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Summary. A mechanical system, where the load in the form of material point is suspended on
inextensible thread screwed on the rotating cylindrical drum, but the drum is connected to the boom rotating
around fixed horizontal axis is considered. Using the Lagrange equation of the second kind, a mathematical
model of the motion of the mechanical system is obtained. The system has three degrees of freedom, two of
which are cylindrical. The investigation of the system motion is carried out using computer technology. As a
result, the dependences of linear and angular coordinates and velocities in time at different values of the output
data for two main modes of the system operation, namely — under the conditions of lifting and lowering the load
are obtained. Appropriate graphs are constructed, including the trajectories of the cargo motion. The
mathematical model takes into account nonlinearities of the system and allows you to find the amount of tension
of the hoisting rope at any time. The analysis showed that vertical oscillations occur twice as fast as horizontal
ones. The phase portrait of the generalized coordinate (angle of the rope with the vertical axis) is the focus,
which is untwisted when lifting due to nonlinearity in the system, and when the load moves down, the focus,
which twists and approaches the mathematical pendulum is obtained. The obtained results can be used in
modeling of controlled pendulum motions for different mechanical systems. The methodology and program are
recommended to the students and graduate students in terms of learning the principles of construction and
analysis of complex nonlinear dynamical systems.

Key words: oscillations, nonlinear dynamics, phase portrait, pendulum, mathematical model,
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Statement of the problem. Mathematical models of pendulum systems are used to
describe a wide class of processes. Many objects due to their dynamics are different types of
pendulum installations (and in some cases — and their combination), and the requirement of
stability is a primary requirement for their operation. First of all, this applies to various types
of lifting mechanisms, such as tower, bridge, gantry, cantilever, frame-portal and other cranes.

For example, tower cranes are the most widely used among building cranes, which
perform the task of mechanization of loading and unloading operations on the construction
site. However, their fault rate is 40% of the total number of accidents of jib cranes. Tower
cranes collapse can occur even if all operating rules and safety requirements are observed. At
present the development and further improvement of tower cranes is impossible without the
innvestigation of loads and their impact on strength under different operating conditions. The
strength of cranes depends on many significant factors, such as wind load, lifting weight,
dynamic loads, weight of cantilevered parts. The dynamic loads that follow the operation of
any crane are the most significant while performing operations combined with load lifting,
which can result in its slacking.

Taking into account the above mentioned, the investigation of the behavior of complex
pendulum systems, such as the cargo movement in the joint lifting mechanisms operation is
an important problem.
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Analysis of the available investigations and publications. Intensive investigations
in the field of pendulum systems modeling using various software packages of computer
algebra are constantly being carried out. For example, various models of spherical pendulum
[1-2], oscillations of the pendulum with variable length [3] and variable mass [4] were
considered. There are many examples and mechanical systems in the scientific literature,
which consider load oscillations in the lifting mechanisms [5-9].

The motion of reversible mathematical pendulum with variable thread length is
investigated in paper [10]. For the development of this investigation, it is proposed to consider
complicated mechanical system, closer to the systems of hoisting machines, when the axis of
the cylindrical drum is fixed on rotating arrow.

The objective of the paper. Development and investigation of the model of load
oscillating motion on the thread wound on cylindrical drum, which axis is fixed on the rotating
boom.

Statement of the task. Let us consider the motion of mechanical system, where the
material point M of mass m is suspended on inextensible thread screwed on cylindrical drum
with radius R. The length of the hanging link of the thread in the equilibrium position before
the motion start is equal to £o. The cylinder rotates at a constant angular velocity w. The drum
axis is connected to an arrow with length r, which rotates at a constant angular velocity @
Q (Fig. 1). The thread mass is neglected.
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Figure 1. Scheme of load oscillations on the rope wound on
cylindrical drum attached to the rotary boom

Presentation of the basic material of the investigation with substantiation
of the obtained scientific results. In order solve the problem we investigate the system
kinematics.
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Mechanical and mathematical modeling of the load movement on the thread wound on cylindrical drum with
movable axis

Cartesian coordinates of the material point M:

X, =%, +X, X=Rcosg+(/,—Rat+Rep—-RQt)sing,

Vi=Yo—Y, Y=(/,—Rat+Rep—-RQt)cosp—-Rsing,

X, =rCcos®, Y, =rsin®, e =Qt.
Then
X, =rcos(Qt) + Rcosep + (¢, — Rat + Rp — RQt)sin ¢, @
y, = rsin(Qt) + Rsin g — (¢, — Rat + Rp— RQt) cosg. (2)

