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Summary. An analysis of modern literature sources to search for mathematical models describing the
dynamics of the process of forming a regular microrelief on the inner cylindrical surface of parts, gas
transmission equipment operating in severe operating conditions, in order to increase their life. It is established
that there are no mathematical models describing this process and the peculiarities of its implementation under
the point action of the deforming element on the workpiece surface. The molding movements accompanying the
process of forming a regular microrelief on the inner cylindrical surface of the workpiece are considered and
the driving forces that accompany this process are analyzed. A mathematical model of dynamic process of
regular microrelief formation on internal cylindric surface of the part has been developed. The process of
formation is a unique one as it occurs due to the concentrated force whose point of application varies in radial
and axial directions relative to the part. Thus, the action has been described by the mathematical model with
discrete right-hand side. This action is proposed to be simulated by Dirac delta functions of linear and time
variables using the method of regularization of the specific features under discussion. These peculiar features
have been described by the conventional methods of integrating of correspondent nonlinear mathematical
models of longitudinal and lateral vibrations of the part. The analytical dependencies describing these
vibrations have been obtained based on the initial data. Using Maple software, 3D changes in the torsion angle
depending on different output values are constructed. The conducted researches will allow to consider torsional
fluctuations that is especially actual for long cylindrical details, such as sleeves of hydraulic cylinders, details
of drilling mechanisms and others.

Key words: technology, cylindrical surface, quality parameters, vibration processing, torsional
vibrations, mathematical models.
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Statement of the problem. The improvement of performance characteristics of
machine parts functional surfaces has been an important task of mechanical engineering
production. One of the most efficient methods of performance characteristics improvement is
the method of plastic deformation, namely ball or roller burnishing.

Such treatment allows us to reduce the machining surface roughness considerably, to
increase the surface microhardness, and in some cases to avoid the operation of surface
quenching [1, 2, 3]

Analysis of the available investigations. A separate direction in this field is the
methods of dynamic action on the processed surface. They involve a highly intensive action
on the machining surface on the indenter’s side which is mostly of aball shape. The dynamic
action provides smaller deformation effort, allows to provide bigger support area of the
surface, and, respectively better performance charactersitics described by the Abbott —
Firestone curve [4]. The advantages of the method of dynamic action have been given in the
paper including the construction of above-mentioned surface characteristics.

The assessment of the surface performance characteristics has been proposed to make
by the parameters of this curve by other scientists as well. In particular, the method described
in the paper [5], where the assessment of the surface performance characteristics is made not
by the surface roughness but due to the parameters of the Abbot’s- Firestone’s curve. The
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authors claim that three parameters determined from the Abbott-Firestone curve, namely Ry,
Rk and R characterize the ability of the surface to resist friction wear.

Some specific features of the surface state assessment by means of Abbott -Firestone
curve parameters have been desribed in the paper as well [6]. The authors have found that the
surface integrity to be the relationship between the required functional properties of the
surface and the change in the properties of the new surface. The surface can be evaluated
using two basic properties, namely the spatial arrangement of the surface (surface roughness)
and the physical-chemical properties of the surface layer.

The dynamic action on the machining surface can be chaotic or ordered including the
formation of the ordered microrelief on it. Shneider Y. G. is considered to be the founder of
regular microrelief (RMR) using and formation methods. Some methods and ways of RMR
formation, the tool design and its operation modes have been described in his paper [7]. He
also classified the RMR formed on flat and cylindric surfaces and with different geometrical
parameters.

The results of his study has been the basis for the GOST 24773-81 development [8],
which specifies the parameters of regular microrelief formed on the flat and cylindric
surfaces.

The development of principles of regular microrelief formation has been given in
paper [9]. The advantages of the surfaces with formed microreliefs against the surfaces treated
by other methods have been described.

Highly efficient instrumental complexes, their design and operation principle have
been described in [10, 11]. Such complexes provide the microrelief formation on profiled
surfaces of any complexity degree.

