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Summary. A mechanical system, where the load in the form of material point is suspended on 

inextensible thread screwed on the rotating cylindrical drum, but the drum is connected to the boom rotating 

around fixed horizontal axis is considered. Using the Lagrange equation of the second kind, a mathematical 

model of the motion of the mechanical system is obtained. The system has three degrees of freedom, two of 

which are cylindrical. The investigation of the system motion is carried out using computer technology. As a  

result, the dependences of linear and angular coordinates and velocities in time at different values of the output 

data for two main modes of the system operation, namely – under the conditions of lifting and lowering the load 

are obtained. Appropriate graphs are constructed, including the trajectories of the cargo motion. The 

mathematical model takes into account nonlinearities of the system and allows you to find the amount of tension 

of the hoisting rope at any time. The analysis showed that vertical oscillations occur twice as fast as horizontal 

ones. The phase portrait of the generalized coordinate (angle of the rope with the vertical axis) is the focus, 

which is untwisted when lifting due to nonlinearity in the system, and when the load moves down, the focus, 

which twists and approaches the mathematical pendulum is obtained. The obtained results can be used in 

modeling of controlled pendulum motions for different mechanical systems. The methodology and program are 

recommended to the students and graduate students in terms of learning the principles of construction and 

analysis of complex nonlinear dynamical systems. 
Key words: oscillations, nonlinear dynamics, phase portrait, pendulum, mathematical model, 

Lagrange equations of the second kind, d'Alembert principle, numerical experiment. 
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Statement of the problem. Mathematical models of pendulum systems are used to 

describe a wide class of processes. Many objects due to their dynamics are different types of 

pendulum installations (and in some cases – and their combination), and the requirement of 

stability is a primary requirement for their operation. First of all, this applies to various types 

of lifting mechanisms, such as tower, bridge, gantry, cantilever, frame-portal and other cranes. 

For example, tower cranes are the most widely used among building cranes, which 

perform the task of mechanization of loading and unloading operations on the construction 

site. However, their fault rate is 40% of the total number of accidents of jib cranes. Tower 

cranes collapse can occur even if all operating rules and safety requirements are observed. At 

present the development and further improvement of tower cranes is impossible without the 

innvestigation of loads and their impact on strength under different operating conditions. The 

strength of cranes depends on many significant factors, such as wind load, lifting weight, 

dynamic loads, weight of cantilevered parts. The dynamic loads that follow the operation of 

any crane are the most significant while performing operations combined with load lifting, 

which can result in its slacking. 

Taking into account the above mentioned, the investigation of the behavior of complex 

pendulum systems, such as the cargo movement in the joint lifting mechanisms operation is 

an important problem. 
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Analysis of the available investigations and publications. Intensive investigations 

in the field of pendulum systems modeling using various software packages of computer 

algebra are constantly being carried out. For example, various models of spherical pendulum 

[1–2], oscillations of the pendulum with variable length [3] and variable mass [4] were 

considered. There are many examples and mechanical systems in the scientific literature, 

which consider load oscillations in the lifting mechanisms [5–9]. 

The motion of reversible mathematical pendulum with variable thread length is 

investigated in paper [10]. For the development of this investigation, it is proposed to consider 

complicated mechanical system, closer to the systems of hoisting machines, when the axis of 

the cylindrical drum is fixed on rotating arrow. 

The objective of the paper. Development and investigation of the model of load 

oscillating motion on the thread wound on cylindrical drum, which axis is fixed on the rotating 

boom. 

Statement of the task. Let us consider the motion of mechanical system, where the 

material point М of mass m is suspended on inextensible thread screwed on cylindrical drum 

with radius R. The length of the hanging link of the thread in the equilibrium position before 

the motion start is equal to ℓ0. The cylinder rotates at a constant angular velocity ω. The drum 

axis is connected to an arrow with length r, which rotates at a constant angular velocity Ω 

Ω (Fig. 1). The thread mass is neglected. 

 

 

 

Figure 1. Scheme of load oscillations on the rope wound on 

cylindrical drum attached to the rotary boom 

 

Presentation of the basic material of the investigation with substantiation 

of the obtained scientific results. In order solve the problem we investigate the system 

kinematics. 
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Cartesian coordinates of the material point М: 

 

xxx  01 ,  sin)(cos 0 tRRtRRx   , 

 

yyy  01 ,  sincos)( 0 RtRRtRy   , 

 

 cos0 rx ,   sin0 ry ,  t . 

 

Then 

 sin)(cos)cos( 01 tRRtRRtrx   , (1) 

 

 cos)(sin)sin( 01 tRRtRRtry   . (2) 

 

The velocity of the point υ is found by the projections on the coordinate axis. 

