BicHuk TepHONiIbCHKOr0 HAIOHAIBLHOI0 TEXHIYHOT0 YHIBEPCHTETY
https://doi.org/10.33108/visnyk_tntu

/7~ \
ﬁly Scientific Journal of the Ternopil National Technical University
u 2021, Ne 3 (103) https://doi.org/10.33108/visnyk_tntu2021.03

ISSN 2522-4433. Web: visnyk.tntu.edu.ua

UDC 539.3

SEPARATION OF THE 3D STRESS STATE OF A LOADED PLATE
INTO TWO-DIMENSIONAL TASKS: BENDING AND SYMMETRIC
COMPRESSION OF THE PLATE

Victor Revenko!; Andrian Revenko?

The Pidstryhach Institute for Applied Problems of Mechanics and Mathematics
of the NAS of Ukraine, Lviv, Ukraine
2Karpenko Physico-Mechanical Institute of the NAS of Ukraine, Lviv, Ukraine

Summary. The three-dimensional stress-strain state of an isotropic plate loaded on all its surfaces
is considered in the article. The initial problem is divided into two ones: symmetrical bending of the plate
and a symmetrical compression of the plate, by specified loads. It is shown that the plane problem of the
theory of elasticity is a special case of the second task. To solve the second task, the symmetry of normal
stresses is used. Boundary conditions on plane surfaces are satisfied and harmonic conditions are obtained
for some functions. Expressions of effort were found after integrating three-dimensional stresses that satisfy
three equilibrium equations. For a thin plate, a closed system of equations was obtained to determine the
harmonic functions. Displacements and stresses in the plate were expressed in two two-dimensional harmonic
functions and a partial solution of the Laplace equation with the right-hand side, which is determined by the
end loads. Three-dimensional boundary conditions were reduced to two-dimensional ones. The formula was
found for experimental determination of the sum of normal stresses via the displacements of the surface of
the plate.
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Statement of the problem. The plates are widely used in the transport, energy
engineering and construction industries. The development of science and technology puts
forward new increased requirements for the accuracy of research on their strength and
permissible deformations.

Therefore, there is a need for a fuller account of the nature of their load.
Consequently, the original calculation models should be simplified by reducing the three-
dimensional calculation of the plates to the study of their average two-dimensional stress
state.

Analysis of known results of three-dimensional studies of plates. Plates, to which
loads are applied both on the end planes and their sides, are widely used in building and
engineering structures [1-3]. According to [4], when the end surface is loaded, the bending
of thick plates should be considered as a three-dimensional problem of the theory of
elasticity. If a thin plate is loaded only on its parallel sides and symmetrically to the middle
surface, then its stress state is mainly calculated by the equations of the plane problem of
the theory of elasticity [1, 2]. For thick plates, homogeneous solutions and the symbolic
method are used [4], as well as the harmonic and biharmonic functions [5, 6], and the
Papkovych — Neiber representation by the normal to the middle surface variable [7].
Reviews of the literature on models and methods for studying the stress state of plates have
been given in [4, 5, 8]. In [9], the theory of a two-dimensional plane problem for thin and
thick plates has been developed on the basis of the three-dimensional theory of elasticity,
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without using hypotheses about zero tangential stresses in the middle of the plate. In [10],
the torque is taken into account and the theory of bending of a thick plate is developed on
the basis of integration of a three-dimensional harmonic equation with an unknown right
part, and in [11] stress is expressed through three two-dimensional functions satisfying
equations in partial derivatives. Nowadays, the methods of reducing the three-dimensional
stress state of the plate, under the action of normal loads given on all its surfaces, for the
calculation of two-dimensional problems are not known.

The purpose of research is to express the general three-dimensional stress
state of the plate, to the flat planes of which normal loads are applied, through two
computational problems: bending and symmetrical end compression. For the second
problem, a closed two-dimensional calculation model for calculating its stress state should
be developed.

Formulation of the problem and development of the initial system of equations. A
three-dimensional static problem of a loaded isotropic plate of constant thickness h should be

considered, its plane median surface occupies the area S and coincides with the plane Oxy of
the Cartesian coordinate system: X = X, X, =Y, X3 = Z. Normal loads q;(x,y), j =1.2 are

applied to the plane end surfaces of the plate (ly =h/2, h, =-h/2), and tangents are absent.