The velocity of the point v is found by the projections on the coordinate axis.
Let us write Lagrange equation of the second order:

d or, oT
a(a—(b)—%—Q(p, (3)
where kinetic energy and generalized force are:
mv? or1
T= , =——. 4
: Q=3 4)
Using (1), (2) and (4) let us write equation (3) taking into account the terms of the given
task:
(¢, — Rat + Rp — RQIL)? d’e + [R(d—(”jz —2R(Q + w)d—¢— Q°rcos(p — Qt) +
0 dt? dt dt (5)

+gsin o]/, — Rot + Rp — RQt) =0.

Knowing the load speed by means of D'Alembert principle, we can find the tension of
the hoisting rope at any time:

N =mg cose+mlep”.

Setting the numerical values of the system parameters and initial conditions: £o = 20 m,
r=10m,R=0.4m,g=9.81m/s? go=0.1 rad., o = 0.1 s; let us carry out calculations and
build graphs during cargo lifting.

The graphs of changes in individual parameters of the system at »=1.6 s and different
values of Q: 1 — 0.02 s, 2 - 0.05s?, 3 -0.15s?, 4-0.15s?, 5-0.2s? are shown in
Figures 2—7.
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Figure 5. Load movement trajectory: y(t)- x(t)
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Figure 7. Speed change graph v(t)

The graphs of changes in the same parameters of the system at ©=0,05 s and
different values of w: 6 — 0.1 s, 7 -0.2s? 8-04 st 9-08s? 10-1.6s? are shown

in Figures 8-13.
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Mechanical and mathematical modeling of the load movement on the thread wound on cylindrical drum with
movable axis

0.3 14 - ’.\
7
rd \‘
P80 0 =L // x6(t) 12 i //—
RS N\ f x7(1) \\ /2 :
o3 O A\ 4 e ! Vi
oot \ Jf — 10 & ;
P9(t) 3 _ x9(1) Y
_,, ) \ /.f x10(1) \ /g
@10(1) A . o
- 0.1 Y /‘/ N A} /‘
YL N\ B
-0.2
0 2 4 6 ] 10 s B 4 6 8 10
t t
Figure 8. Dependency graph ¢(t) Figure 9. Dependency graph x(t)
-3 -7 0 2 4
Y8 / y6( 1)
V-Kt) -1 / (1) -

LO(‘EPIS // 7 - 1= — 15
— 20 = _20
0 2 4 6 8 10 -
t x6(1) . x7(1) . x8(1) , x9(1) , x10(1)
Figure 10. Dependency graph y(t) Figure 11. Load movement trajectory: y(t)-x(t)
/
= 071 . i(t)
Vi |
EY
1 0 2/ 3 vo(t)
vw(uj
- 0 2 1 6 8 10
©6(1).¢7(1) . ©8(1) . p9(1).p10(t) t
Figure 12. Phase portrait: w(t)-¢(t) Figure 13. Speed change graph v(t)

While lifting the load, the reduction in rope length is small (4¢~R¢p). The angle
¢ of the drum rotation and the horizontal displacement are related approximately by
the ratio x=€¢ and their change coincides with the oscillation of the simple mathematical
pendulum with ¢ =fo~ 20m length with the period of approximately 9 sec. The amplitude
of these oscillations is constant and is 0.25 radians for ¢ and about 8 m for x and is
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slightly shifted in the negative direction because the center of the drum is also shifted
to the left by (r-rcos6) value. For Q = 0.2 s of the boom angular velocity for 10 sec. the
angle of rotation is 8 = 2 rad ~ 120° and the load moves to the left by about 15 meters. Its
coordinate along the axis x becomes approximately 10 + 4-15 = -1 m, which corresponds
to Fig. 3.

The coordinate y increases monotonically by the value 4y~Rwt+r8 and oscillations
occur around this line due to the movement of the load along the axis x. But these oscillations
have the period 7 = 4.5 s twice less than the horizontal ones, because during one period of the
horizontal motion there are two oscillations along the vertical. In fig. 4 and 10 we see The
change of coordinate y in time cab be seen in Fig. 4 and 10.

The trajectories in Cartesian coordinate system are shown in Fig. 5 and 11.