Let us write Lagrange equation of the second order: 
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where kinetic energy and generalized force are: 
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Using (1), (2) and (4) let us write equation (3) taking into account the terms of the given 

task: 
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Knowing the load speed by means of D'Alembert principle, we can find the tension of 

the hoisting rope at any time: 

 
2

cos  mmgN  . 

 

Setting the numerical values of the system parameters and initial conditions: ℓ0 = 20 m, 

r = 10 m, R = 0.4 m, g = 9.81 m / s2, φ0 = 0.1 rad., φ0 = 0.1 s-1; let us carry out calculations and 

build graphs during cargo lifting. 

The graphs of changes in individual parameters of the system at ω=1.6 s-1 and different 

values of Ω: 1 – 0.02 s-1, 2 – 0.05 s-1, 3 – 0.1 s-1, 4 – 0.15 s-1, 5 – 0.2 s-1 are shown in 

Figures 2–7. 
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Figure 2. Dependency graph φ(t) 

 

 

Figure 3. Dependency graph x(t) 

 

  

 

Figure 4. Dependency graph y(t) 

 

 

Figure 5. Load movement trajectory: y(t)- x(t) 

 

  

 

Figure 6. Phase portrait: ω(t)-φ(t) 

 

 

Figure 7. Speed change graph v(t) 

 

 

The graphs of changes in the same parameters of the system at Ω=0,05 s-1 and 

different values of ω: 6 – 0.1 s-1, 7 – 0.2 s-1, 8 – 0.4 s-1, 9– 0.8 s-1, 10 – 1.6 s-1 are shown 

in Figures 8–13. 
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Figure 8. Dependency graph φ(t) 

 

 

Figure 9. Dependency graph x(t) 

 

  

 

Figure 10. Dependency graph y(t) 

 

 

Figure 11. Load movement trajectory: y(t)-x(t) 

 

  

 

Figure 12. Phase portrait: ω(t)-φ(t) 

 

Figure 13. Speed change graph v(t) 

 

While lifting the load, the reduction in rope length is small (Δℓ≈Rφ). The angle 

φ of the drum rotation and the horizontal displacement are related approximately by 

the ratio x≈ℓφ and their change coincides with the oscillation of the simple mathematical 

pendulum with ℓ ≈ℓ0≈ 20m length with the period of approximately 9 sec. The amplitude 

of these oscillations is constant and is 0.25 radians for φ and about 8 m for х and is 
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slightly shifted in the negative direction because the center of the drum is also shifted  

to the left by (r-rcosθ) value. For Ω = 0.2 s-1 of the boom angular velocity for 10 sec. the 

angle of rotation is θ = 2 rad ≈ 120° and the load moves to the left by about 15 meters. Its 

coordinate along the axis х becomes approximately 10 + 4-15 = -1 m, which corresponds 

to Fig. 3. 

The coordinate у increases monotonically by the value Δу≈Rωt+rθ and oscillations 

occur around this line due to the movement of the load along the axis х. But these oscillations 

have the period τ = 4.5 s twice less than the horizontal ones, because during one period of the 

horizontal motion there are two oscillations along the vertical. In fig. 4 and 10 we see The 

change of coordinate у in time cab be seen in Fig. 4 and 10. 

The trajectories in Cartesian coordinate system are shown in Fig. 5 and 11. 

For small values of angular velocities Ω of the boom and ω of the drum, 

the load velocity practically does not change, and it increases when, for example, the rope 

length ℓ=ℓ0-ωt decreases, because due to the kinetic moment the load velocity increases as 

the cable length ℓ decreases. Due to the internal forces during winding the rope and the 

moment applied to the boom for maintaining its angular velocity Ω there is kinetic energy 

«pumping» Fig. 7. 

The phase portrait of the generalized coordinate φ is the focus that is untwisted (Fig. 6 

and 12). 

Also the case when the angular velocity of the drum will be directed in the opposite 

direction, i.e. the thread will be wound from it, is of particular interest. In this case, the cargo 

coordinates are determined by the following equations: 
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 cos)(sin)sin( 01 tRRtRRtry   . (7) 

 

And the differential equation of cargo motion is written in the following form: 
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Under the approximate condition ωR>Ωr, the load will be lowered. 

Setting the numerical values of the system parameters and the initial conditions: ℓ0=4 m, 

r = 10 m, R=0,4 m, g=9.81 m/s2, φ0=0.1 rad., φ0=0.1 s-1; let us carry out calculations and build 

graphs during the load lowering. 

