of the cyclic component of gas consumption process, f, (I)is
trend function, f, . (l)is stochastic balance function, | — discrete samples of gas consumption

process, L —number of samples of gas consumption process of the registered implementation.
In order to obtain the components of mathematical model (4) in the study of real cyclic

process of gas consumption & (1),1 =1L, let us use the method of Caterpillar-SSA. This

method describes the transformation of one-dimensional time series into multidimensional one,
which makes it possible to apply the principal components method to obtain multidimensional
time series [14].

When applying Caterpillar method, we obtain k — implementation of components
{fk(l),k =0,K-11=1, L}, where K =10, | — parts of the gas consumption process during
2006-2019, L — the number of discrete implementation samples.

The cyclic component is obtained by summing the components obtained on the basis of
Caterpillar method particularly components: 0-1, 3-9, component 2 is trend component:

e,)=3 0+ f0),1=1L, (6)
f()=F,0), 1=1L. ()

The stochastic residue is obtained on the basis of the ratio:

Framer () =E0 (D = (&, (D + , (1), 1=L L )

Let us consider in detail £ (I) — the component of the mathematical model (5), which
carries information about the process of gas consumption. Let us represent it in the following form:

§(u(|)=Zfi(|),|€W (9)

where C is the number of segments-cycles of the cyclic process of gas consumption, W is the
area of determination of the cyclic process of gas consumption, and the area of its values, for

ISSN 2522-4433. Bicuux THTY, Ne 4 (104), 2021 https://doi.org/10.33108/visnyk_tNtu2021.04 .............ovveeeeveererrerrereerreneen 89



Additive mathematical model of gas consumption process

the stochastic approach is Hilbert space of random variables given in one probability space
(&,(1)e ¥ =L,(,P)). In structure (9) segments-cycles f,(l) of the cyclic process of gas
consumption are determined by indicator functions, i.e.:

f()=¢&,0)-1,,(1)i=1C, lew (10)

In this casethe indicator functions that allocate segments-cycles are defined as:

oo et

where W, is the area of determination of the indicator function, which in the case of discrete
signal, i.e. W =D, equal to discrete set of samples:

W=l T3} @2

The segmental cyclic structure f)C is taken into account by the set of time samples {l.}

or {|i1j},i =1,C, j=1J,where J is the number of discrete samples in the cycle. This notation

of the mathematical model (9) takes into account the rhythm of the cyclic process of gas
consumption through continuous rhythm function T(1,n), namely:

Ly ()=1y, (1+T(,N), i=1C,n=L1eW, (13)

i+n

Taking into account the stochastic-periodic approach (as mathematical model of the
cyclic component), the indicator function will take into account period — T and is as follows:

l,()=1, (1+n-T), i=1C,n=11eW. (14)

i i+T

In order to assess the rhythm function T(1,n), the segmental structure of gas consumption

process (in this case the segmental cyclic structure) is determined first as f)C ={l,,i= 1,_C} being

a set of time moments that correspond to the boundaries of the segments-cycles of the gas
consumption process. The estimation of the segmental cyclic structure of the gas consumption
process can be carried out using the segmentation methods presented in paper [15].

In the course of the research the segmental structure If)C and estimation of the rhythmic

structure (discrete rhythm function T(1,n)) are obtained by the methods proposed in papers [16—

18]. Methods of statistical processing taking into account the rhythm function are also used [16-18].
Evaluation of mathematical expectation:

1 M

me(l,n)(I)zﬁégw(l +T(I’n))’ (15)
leW, = [Il'IZ)

where 1, =0 is in the general case, 1,l,are discrete time samples that correspond to the
beginning and end of the first segment-cycle, M is the number of cycles.
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Estimation of variance:

1 m[E(1+T(1,n)) ’
éT(ln) - ﬁ nZ;‘|: me(lm(I +T(I,n))} , (16)
leW, = [Il’IZ)

To compare the results of statistical processing based on the model in the form of a
cyclic random process, we will also conduct statistical processing based on the stochastic-
periodic approach to processing the cyclic component of gas consumption taking into account
the period.

