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CONTACT INTERACTION OF A PREDEFORMED PLATE WHICH
LIES WITHOUT FRICTION ON RIGID BASE WITH A PARABOLIC
INDENTER
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Summary. Within the framework of linearized formulation of a problem of the elasticity theory, the stress-
strain state of a predeformed plate, which is modeled by a prestressed layer, is analyzed in the case of its smooth
contact interaction with a rigid axisymmetric parabolic indenter. The dual integral equations of the problem are
solved by representing the quested-for functions in the form of a partial series sum by the Bessel functions with
unknown coefficients. Finite systems of linear algebraic equations are obtained for determination of these
coefficients. The influence of the initial strains on the magnitude and features of the contact stresses and vertical
displacements on the surface of the plate is analyzed for the case of compressible and incompressible solids. In
order to illustrate the results, the cases of the Bartenev — Khazanovich and the harmonic-type potentials are
addressed
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Introduction. Calculation of strength of structural elements and machine parts is one
of the most important stages of their design. To assess the strength of contacting bodies, it is
necessary to know the contact stresses and strains. Minimizing the calculation error requires
taking into account the maximum number of factors that affect the contact interaction of bodies,
in particular, the presence of initial stresses or strains.

The influence of initial stresses on the contact interaction of bodies under specific forms
of elastic potential has been considered by many domestic and foreign researchers. In general,
nonlinear elasticity theory is required to solve such problems. However, for large values of the
initial deformations, it is possible to limit to a linearized setting. In particular, in [1] — a
mathematical model to study the influence of the initial stress on the propagation of waves in a
hollow infinite multilayered composite cylinder is built; in [2] — An asymptotic reduction
method is introduced to construct a rod theory for a linearized general anisotropic elastic
material for space deformation; in [3] — geometrically linearized theories for incompressible
materials from nonlinear elasticity theory in the small displacement regime are derived. The
article [4] provides a detailed review of the literature on contact problems for bodies with initial
stresses or strains. Despite the increase in the number of studies on the contact interaction of
bodies with a prestressed state, it should be noted that the problem of analyzing the interaction
of indenters of complex configuration with a prestressed plate is still insufficiently studied.

The objectives of the article is to develop a method for determining the axisymmetric
stress-strain state of a prestressed plate during its contact interaction with a rigid indenter and
to investigate the influence of initial deformations on the distribution of contact stresses and
vertical displacements of the boundary plane of the plate.

Statement of the problem. The formulation and solution of the problem will be carried
out within the framework of the linearized formulation of the problem of the theory of elasticity.
Consider a rigid indenter formed by rotating a branch of a parabola with parameter R and a
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segment of a line that is perpendicular to the axis of the parabola and passes through its vertex
around a common axis parallel to the axis of the parabola. The indenter is continuously without
rotation and friction is pressed by a constant force P into a pre-stressed layer of thicknessh,
which lies without friction on a rigid base.

Select a cylindrical coordinate system (O, r,o, z) so that the coordinate plane

(r, 0, 9) coincides with the upper boundary plane of the layer, and the axis 0z — with the axis

of symmetry of the indenter (Figure 1).
Based on the formulation of the problem, we can describe the function, the rotation of
the graph around the axis0z formed an indenter

W(r)=
(r) i(r—ra)z,ra<r.
2R

We consider the residual stresses present in the layer to be homogeneous. Therefore, the

following expressions can be used for the components of the stress tensor and the displacement
vector [5]

o, (r.2) = —c31]:a3 (Ash(az)+ A, [5,sh(az) + azch(az)]+

+B,ch(az)+B,[s,ch(az)+azsh(az) |} J, (ar)da;

o, (r.z)= c33]§a3 {Ach(az)+ A, [sch(az)+azsh(az) ]|+

@)
+B,sh(az)+B,[ssh(az)+azch(az)]} I, (ar)da;
ur(r,z)z—Taz{Alch(az)+Az[ch(az)+azsh(az)]+
+Bsh(az)+ 82[Sh(az)+azch(az):|}Jl(ar)da;
u,(r,z =mmoc2 Ash(az)+ A |ssh(az)+azch(az) |+
()g{()[() (a2)] @

+Bcch(az)+B, [Slch(az)+az Sh(az)]} Jo(ar)da .