For small values of angular velocities © of the boom and @ of the drum,
the load velocity practically does not change, and it increases when, for example, the rope
length £=£o-wt decreases, because due to the kinetic moment the load velocity increases as
the cable length ¢ decreases. Due to the internal forces during winding the rope and the
moment applied to the boom for maintaining its angular velocity Q there is kinetic energy
«pumpingy» Fig. 7.

The phase portrait of the generalized coordinate ¢ is the focus that is untwisted (Fig. 6
and 12).

Also the case when the angular velocity of the drum will be directed in the opposite
direction, i.e. the thread will be wound from it, is of particular interest. In this case, the cargo
coordinates are determined by the following equations:

X, =rcos(Qt) + Rcosp + (¢, + Raot + Rp — RQt)sin ¢, (6)
y, =rsin(Qt) + Rsing— (¢, + Rot + Rp—RQt)cose . @)
And the differential equation of cargo motion is written in the following form:

2 2
(¢, +Rat+Rp—RQL)’ ZT(f+3R(£0 +Raot+Re— RQt)(‘jj—(:’j +
+(2RQrsin(p — Qt) +2Qr (¢, + Rot + Rp — RQt) cos(p — Qt) - 2R*(Q - w)p + @)

+2R2(Q—a))2t—2R(Q—a))£0)c:j—(tp—2RQr(Q—a))sin(¢—Qt)—

~Q%r(¢,+Rat+Rgp—RQt)cos(p - Qt) + g(/, + Rot + Rp — RQt)sin ¢ = 0.

Under the approximate condition wR>Qr, the load will be lowered.

Setting the numerical values of the system parameters and the initial conditions: £o=4 m,
r =10 m, R=0,4 m, g=9.81 m/s?, po=0.1 rad., po=0.1 s*; let us carry out calculations and build
graphs during the load lowering.

The graphs of changes in the parameters of the system motion (namely in time at
»=1.8 s and different values of Q: 1 — 0.01 s, 2 — 0.02 s?, 3 - 0.04 s, 4 — 0.06s?,
5—0.08 s1) are shown in Figures 14-19.
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Mechanical and mathematical modeling of the load
movable axis
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Figure 19. Speed change graph v(t)

The graphs of changes in the same parameters of the system at 2=0.01 s and different

valuesof w: 6-0.4st 7-0.8s1,8-1.257

9-1.6 s, 10— 2.0 st are shown in Figures 20-25.
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Figure 25. Speed change graph v(t)

The movement of the load to the bottom is shown in Fig. 14-25. The rope deviation
angle ¢ is not more than 30° and decreases with time. The rope length £=£fo+R¢ increases, while
the angle ¢ decreases over time, but x~f¢ and oscillations increase.
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Mechanical and mathematical modeling of the load movement on the thread wound on cylindrical drum with
movable axis

The period of horizontal oscillations is reduced to 5 sec. Depending on the angular
velocity Q of the crane boom, the center of oscillation moves slightly to the left as in the case
of load lifting.

Vertical motion also occurs with the frequency twice that of horizontal motion. This is
clearly seen in Fig. 19 and 25, where the period of cargo speed change is approximately 2.5 s.

If Q=~Rw, then the coordinate y of the load does not change (Fig. 16), because the speed
of the boom end to the mountain coincides with the speed of the rope winding. The speed and
magnitude of the change in the coordinate y are not as large as in the case of rope winding the
because 2 and w are opposite in direction.

Phase portrait is the twisting focus.

Velocity and kinetic energy are stable, which characterizes the system conservatism.
The system nonlinearity is practically not detected while unwinding the rope.

Conclusions. The mechanical system load-drum-boom is considered and its
mathematical model is developed. The system has three degrees of freedom, two of which are
cyclic coordinates. Nonlinear differential equations of motion are integrated by means of
computer and the dependence on coordinate time and cargo velocity is obtained. It should be
noted that vertical oscillations along the vertical axis occur twice as fast as horizontal ones.
Phase portraits are built du lifting and lowering the load. The phase portrait of the generalized
coordinate ¢ is the focus, which is untwisted during lifting due to nonlinearity in the system,
and when the load moves down, the focus, which twists and approaches the mathematical
pendulum is obtained.
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V]IK 531.3