The side surface of the plate is denoted by Q. This initial problem should be divided into two
ones. For the first, which describes the symmetrical bending of the plate, the normal loads of
the plane surfaces of the plate are equal and directed in one direction:

o, (XY, ) =97 (xy), o,(x,y.,h) =—g" (x, ), (1)

and for the second problem, they are directed into the opposite direction

o (Y. h) =P (X Y), Tam(xy.hj)=0, jjm=12 ¥

where g* :%(ql—qz); p* :%(qﬁqz) ; the signs «+», «—» describe the functions on the

upper z="hy and lower z =—h plane surfaces of the plate, respectively.

The reduction of the three-dimensional problem, which is described by relations (1), to
the two-dimensional problem, is considered in [10, 11].
The load of the plate, which is determined by the boundary conditions (2) should be

considered in detail. The loads (2) correspond to the normal stresses o;, j=1.3, which are

symmetrical with respect to the middle surface. Therefore, the following boundary conditions
must be added to conditions (2) on the closed side surface Q of the plate:

Gn(x’ Y, Z) = Oy IQ ) Tnt(x’ Y, Z) =0O2p |Q1 Thz (X7 Y, Z) =03p |Q’ (3)

where n is normal to the surface Q, ojy,, j=1.3 are loads, Sin(X,y,=2)=cjn(X,¥,2) |,

i=1.2, 03,(X,Y,—2) =—03,(X,Y¥,2)|,. The second problem, which is determined by the
boundary conditions (2) — (3), will be considered the symmetric compression of the plate on its
ends. If in conditions (2) put p*(x,y) =0, then we obtain a known plane problem in three-
dimensional formulation is obtained, its reduction to the two-dimensional case is considered in

54 ... ISSN 2522-4433. Scientific Journal of the TNTU, No 3 (103), 2021https://doi.org/10.33108/visnyk_tntu2021.03


https://doi.org/10.33108/visnyk_tntu2021.0

Victor Revenko, Andrian Revenko

[9]. Thus, the plane problem of the theory of elasticity is a partial case of the symmetric
compression of the plate on its ends.

To determine the problem of symmetric compression of a plate, a general representation
of the solution of the Lame equations is used [9, 12]

b =P Ry SP QP e, ()
x oy oy  Ox oz

where P=z®+W¥; ®, ¥, Q are three-dimensional harmonic functions of displacements; v

is Poisson's ratio. Based on the representation of displacements (4), we obtain the expression
of normal stresses

2p . 2
j_zc{a—z -(-1! G ] 3—ZG{£—2(2 V)—] ®)

ox2 OX3 0% OX2 5X3 OX3

and tangential stresses

2 2 2
1, =02 o°P +a?_ag |
00Xy  Ox5 O
o[, op 0°Q —
Tj3 =G| —|2——-4@1-v)® |- (- D= | j=12. (6)
OXj| OXs OX3 6x3

The biharmonic function P satisfies the following equation:

2
AP+ p_2%g ™)
822 62
2 2
where A = pvel + =~ is a two-dimensional Laplace operator. For stresses representation (5) the
X y
following dependence is performed
0 8
GX+Gy+GZ=—2E5CD. (8)

Based on the relations (2) — (6), the functions P, ¥, Q will be even with respect to the

variable X3, and the function @ will be odd (@~ =-®"). After application of this symmetry

and substituting stresses (5), (6) in the boundary conditions (2), the conditions on the upper
surface of the plate are considered:

2p+ +
o°P oD 1
—2Q2-v)——=--p (x ),
axs Oxg3 2G
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+ . 20+
2 28P —4(1-v)D" —(—1)‘&=0, j=12. 9)
OXj| OX3 OX3_ jOX3

From equations (9), the following conditions of two-dimensional harmony of values of
functions on the top surface of the plate are followed:

AP Q. (10)
0z

—2(1-v)®*]=0, A
0z

The expressions of normal and tangential efforts are written in papers [2, 3, 9]. To do
this, after integrating the stresses (5), (6) on thickness of the plate, the expressions of efforts are
found that coincide with the corresponding expressions of efforts in the plane problem [9]:

2 2~ 2 2
T, =2G OPLIQ et , Ty =2G 0P Q0 et ,
ox2  oxay oy?  OXoy
0%P 1,0°Q 8°Q
Syy =Syx = 2G —+—(—?——?) , (11)
oxoy 2 oy°  ox
o ook
where P= [Pdz, Q= [Qdz.
—Iy —h