The constants Cy, Cy, Cy, M, N, |, S, Sy, depend on the nature of the elastic potential

and are selected in each case [5], and the unknown functions A, B;, A, B, are determined

from the boundary conditions of the problem.
On the upper boundary plane of the layer at z = 0 from relations (1)—(2) we obtain

0 (1,0) = ¢ [ (A + As} 3, (ar)der 3)
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orz(r,0)=—03lja3{81+sto}Jl(ar)da; 4)
0

u, (r,0)=mfa’®{B, +B,s,}J,(ar)da. (5)
0
On the lower boundary plane of the layer at z = —h we have

o, (r,—h)= —cngoﬁ {~A sh(ah)+ A, [—s,sh(ah)—ahch(ah)]+

+B,ch(ah)+ B, [s, ch(ah)+ahsh(ah) ]} 3, (ar)da ;

(6)

u, (r,~h) = ma? {(~Ash(ah) + A, [, sh(ah) ~ahch(ah)]+ )

+B,ch(ah)+B,[s, ch(ah)+ahsh(ah) ]}, (ar)da -

We will consider the radius of the contact area @ to be known. Then the boundary
conditions of the problem are

o, (r,0)=0,0<r<w; (8)

o, (r.0)=0,a<r; 9)
u,(r,0)=w(r),0<r<a; (10)
o, (r,-h)=0,0<r<w; (11)
u,(r,=h)=0,0<r<w. (12)

The function a)(r) describes the displacement of the points of the upper boundary plane
of the elastic layer in the area of its contract with a rigid indenter. Therefore, based on the type
of function W (), we can write:

o(r)= AR (13
a)(a)—ﬁ[(a—ra)2 —(r—ra)z] r,<r<a.

Solving of the problem. Requiring the fulfillment of the boundary condition (8), from
equation (4) we obtain the relation between the functions B, and B,
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B, +B,s,=0;, = B =-5,B,. (14)

Substituting (14) into the relations (6) — (7) and satisfying the boundary conditions (11)—
(12), we have a system of equations with respect to unknowns A and A,

Ash(ah)+A, [SO sh(ah)+ahch (ah)] = B,ahsh(ah);

Ash(ah)+ A, [s, sh(ah)+ahch(ah)]= (15)
=B,[(s, —s,)ch(ah)+ahsh(ah)].

Having solved (15), we obtain expressions for A and A, through the function B,

h h(ah)ch(ah h(ah) ch(a«h
_ @ +sosz(a )c (a)BZ; =S(a2)c(a)82. (16)
Taking into account relations (14) and (16), expressions (3) and (5) take the form:
< a’B
,0) = — 2] da;
Gzz(r ) 033(5 SO)'([A(Q) O(ar) o (17)
u, (r,0)=m(s, —so)_[aZBzJo(ar)da; (18)
0
M) - (3= )oN (ah) (s-5)(1-2e™" + &)
a)= = N
(s=8,)sh(ah)-ch(ah)—ah (s—s,)[1-e*" |- 4ahe™
Having satisfied the boundary condition (9), on the basis of (17) we have
Cyy(s—s )TQSBZ Jo(ar)da=0,a<r, (19)
33 0 OA(OZ) 0 ' -

We introduce an unknown function x(r), 0 <r < a, with which we extend relation (19)
for the interval 0<r <o

033(5—50):? a’B, Jo(ar)da=x(r)p(a-r), 0<r<owo, (20)

where 7 (r) is Heaviside function.
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The function x(r) determines the distribution of contact stresses under the indenter.
Given their continuity, as well as the absence at the boundary of the contact area (atr =a), we

: . . : . A
present x(r) in the form of a segment of a generalized Fourier series by functions J, (—“ rj
a

N
o, (r,0)= x(r):ZanJo(ﬁrj, 0<r<a,
n=1 a

(21)

where 2,, n=1N is positive roots of the Bessel function J,(4,)=0; a, is nknown

coefficients.