Some mathematical models describing regular microrelief on end surfaces of
rotational bodies have neen given in paper [12] for the first time. Such microreliefs have also
been classified and their features have been described mathematically.

The scheme, technological equipment and the instrument for regular microrelief
formation on flat and spherical surfaces using 40 MPa pressure on 5-coordinates numericaly
controlled milling machine have neen given in paper [13]. The surface microstructure with
formed microrelief has been studied. Two approaches to regular microrelief formation on
complex profiled surfaces have been compared in the article.

As the geometrical parameters of regular microrelief are quite small (only 1-3 mm),
then the effect of any factors can skew it. But it is its regularity that provides fixed physical -
mechanical properties of machine parts functionla surfaces.

Some theoretical investigation dealing with the dynamic characteristics of the
vibration-centered strengthening (VCS) method of metal long cylindrical parts has been
carried out in the paper [14]. The research methods have been described, a spacious principal
scheme of a vibration-centered strengthened tool with electric magnetic drive and elastic
systems has been given. Some empirical dependencies to determine main dynamic
characteristics of the vibration-centered strengthening (VCS) method have been obtained and
analyzed on the basis of the conducted research. An algorithm of analysis of dynamic
characteristics of electric magnetic drive contact interaction with the elastic systems and the
machining surface has been developed.

The Objective of the work is the development a mathematical model of the dynamic
process of regular microrelief formation on internal cylindric surface of the part.

Main material statement. To provide the microrelief regularity it would be necessary
to develop a dynamic model of its formation taking into account the following parameters:
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physical-mechanical properties of the processed surface, external action value on the surface
of the tool side (vibrating rolller burnishing machine), contact character and many others.

In the paper under discussion we are considering the RMR formation on the
internal cylindrical surface of the workpiece. This process is being accompanied with the
following movements: rotational motion Dn, feed motion Ds and reciprocal oscillation motion
Di (fig. 1).

The process of regular microrelief formation on the internal cylindric surface has some
peculiar features, namely:

- cylindric machining surface is rotating around stationary axle;

- external action on the processed surface from the side of the body applying the
microrelief has a point character, moreover, the contact point of the given bodies varies in
longitudinal and radial directions.

The constituents of the above-mentioned motions and angular velocity of the cylindric
surface rotation are making impact on the dynamic processes in an elastic cylindrical body
accompanying the process of microrelief formation and determine the microrelief shape. As
for the microrelief constituent, caused by the dynamic processes of a cylindrical body, first
of all it is influenced by its longitudinal and torque vibrations and in this case it is determined
by the elastic properties of the body, boundary conditions and external action.

All the above-mentioned findings have proved that an elastic cylindrical body on
which the microrelief is applied is in complex motion under external force factors action [15].
So, to describe its dynamics in operation the following constituents should be taken into
consideration:

- translational — rotational around horizontal axis as an abslutely solid body;

- relative — longitudinal vibrations of an elastic body.

The torque vibrations referred to the body relative motion require an absolute and
irrespective consideration.

All the above-mentioned issues are the subject of investigation.

Study of the impact of external factors on translational rotational motion of the
machining body.

The main assumptions underlying the description of the body translational motion are
as follows (fig. 1):

- hollow body of cylinder shape on whose internal surface the microrelief is applied —
homogeneous, its (body) external radius Rg, internal — rq, length — lq, mass — Mq;

- active and passive forces acting on the machining body:

a) point action of the body applying the microrelief on the internal cylindric surface.
The constituents of this action are Fx, F.. (horizontal axis OX coinsides with rotational axis,
axis OZ is vertical, axis OY is horizontal);

6) actuating moment M, , which makes the body rotate around the horizontal axis,

shearing moment (M ) of the vibration roller burnishing machine action on the internal

surface and depends on the following factors — pressing force, shape of vibration
roller burnishing machine, hardness of the processed surface material and others.
We have assumed that the last factors are taken into account by the coefficient
for (M, =F,-r,- ).
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Figure 1. Scheme of regular microrelief formation on internal cylindric surface of the part

If the angle of turning of the machining body is marked as ﬁ(t), then from the
differential equation of the solid body rotational motion around the fixed axis [15, 16], we have

2
49 _ v

on dtz gh

-M ph (1)

I — moment of inertia of the machining body relative to the axis of rotation OX , i.e.