The graphs of changes in the parameters of the system motion (namely in time at 

ω=1.8 s-1 and different values of Ω: 1 – 0.01 s-1, 2 – 0.02 s-1, 3 – 0.04 s-1, 4 – 0.06 s-1, 

5 – 0.08 s-1) are shown in Figures 14–19. 
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Figure 14. Dependency graph φ(t) 

 

 

Figure 15. Dependency graph x(t) 

 

  

 

Figure 16. Dependency graph y(t) 

 

 

Figure 17. Load movement trajectory: y(t)-x(t) 

 

  

 

Figure 18. Phase portrait: ω(t)-φ(t) 

 

Figure 19. Speed change graph v(t) 

 

The graphs of changes in the same parameters of the system at Ω=0.01 s-1 and different 

values of ω: 6 – 0.4 s-1, 7– 0.8 s-1, 8 – 1.2 s-1, 9– 1.6 s-1, 10– 2.0 s-1 are shown in Figures 20–25. 
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Figure 20. Dependency graph φ(t) 

 

 

Figure 21. Dependency graph x(t) 

 

  

 

Figure 22. Dependency graph y(t) 

 

 

Figure 23. Load movement trajectory: y(t)-x(t) 

 

  

 

Figure 24. Phase portrait: ω(t)-φ(t) 

 

Figure 25. Speed change graph v(t) 

 

The movement of the load to the bottom is shown in Fig. 14–25. The rope deviation 

angle φ is not more than 30° and decreases with time. The rope length ℓ≈ℓ0+Rφ increases, while 

the angle φ decreases over time, but х≈ℓφ and oscillations increase. 
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The period of horizontal oscillations is reduced to 5 sec. Depending on the angular 
velocity Ω of the crane boom, the center of oscillation moves slightly to the left as in the case 
of load lifting. 

Vertical motion also occurs with the frequency twice that of horizontal motion. This is 
clearly seen in Fig. 19 and 25, where the period of cargo speed change is approximately 2.5 s. 

If rΩ≈Rω, then the coordinate у of the load does not change (Fig. 16), because the speed 
of the boom end to the mountain coincides with the speed of the rope winding. The speed and 
magnitude of the change in the coordinate у are not as large as in the case of rope winding the 
because Ω and ω are opposite in direction. 

Phase portrait is the twisting focus. 
Velocity and kinetic energy are stable, which characterizes the system conservatism. 

The system nonlinearity is practically not detected while unwinding the rope. 
Conclusions. The mechanical system load-drum-boom is considered and its 

mathematical model is developed. The system has three degrees of freedom, two of which are 
cyclic coordinates. Nonlinear differential equations of motion are integrated by means of 
computer and the dependence on coordinate time and cargo velocity is obtained. It should be 
noted that vertical oscillations along the vertical axis occur twice as fast as horizontal ones. 
Phase portraits are built du lifting and lowering the load. The phase portrait of the generalized 
coordinate φ is the focus, which is untwisted during lifting due to nonlinearity in the system, 
and when the load moves down, the focus, which twists and approaches the mathematical 
pendulum is obtained. 
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Донбаська державна машинобудівна академія, Краматорськ, Україна 
 
Резюме. Розглянуто механiчну систему стріла та барабан, на який намотано трос з вантажем. 

Полiспаст замiнено тросом незмiнної довжени, крюкова система, стропи та вантаж приведено до єдиної 
маси. Маси частин механiзму пiдйому, що обертаються, зведенi до оголовка стрiли. Отримано нелiнiйнi 
диференціальні рівняння руху механічної системи за допомогою рiвнянь Лагранжа друго роду. Вона має три 
ступеня вільності, два з яких циклічні. Для аналізу використано чисельні методи. Досліджено вплив кутової 
швидкостi стрiли та кутової швидкостi барабана на рух вантажу. Побудовано графiки залежностi 
головних параметрів системи за часом, траєкторії, фазові портрети та амплiтудно-частотнi 
характеристики, коли вантаж пiдiймається або рухається додолу. За певних умов можлива хаотична 
поведінка системи. Слід відзначити, що вертикальні коливання вздовж вертикальної осі відбуваються у два 
рази швидше, ніж горизонтальні. Положення вантажу, його швидкість та прискорення дозволяють знайти 
величину натягу підйомного каната у будь-який момент часу, наприклад, за допомогою принципу Даламбера. 
Натяг діє як на вантаж, так і на оголовок стріли крана, що є суттєвою умовою забезпечення стійкості 
баштового крана, дозволяє визначити безпечні режими підйому або опускання вантажу та навантаження 
на привод механізму. Існування горизонтальної складової натягу троса при просторовому сферичному русі 
вантажу суттєво ускладнює вирішення завдання. Одним із способів уникнення цього негативного явища 
буде введення управління величиною приводного моменту, який регулює приріст довжини каната за 
допомогою зміни кутової частоти обертання барабана. Вирішення завдання також можливо пов’язати з 
введенням додаткових ступенів вільності, таких, як обертання башти крана або його горизонтального 
переміщення, а також введення механізмів автоматичної зміни довжини кріплення вантажу, що визначає 
напрями подальших удосконалень. 
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рівняння Лагранжа 2-го роду, принцип Даламбера, числовий експеримент. 
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