Applying the formula for inverting the integral Hankel transformation to relation (20)

and taking into account representation (21), we obtain

from (22) we obtain

aZBZZ%%aH‘PH(a).

Substituting relation (23) into equation (18), we obtain

0, (r,0) = m(s, ) [a?B,3, (ar)da = =) [A(0) S 2w ()3,

g C(5—5)

or
U, (r,0) = kanN;an.TA(a)‘Pn ()3, (ar)da.

In the last dependence the notation is introduced

m(Sl_So) ml(sl_so)
-5

k = =
toc,(s

o) Cyu(s—8)(L+m)lJn,
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Requiring the fulfillment of the boundary condition (10) and taking into account
relations (13) and (24), we find

kani;anTA(a)‘Pn(a){Jo(ar)—Jo(aa)}da:a)*(r), (25)
where
) ——(ra—a)2,0<rsra;
o (r)=1

A
Multiplying the relation (25) by rJ, (—q rJand integrating the obtained expressions by
a

r from 0 to a, we have

>, a(@)¥, (@) ¥, () K3, (0a)]da = 1, a =L )

We introduce the notation

a = a .
" 2Rk, 27)

Taking into of which account from (26) we obtain a system N of linear algebraic

equations with respect to unknownsa’ .

The expression for determining the focal parameter included in relation (27), we find
from the equilibrium condition of the indenter

27:_[razz(r,0)dr:—P. (28)
0

Substituting in (28) expressions (21) and (27), we determine

1
2R 27 ¢ ' (29)
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Taking into account (29), (27) from (21) we will have a formula for determining the
distribution of contact stresses under the indenter

N (A
5 Zan\]o[arj
Gzz(r,O):—zn_li—*. (30)
a,K,

n=1

Based on relations (18) and (27) we find a formula for determining the vertical
displacements of the points of the upper boundary plane of the layer

P nZzlta:jA(oz)‘I’n(0{)\]0 (ar)da
u,(r,0)=--= - - : 31)

o Yak,

n=1

Numerical example. We analyze the influence of initial deformations on the level and
nature of contact stresses and vertical displacements of the boundary plane of the layer in
cases of compressible and incompressible material. As a numerical example, the case of the
absence of a flat section at the base of the indenter is considered. Figures 1 and 2 show graphs

of the function & = w that characterizes the distribution of contact stresses (30) at the

pressure of the parabolic indenter on the layer lying without friction on a rigid base, for the
presence in the layer of elastic potential of harmonic type (compressible bodies) and
Bartenev-Khazanovich potential (incompressible bodies), and Figures 3 and 4 of function

= (; ), which characterizes the distribution of vertical displacements of the boundary

plane of the layer (31).

-0t f

L
|

Figure 1. Contact stresses for the case of the Figure 2. Contact stresses for the case of the
harmonic-type potentia Bartenev — Khazanovich potential
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Figure 3. Vertical displacements for the case of the Figure 4. Vertical displacements for the case of the

(4=

comp

harmonic-type potential Bartenev — Khazanovich potential

The dotted curve in Figures 1-4 corresponds to the case of no initial deformations
1), curve 1 to the case of existing tensile deformations (4 =1.2), and curve 2 to

ression deformations (4, = 0.8).
Conclusions. After analyzing the obtained numerical results, it can be stated that in the

case of contact with the prestressed layer, the residual tensile deformations cause an increase in
the absolute value of the contact stresses and a decrease in vertical displacements. The presence

of res

idual compression deformations causes a decrease in the absolute value of contact stresses

and an increase in vertical displacements.
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KOHTAKTHA B3AEMOJIA 3A3JAJIET'T/Ib I[E(I)OE’MOBAHOi
IIVIMTH, IO JIEZKUTDH BE3 TEPTSA HA )KOPCTKIN OCHOBI 3
ITAPABOJIIYHUM IITAMIIOM

I'puropiii I'adpyceB; Ipuna I'abpyceBa

Teproninbcokull HayioHanbHUU MeXHIYHUU YHIgepcumem imeni leana Ilynros,
Tepnonins, Ykpaina