After using harmonic of the displacement functions (4) and integrating the equation (7)
on the variable z, the two-dimensional equations are deduced:

- + - +
AG =299 Ap P

=407, 12
0z 0z (12)

After substituting the relationship (11) into the equilibrium equation of the plate in the
efforts [2, 3] and after transformations, the key equations are obtained

AP —ava*1+ 1A 0, AP oaveor1-1aR g, (13)
OX 2 oy oy 2 0Ox

From equations (13) we have obtained bigharmonic equations:
A[AP —4v®™]=0, AAQ=0. (14)
Based on relations (10), (12), equations (14) also have been derived:

In order to obtain a closed system of equations, it must be in mind that such inequalities
will be performed for a thin plate

by
T, [Ty|>> | [oa(xy,2)dz —hp* (x,y)|. (15)
_hl
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After integrating the dependence (8) on the thickness of the plate and using relations
(11), (15), the basic equation for the function P is found

AP = —4(1-v)®* —%er. (16)
After substituting the dependence (16) into the first equation (14), the harmonic equation

is deduced

+ L + _
Al + 5GP x y)=0. (17)

A system of mutually agreed equations is developed: (9), (10), (12)—(14), (16), (17), the
solutions of which shall be written in analytical form.

Representation of stresses through two-dimensional harmonic functions.

The general solution of the harmonic equation (17) is represented

82(p

@' =—h
oy’®

h
-—p"(xYy), 18
ag P (%) (18)
where ¢ — an unknown two-dimensional harmonic function. Based on equations (10)

+ 2
A (19)
01 oy’? 4G

where ¢7 — an unknown harmonic function. The relation (19) is applied and the last two
equations (9) are simplified to this form

0 d%,

an ayz

10" .

= —1 J f i =1.2,
- 2 OX3_ jOX3 : (20)

where @, =@, +2(1—-v)o. After taking into account the harmonic of functions in relations
(20), a simplification of their solutions are found

+ 2
Q5,02 (21)
oz oxoy

Based on the relation (21) and the first equation (12), a harmonic equation with the right
part for determining the biharmonic function Q is determined

_ 2
AQ = 4h ‘ZX—‘;; . (22)

After substituting the function (18) into equation (16), the second equation for determining
the function P on the basis of the harmonic equation with the right-hand side is determined
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~ o’¢ vh
AP =4(1-v)h=——-——p*. 23
@-v) oy 2 P (23)

After considering the dependences (14), (22) and the harmony of functions AP —4vad™,
AQ, and simplifying the relations(13), the formula is developed

We take into account dependencies (14), (22), the harmonic functions, simplified
relations (13) and we get

- 2
[AP—4ch+]+2haa—(p22:O. (24)
y

Based on expressions (18), (23) and equation (24), the relationship between the
introduced harmonic functions are found

¢ =—22-V)p, ¢y =-2¢. (25)

After considering the dependence (25), the equation (22) is presented in a simpler form

N 2
AG=-8n 0?2 (26)
oxoy

The general representations of the solutions of equations (23), (26) are found
~ 0 ~ o
P=2(1- V)hya—y@ +hg1(x,y)+hfy(x,y), Q= —4hya—x +hg, (%), (27)
where the function f; is a partial solution of the equation

\%
Af,=———0p", 28
170G p (28)

gj, i= 1,2 are harmonic functions that can be represented as [9]

op oy
- 1> 2
y oy (29)

% _ v, o0
x 0 0

9 =(+vIZ -2 1 8, =+ VIl

where ¢, v are harmonic functions.

For both the symmetric compression of the plate on its ends and the plane problem,
the expressions of normal and tangential forces (11) do not include the function

¢ of relations (29), so it can be ignored. Therefore, functions (27) can be written in the
form

~ 0 oy = o oy
P=201-vhy —o-h@+v)—+hf (x,y), Q=—4hy—+h(l+v)—.
(1-v)hy ay(p A+v) ax (X y), Q Y 1+v) o (30)
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If you enter a biharmonic function according to the formula U = 2E(ye + (Z—W), then
X

from relations (11), (30) will be followed by known expressions for stresses of the plane
problem of the theory of elasticity

T, o« Ty 0° Syy _ o%U
= -, ’CXyZT——@. (31)