Assessment of mathematical expectation:

In order to compare the results of statistical processing based on the model in the form
of cyclic random process, we also carry out statistical processing based on the stochastic-
periodic approach to processing the cyclic component of gas consumption taking into account

period T while statistical estimates are the following:
Assessment of mathematical expectation:

méa):ﬁé@(nnf),mw (17)

Estimation of variance:

. T T,
M & " (18)
leW,

where T is the value of the period estimated by the known method [19]; n is the value of the
multiple period.
Applying the methods of statistical processing, statistical estimates of probabilistic

o

characteristics are obtained (mathematical expectation mé“n)(l),lew1 and variance

d}mm (I),1 € W, based on rhythm function T(1,n) andr, (1), &ST (), based on period) of the
cyclic process of gas consumption (Fig. 5-8).

800001 <o)
700001
600001
500001
400001
300001
200001
10000}

0 I, years

2006 2008 2010 2012 2014 2016

Figure 1. Input implementation (cyclic component) of the cyclic process of gas consumption
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Figure 2. The results of segmentation of the cyclic process of gas consumption:
a) based on segmentation into vertex cycles; b) based on segmentation into cycles by depressions
(abscissa axis data are given in conventional units)
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Figure 3. Fragments of the results of the estimated rhythm function (piecewise linear interpolation)
of the cyclic process of gas consumption: a) based on segmentation into vertex cycles;
b) based on segmentation into cycles by depressions
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Figure 4. Fragments of the investigated implementations of the gas consumption process:
a) for the case of segmentation by vertices; b) for the case of segmentation by depressions
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Figure 5. Estimation of mathematical expectation and variance on the basis of taking into account the
estimated function of the rhythm of the cyclic process of gas consumption (segmentation into cycles on the
vertices): a) estimation of mathematical expectation; b) estimation of variance
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Figure 6. Estimation of mathematical expectation and variance based on the period
of the cyclic process of gas consumption for implementation (Fig. 4, a):
a) estimation of mathematical expectation; b) estimation of variance
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Figure 7. Estimation of mathematical expectation and variance on the basis of taking into account the
estimated function of the rhythm of the cyclic process of gas consumption (segmentation into cycles by
depressions): a) estimation of mathematical expectation; b) estimation of variance
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Figure 8. Estimation of mathematical expectation and variance based on the period of the cyclic process of
gas consumption for implementation (Fig. 4, b): a) estimation of mathematical expectation; b) estimation of

variance
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Figure 9. Estimation of mathematical expectation and variance based on the period
of the cyclic process of gas consumption for implementation (Fig. 4, b):
a) estimation of mathematical expectation; b) estimation of variance

Discussion of the obtained results. While studying the implementation of the gas
consumption process on the basis of mathematical model of the cyclic random process,
statistical processing methods, which take into account the rhythm function are used. And while
using the well-known mathematical model — stochastic-periodic random process, the processing
is based on the period. The first approach to estimate the rhythm function uses the methods of
segmentation of the studied implementation of the process of gas consumption — segmentation
at the vertices and segmentation at the depressions. As a result, we obtained segment-cyclic
structures and evaluated rhythm functions. Since the peaks of gas consumption process
correspond to the winter season, and the depressions account for the use of gas in the summer
season, the peaks reflect significant changes in gas consumption. Taking this into account this,
it is not reasonable to segment the vertices. This confirms the fact that the obtained estimates
of variances of gas consumption process (segmentation by vertices) have much higher values

of variance d gmm(l) compared to estimates of variances obtained on the basis of statistical

methods based on the period d 5, (I). Taking into account the results of comparison of the

obtained variance estimates (see Fig. 9, b) based on two mathematical models of stochastic-
periodic process and cyclic random process, as well as taking into account two approaches to
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segmentation of the studied implementation by vertices and depressions, it follows that taking
into account the rhythm function (mathematical model in the form of cyclic random process)

based on segmentation by depressions, gives much less variance d Erram (I) compared to other

results, including on the basis of mathematical model in the form of stochastic-periodic random
process d, (1.

Conclusions. New mathematical model in the form of additive mixture of three
components: cyclic random process, trend component and stochastic residue is developed.
Methods of statistical estimation of probabilistic characteristics of the gas consumption process
based on the use of mathematical model in the form of cyclic random process are substantiated.
Comparative analysis of the results of statistical processing of the gas consumption process
showed that the new mathematical model in the form of cyclic random process gives less
variance and therefore is more adequate than the known mathematical model in the form of
stochastic-periodic random process, and statistical analysis methods significantly eliminate
undesirable effect of statistical estimates «blurringy», provided segmentation by depressions, not
by peaks. It is not observed in case with the methods of processing of gas consumption process
based on the period.