0oXx

2 2
Ry +ry

I, =M, , Mg — mass of the body, Rq, rq — external and internal radius of cylindrical

body.
As for the actuating moment, it will be equal to

M =f(t)+FZ~rd~fph, (2)

gh

where f(t) — constituent of actuating moment which makes the workpiece do some relative

oscillations (alternating function).
All the above-mentioned solutions allow to represent the differential equation (1) as

LAY 3)

” dt?

Due to the dependence integration (3) we have obtained
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9=A+Bt+lij‘j.f(r)drdt, 4)

ox 00

where 4, B — invariables of integration which can be found from the initial conditions.
In particular, if the function defining the cross-sectional constituent of the moment

equalsto f (t)=A -sin(pt) (Ax—amplitude of actuating moment, p — frequency), then angular
velocity of the body rotation ® equals to

o =&, ———(cos pt—1) (5)

and respectively the angle of its rotation

e(t):mot—p':‘k—l(sin pt—pt), (6)

[0)

o, — initial angular velocity of the machining body.

Thus, the translational motion law of the machining body is described for the sinusoidal
law of actuating moment by the dependence (6).

Dynamics of relative longitudinal motion of the machining cylindric body during
the process of microrelief applying

Some relative vibrations of the machining elastic body in the process of microrelief
applying on its surface have been studied in this section. Their longitudinal and torque
constituents are considering. Their peculiarity is the fact that they are taking place under
discrete external loading conditions. Moreover, this loading is changing its point of application
with time. All these are making some difficulties in boundary value problems solutions
construction descibing the above-mentioned vibrations.

It is known [17, 18], that the mathematical model of longitudinal vibrations of a
homogeneous elastic body providing its elastic chracteristics satisfy nonlinear technical law of
elasticity [19], and the viscous friction force is proportional to the speed, under certain boundary
value conditions, is the differential equation

U (X, 1) =B U, (x,t) = s[nut (x,t)+[§(ux(x,t))2 uxx(x,t)}ré(x,t) (7)

where u(x,t) is the longitudinal displacement of the body cross section with coordinate x in
an arbitrary moment of time t ;p*=EA/m, , A =n(R}-r?) — cross sectional area of the

part; m, = M, /1, —mass of the body length unit (mass per unit length); m,&(x,t) — external
load distribution along the body); r — coefficient of proportionality in the viscous friction force;

B coefficient characterizing the body elastic properties deviations from the linear law; & —

small parameter indicating a small value of the last two forces comparing to the addend of the
left-hand side of the equation (7). We have a bit complex case for the process of microrelief
applying on the maching body:

— firstly, external action is of point type;
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— secondly, point of application of the given action is continuously moving along the
generatrix of the machining body internal surface and the above-mentioned feature should be
taken into account by the function &(x,t) (fig. 2).

Figure 2. Design model for dynamic model construction of relative longitudinal motion of the machining
body during the process of regular microrelief formation

All the above- mentioned allows us to claim that the external action on the machining
body depends both on the time and linear variable as well. In the references [12-25] two
approaches have been used to describe point action of the external load on elastic bodies. First
of them represents the given action as a function value in the given point (for example,
cf(x,t))(:x0 , X, — force application point), the second one uses a delta function (for example

E(x,1)5(x—x,), 5(x—x,) is a delta function).