We substitute in relations (11) only expressions that depend on the function p*, and
we find the stresses that are determined by the end load

2
0 fy
6y2

2 2
0 fl, rxy:2Ga—f1, csx+csy=var

o, =-2G —_—
X ox2 OXdy (32)

Gy =-2G

We are summing up stresses (31), (32) and obtain the general representation of the
stresses for symmetric compression of the plate on its ends

0 0
GXZ—Z(U—ZGfl), Gy =—2(U—ZGfl),
oy OX
82
’L'Xy = ’ny = —@(U — ZGfl) . (33)

We write down the sum of normal stresses (33) and we get:
2
GX+Gy:4Ea—(2p+vp+. (34)
oy
Conditions (9) on the plate surface are analytically satisfied during the
development of the solution of the problem. The three-dimensional boundary conditions
(3), are given on the side surface Q of the plate, after integration in thickness are reduced

to the conditions on the contour L of the area S [3, 9]. The stresses (33) are used and the
boundary conditions on the contour L of the plate are written according to [2]:

{sin’Bo, +cos’po, +sin 2Bt, }, =0, ,

sin 2¢

{ (Gy _Gx) +CO0s 2(P’l:xy}lL: Ths (35)
1M 1M
where o, = [om(y,2)dz], = [oanta(x,y,2)dz| , B is the angle between the
—h —hy

normal to the contour L and the axis OX .
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Since all the relations of the theory of elasticity are precisely satisfied, the displacements
in the plate is found in the analytical form after averaging formulas (4) and using relations (19),
(30). The displacement of the upper plane surface of the plate will have an expression

0% h .
uf = 2vhiE—+(1-v)— .
Z v ayz ( V) 4G p (36)

Based on the formula (34), the displacement u; is written in a different form
U} =2 [p" —v(oy +0y)]. (37)
z 2E X y

For the plane problem (p* =0), formula (37) will be more accurate

h
uz+ :_%(Gx"‘cy)' (38)

To experimentally determine the sum of normal stresses in the plate, the formula (38)
can be used. Formula (38) allows to experimentally determine the stress concentration on the

load-free (o, =0) contour of the hole in the plate. We take into account that on the load-free
contour of the hole, equality is performed

G;=0x t0Oy, (39)

where o is the unknown stress along the contour of the hole, directed perpendicular to the
normal to the contour. Then, based on equations (38), (39) the stresse is determined

2E
S

(40)

Based on formula (40), after experimental measurement of the displacement u, along

the contour of the hole, the value o, could be found.

The partial solution of equation (28) is assumed to be known, a boundary value problem
(35) for determining harmonic functions ¢, y is solved, and the averaged stresses on the

middle surface of the plate are found. Based on these stresses, the deformations and
displacements of the plate surfaces are determined.

Conclusions. For the first time, within the framework of three-dimensional theory
of elasticity on the basis of the general solution of Lame's equations, without using the
hypotheses on the distribution of displacements and stresses, the two-dimensional theory of
the symmetric compression of a plate at its ends has been determined. The efforts have been
expressed through two biharmonic functions with known right parts. The theory of
compression of plates is proposed, which explicit takes into account the ends loads. The
formula has been found for the normal displacements of the plate surface, based on it the
sum of normal stresses in the plate could be experimentally determined. The obtained results
can be used to calculate the stress state of the plates.
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PO3AIVIEHHA TPUBUMIPHOI'O HAITPYKEHOI'O CTAHY
HABAHTAKEHOI INIACTUHU HA IBOBUMIPHI 3AJIAUI: 3TUHY 1
CUMETPUYHOI'O CTUCKY INVIACTUHH

BikTop PeBeHKo; AHjpian PeBeHKO?