MEXAHIKO-MATEMATHYHE MOJEJTIOBAHHA PYXY BAHTAXKY
HA HUTII, HABEPHYTOI HA HUJIITHAPUYHHNUU BAPABAH 3
PYXOMOIO BICCIO

Cepriii ITopnecunii; Muxoaa Jlopoxos; Onexkcanap CragHuk;
IOpiii Epdopt

Jlonbacvka oeporcasna mawunobyoisna akademis, Kpamamopcwok, Yrpaina

Pestome. Poszensanymo mexauiyny cucmemy cmpina ma 6apabaw, Ha AKull HAMOMAHO MPOC 3 BAHMANCEM.
THonicnacm 3amineHo mpocom He3MIHHOI 008JCEHU, KPIOKOBA CUCTeMAd, CIPONU MA AHMANC NPUBEOEHO 00 €OUHOL
macu. Macu wacmun mexanizmy niouomy, wo obepmaromucs, 36e0eHi 00 0201068ka cmpinu. OmMpuMano HeniHitHi
Oupeperyianvbui piGHAHHS PYXY MEXAHIYHOT cucmemu 3a 00NOMO2010 pisHsaHb Jlacpandica opyeo pody. Bona mae mpu
cmynerst 8LIbHOCHI, 08 3 AKUX YUKITYHL. /[ aHAi3y 6UKOPUCIAHO YUCenbHl Memoou. [Jociodceno eniue Kymosoi
weuoKocmi cmpinu ma Kymoeoi wieuokocmi 6apabana na pyx eawmaxcy. Ilobyoosano epaghixu 3anexcHocmi
20JI0BHUX NAPAMEMpI8 CucmeMu 3d YACOM, mpaekmopii, ¢hazoei nopmpemu ma aMNIIMYOHO-4ACOMHI
Xapaxkmepucmuky, Koau 6aHmanic nioiuMacmoscs abo pyxacmvcs 00001y. 3a NeGHUX VMO8 MOJICIUBA XAOMUYHA
nosedinka cucmemu. Ciio 6i03HAUUMU, WO BEPMUKATLHI KOIUBAHHS 83006IIC 6ePIMUKATLHOL OCT 8i00Y8aiombcs y 064
pasu wsuoule, Hixc 20pu3oHmanbHi. 110103#cents 8aHmMadicy, 1020 WeUOKicms ma NPUCKOPEHHs 003801AI0Mb SHAUMU
BEUYUNY HAMAZY NIOUOMHO20 KAHAMA Y OYOb-KUL MOMEHM YACy, HANPUKIAO, 3a 00NOMO2010 punyuny Jlarambéepa.
Hamse Oie sik na sanmasic, max i Ha 0201080K CMPIIU KPAHA, WO € CYMMEBOI YMOBOK 300e3neder s: CIIIKOCMmI
6awmoso2o Kpaua, 00360J€ GUIHAUUMU De3NeyHi pexrcumu niotomy abo OnyCKaHHs GAHMANCY MA HABAHMAICEHHS
Ha npueoo mexanizmy. IcHyeanHs 20pu30HmManbHOI CKIa0080i Hams2y mpoca npu RPOCMOPOBOMY CHEPUUHOMY pYCi
BAHMAICY CYMMEBO YCKIAOHIOE supiutenuss 3a80anuss. OOHUM 13 CNOCO0I8 YHUKHEHHS Yb020 He2amusHO20 s18uua
byde 68e0eHHsI YNPAGNIHHA GEIUYUHOI NPUBOOHO2O MOMEHMY, SKUU De2yoe NPUPICm OO06AUCUHU KAHAmMa 34
00noMO2010 3MIHU KYmMOGoi uacmomu obepmants bapabana. Bupiuients 3a860an s MAKOINC MONCTUBO NO8 S3aAMU 3
68E0EHHAM 000AMKOBUX CHYNEHI8 BiLIbHOCI, MAKUX, SIK 0bepmanHs bawmu Kpana abo 1o2o 20pU30HMAILHO20
nepemiujeHHs, a MmaKoic 66e0eH s MeXaHi3Mi6 agmoMamuyHoi 3MiHU O0BXHCUHU KPINIEHHSA 8AHMANCY, WO BUSHAYAE
Hanpsamu nooabWUx YO0CKOHAEHb.

Knrouoei cnosa: xonusanns, neainitina Ounamixa, oazoeutl nNOpmpem, MasimuuK, MamemMamuyHa Mooeb,
pisnanns Jlacpawnoica 2-2o pody, npunyun Jlarambepa, Yuciosuii eKkCnepumeHmn.
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