Pe3tome. IIpodemoncmposano po3pobneny memoouxy noOy008u po36’A3Ki6 ocecuMempuyHux 3aau
BUSHAYEHHS HANPYHCEHO20 CMAHY 3a30a1e2iob 0eghopMoBaHoi npPys’CHOI naumu npu il KOHMAKMHIL 83AEMO0IT 3
arcopemrum wimamnom. CniggionouienHs, wo onucyioms HanpyHCeHo-0eQoOpMoBaHull CMan mii i3 NOYamKo8UMU
deghopmayiamu, HA8EOEHO Y PAMKAX NIHeAPU308aAHOI NOCMAHOBKU 3a0ayi meopii npysjicHocmi. I3 gukopucmauHam
3anpONOHOBAHOT MEMOOUKU OOCTIONCEHO HANPYIHCEHO-0eOPMOBAHULL CMAH 3a3041e2i0b 0eOpMOB8aAHOI naumu,
wo nexcumsv 6e3 mepms HA IHCOPCMKILL OCHOBI Ni0 yac ii 21a0Koi KOHMAaKmuoi 83aemooii 3 JHCOPCMKUM
ocecuMempuyHuM NapaboONiuHUM WMAMNOM CKIaoOHoi Kongicypayii. Ilobyoosy amanimuynux pose’a3Kie
KOHMAaKmHoI 3a0aui 015 3a30ane2iob 0eqhpOpMOSAHOT NAUMU NPOGEOCHO ULIAXOM I MOOEN08AHHS NONEPEOHbO
HanpysiceHuM wapom. I panuuni ymosu 6 30Hi KOHMAKMy copmyIbO8aHO 8 KIACUYHIN NOCMAHO8YI (8i0CYmMHICMb
OOMUYHUX HANPYIICEHb HA SPAHUYHIL NOGEPXHI WapYy, 6i0CYMHICMb HOPMANbHUX HANPYICEHb 34 MENCAMU 30HU
KOHMAKMY, 6epmuKalbHicmy 3MiWeHHs wmamna). Y pesynemami niOCMAHOSKU GUPA3I6 ONsl KOMNOHEHM
HANPYIACEHO-0ePOPMOBAHO20 CINAHY NAUMU 8 SPAHUYHI YMOBU NOOYOOBAHO cCUCTEMY 080X iHMESPAIbHUX PIGHSHD,
A0pa axux micmams Qyuxyii beccens. Iooarouu QyHKyiro po3nodiny KOHMAKMHUX HANPYHCEHb NIO WMAMNOM )
8u2nA0i CKinueHHo20 psoy 3a ynryiamu Beccens, 3a0auy 36e0eno 00 CKinyeHOI cucmemu JHIUHUX aneedpaiyHux
DiBHANb 8IOHOCHO Hegidomux Koe@iyienmis psdy. [lobydosano anarimuuni eupasu 0/ KOHMAKMHUX HANPYICEHD
Ma GepMUKAIbHUX NEPeMillyeHb MeJCOBUX MOYOK Naumu. 3acmocyeagui OmpumaHi Chi6GiOHOWEHHs
NPOAHANI306AHO 6NAUE NOYAMKOSUX Oeopmayill Ha pieeHb mMa Xapakmep KOHMAKMHUX HANPYICEHb |
6EPMUKANbHUX NEPeMilljeHb MeJICO60I NIOWUHY NAUMY Y 6UNAOKAX CIUCIUB020 MA HeCMUCIUB020 Mamepiais.
Yucnosuii ananiz nposedeHo 0iis 6UNaoKie HaAGHOCMI Y NAUMI npyscHo20 nomenyiany bapmenesa — Xazanoeuua,
a makodic NOMeHYIALy 2APMOHIYHO20 MUNY.

Knrouosi cnosa: 3azoaneziob depopmosana niuma, NONePeoHb0 HANPYICEHUN Wap, KOHMAKMHL
HANPYIHCEHHsl, 6ePMUKATbHI nepeMiuyertss, NapadoaiyHull mamn, noOGitiHi inmezpaibHi PiGHAHHAL.
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