Ynemumym npuxnaonux npobnem mexanixu i mamemamuxu
imeni A. C. Iliocmpueawa HAH Ykpainu, Jlveis, Ykpaina
2Dizuxo-mexaniynuil incmumym iveni I'. B. Kapnenxa HAH Yxpainu, JIvéis,
Ykpaina

Pe3tome. Bugueno mpusumipHuti  HANpysiceHo-0epopMoBaHull  CMaH  i30MpONHOI  NAACMUHU,
HABAHMAIICEHOT HA 6CiX c80iIX nogepxHsax. Poszensnymo eunaodok, xonu 00 il NiOCKux mopyesux noeepxoHs
NPUKNIAOeHI HOPMANbHI HABAHMAMNCEHHA, d OOMUYHI — 6IOCYMHI. {1 ORUCYBAHHA HANPYICEHO20 CMAHY
BUKOPUCMAHO JIHIUHY MAMEMAMUYHY MOOeLb MPUSUMIPHO20 i30MPONHO20 MiNd 3a 8IOCYMHOCMI 00 EMHUX CUTL.
Pozenanyma modenv Oeghopmosanoco mina 6azyemuvcsi HA NOOAHHI NepeMierb | HANpYdIceHb uYepe3 mpu
2apMOHIuHI YHKYIL nepemiuyenn, siKi ORUCYIOMb 3a2albHUll PO36 130K pieHsHb Jlame. Buxiony zadauy nooiieHno
Ha 08i: CUMEMPUYHUIL 32UH NIACMUHU | CUMEMPUYHULL TNOPYESULE CIUCK NAACTMUHY 3a0aHUMU HABAHMANCEHHAMU.
THokaszarno, wo yacmkosum sUNAOKOM Opy20i 3a0ati € nI0CKa 3a0aya meopii npyscrnocmi. st po3e 'si3anus opyoi
3a0aui BUKOPUCMAHO CUMEMPUUHICIb HOPMANLHUX HANPYIHCEHb GIOHOCHO CepeOUHHOi NOBEPXHi NIACMUHU.
Bpaxoeano yro cumempiro i 3a006801eHHA KPALIOBUX YMO8 HA NIOCKUX NOBEPXHSAX 360€HO 00 MPbOX YMO8, 3 AKUX
OMPUMAHO YMOBU OB80BUMIPHOI 2aPMOHIYHOCMI 3HAYEHb 68e0eHUX (YHKYIN HA BEepXHill NIAOCKIU NO8epXHI
nracmunu. Ilicis inmeepy8anHs MpuUSUMIPHUX HANPYHCEHb Y3008HC HOPMALL 00 CepeOUHHOI NOBEPXHI NIACMUHU
3Hati0eno gupasu 3ycuns. Iliocmasneno 3ycunis 8 pigHsAHHs PIBHOBALY NIACMUHU I NIC/A Nepemeopets OMPUMAHO
0ea Oicapmouiunux pieHanuA. Ilokazano, wo 01 MOHKOI niaacmuHu OyOymb HAOIUNCEHO BUKOHYE8AMUCS
8IONOBIOHI HEPIGHOCMI HA HOPMANbHI HANPYXHCEHHs, NICIs 8UKOPUCMANHA AKUX OMPUMAHO 3AMKHEH) CUCHeMY
piensaHb. Becmanogneno, wo ompumani pieHAHHS Y32009iCeHi Midc co0010. 3anucani cnigBiOHOUEHHS BUPAIICEHT
uepes 0606UMIDHI 2apMOHIuHI QYHKYIl. 3anucano Kpailogy 3a0auy Onsl GUSHAUEHHS 2APMOHIYHUX QYHKYILL.
IHepemiwenns 1 Hanpysjcents 6 NIACMUHI BUPANCEHO Yepe3 08I 080GUMIPHI 2apMOHIUHI QYHKYIL Ul 4acmKoeull
po36’s30k pienanns Jlannaca 3 6i00mol0 QyHKYIEIO, AKA GUBHAYAEMbCA MOPYEBUMU HABAHMAICCHHAMU.
AHAn02INHO K 8 NIOCKIU 3A0aul, HANPYNCEHHS GUPANCEHT uepe3 DYHKYIIO HANPYXICeHb | YACMKOBUL PO36 30K,
Tpueumipni kpaiiogi ymosu 36edeni 00 080BUMIPHO2O 6ulAdy. 3HaldeHo opmyny O0nsl eKCHepUMEHMAIbHO20
BUSHAYEHHS CYMU HOPMATbHUX HANPYXHCEHb Y NIACIMUH Yepe3 eKCHePUMEHMAbHO SUMIDSAHI nepeMiujeHHs OiuHOi
NOBEPXHI NAACMUHU.

Kniouogi cnosa: nasanmasicena niacmuna, mpueuUMIpHULL HANPYHCEHUL CMAH, TMEH30P HANPYICEHb,
piensanus Jlame.
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