In further scientific researches it is planned to carry out the comparative analysis of the
results of gas consumption process modeling on the basis of new mathematical model and the
received statistical estimations.
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VJIK 519.6

AIUTUBHA MATEMATHUYHA MOJEJIb ITPOLECY
I'A30CIHHOKUBAHHSA

Apocaas JlutBunenko; Cepriii Jlynenko; Ouer Hazapesuu;
I'puropii IHumuyk; Boaogumup I'otoBu4

Tepnoninbcokuu HayioHanrbHuu mexHivHuu yHigepcumem imeni leana 1lynros,
Tepnoninw, Yrkpaina

Pe3tome. Poszenanymo 3aoauy no6yoosu Hooi mamemamuunoi modeni npoyecy eazocnodcusanus. Hosa
Mamemamuyna Mooeib N0Oana y 8ueisiol AOUMUGHOT CyMiti MPbOX KOMINOHEHM . YUKITUHUL 6UNAOKO8UIL npoyec,
MpeHo008a KOMNOHenma ma CMoXacmuyHull 3aruulox. Ilpoyec ompumants mpbox KOMHOHeHM 30iUCHIOEMbCA HA
OCHOBI 3aCMOCYBAHHA MeMOoOy yCeHuyi, NPU YboMy OMPUMYIOMLCA 0eCAMb KOMROHEHM CUHRYIAPHO20 PO3KIAOY.
3a maxoeo nioxody yuxkiiuHa KOMHOHEHMA POPMYEMbCA i3 CyMU 0e8’simu KOMNOHEeHm PO3KNady, AKi Maiomo
CRiNbHY 03HAKY — NOBMOPIOGAHe PO320pManHs 6 yaci. Tpenooea KOMnOHEeHMA HOBOI MAMEMAMUYHOI MOOei — ye
Opy2a KOMROHEHMA CUHSYTAPHO20 PO3KIAAY, d CHOXACMUYHUL 3ATUUOK POPMYEMBCS HA OCHOGI PI3HUYI 3HAYEHD
00CNIOACYBAHO20 NPOYECY 2A30CHONCUBAHHSA 1 CYMU YUKIIYHOL ma mpeHoogoi komnonenm. Bukopucmano osa
nioxo0u woo0o CMoXacmui4Ho20 ONPAY8AHHs YUKIIYHO20 NPOYeCy 2a30CNONCUBAHHS HA OCHO8I 8i00MOI Mooeri
CMOXACTUYHO-NEPIOOUYHO20 BUNAOKOB020 NPOYECy Ma YUKIIYHO20 8UNAOK08020 Npoyecy K mooenell YUKIiuHoT
KOMROHEHmU. 3aCmocy8aHHs MAMeMAMUyHOI MO0l YUKATUHOT KOMNOHEHMU ) 8u2iA0l YUKTTYHO20 GUNAOKOB020
npoyecy 3i YUKIUHOK CIMPYKIMYPOI0 003801UL0 OMPUMAMU OYIHKY OUCHEPCIl Ha YUKILL RpoYecy ea30CN0NCUBAHHS,
3a YMOBU ceeMenmayii YUKIiYHOi KOMIROHEHMU NO 8NAOUHAX, 3HAYHO MeHule y NOPIGHAHHI OMPUMAHOL OYiHKU
oucnepcii 0as 6UNAOKy 3ACMOCY8AHHS MAMEMAMu4noi Mmoodeni y 6uensdi CmoXacmuyHo-nepiooutHo2o
8Unaoko6o2o npoyecy. Lle ceiouums npo 3HauHo OiNbULY MOYHICINb NPU ONPAYIOBAHHI NPOYECY 2A30CHONCUBAHHS
11 003801UMb BUKOPUCTNIAMU OMPUMAHT CIMOXACMUYHI OYIHKU NI0 YAC MOOENIO8AHHA NPOYECY 2A30CNONCUBAHHS )
nOOANLUUX OOCTIOHCEHHSX.

Knwouoei cnosa: wyuxiiunuii npoyec, npoyec 2a30CNONCUBAHHA, CMAMUCMUYHE ONPAYIOBAHHS,
ceeMeHmayis, YUKAiYHULl 6UNaoKosutl npoyec.
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