For the process of microrelief application on the machining body internal surface, as it
was said above, we are considering a bit more complex case when the point of application of
external action is varying in time and its position, i.e. relative position, is continuously
changing. The above-mentioned specific features of the microrelief application dynamics on

the machining body are proposed to be represented by means of delta function in the form
Fy fn8(x=% —V,t), and V, — is longitudinal constituent of the vibration roller burnishing
machine motion speed along the generatrix of the body cylindric surface (feed rate),
x, — initial value of microrelief applying abscissa. Taking into account all the above-mentioned,

the differential equation of relative longitudinal vibrations is becoming

U =B U = U +B(U,) U, |+ F T8 (X=X, -Vit), ®)

where X, +V, -t —coordinate of the vibration roller burnishing machine contact with the RMR

formation surface (moving point), fph — coefficient analog f, for longitudinal motion.
As for the boundary values conditions for the equation (8), they are taking the form
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u(x ), =0, u(x,t),, =0, ©)

which are equivalent to the condition when there are no horizontal movements of the machining
body ends.

The values Fx Ta F; of action on the maching body are assumed to be constant.

Thus, the study of dynamics of of relative longitudinal motion of a cylindric body on
whose internal surface the microrelief is being applied has been restricted by the construction
and respectively by the study of the boundary value solution (8), (9) with the discrete right-
hand side. The last one is not the restriction for the use of general ideas of disturbance method
at construction of the above-mentioned boundary value problem. Thus, we will seek the general
solution of nonlinear equation (8) under homogeneous boundary-value conditions (9) in the
form [17, 23]

u(x,t)=uy(x,t)+0,(x,t)+ sU(x,1), (10)

where u,(x,t) — the solution of homogeneous boundary-value problem, i.e.

U, (X,1)= B7 U, (x,1)=0, (11)
uo(x’t)\x:o =0, uo(xlt)\x:l =0, (12)
and  0y(x,t) — a member solution of non homogeneous  equation

(g — B2 Uy, = Fy T,,8(x =%, =V, t); U (x,t) — the function taking account the impact of viscous

X " ph
friction force and nonlinear constituent of restoring force on the process, and apparently it has
to satisfy the homogeneous boundary-value conditions arising from (9)—(12). We will consider
the process of its finding a bit lower.
The solution of a homogeneous boundary value problem can be presented [17] in the
following form

Uy (xft)=ZXk (x)sk (t)’ (13)

k

: . .k
where the system of proper functions X,(x) looks like {X,(x)}= {sm I—ﬂx} and
S, (t)=Sg, sin(@,t+dy, ), Soc» o - OF steel, which can be found from the initial conditions of
: km kn |EA
non-homogeneous equation, ®, = I—B = TAm

d d
The system of proper functions {X,(x)} has a specific feature of completeness and

d

orthonormalization, that is why the solution of the equation member (8), i.e. the function U(X,t)
, should be found in the following form

G(X’t)zzxk(x)gk (t) (14)
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in this case the boundary-value conditions (9) will be for the general solution of boundary value
problem (8), (9). So, functions S, (t) given in (14) must be the solution of of non-homogeneous
equation

§k (t)+p° (IEJ S, (t)zlljxk (X)Fy 08 (x =%, -V t)dx (15)

The properties of delta function [17, 25] allows the integral in the right-hand side side
of the equation (15) be represented asj Xy (X)Fy f,8(x =%, =V,t)dx = F, f sin T (%, +Vit),

X ' ph X " ph
d

and in this case to find the partlal solution of the equation (15) we obtain the
dependence

(16)

§k (t)+p° (FJ S, (t)= Il fFy sin%

Thus, the representation of the external action on the maching body by means
of delta function using the method of partial discretization has allowed us to solve

the problem of the function G(x,t) finding, as the partial solution of the equation (16) looks like

S, (t):%f_phij[sinMXOl—Jrvsr)sin(lhB(t—r)Jdr. (17)

d

As for the function U(x,t), in this case from the fundamental equation and the results

obtained above due to the of the left-hand side and right-hand side coefficients equalization at
small parameter & we obtain the formula

A

U, (3, 8) =B, (3 t) =, () 7 3t | B ot o, () (o ()7, (1)) | 28)

Its partial single-frequency solution satisfying homogeneous boundary-value conditions
is similar to the one described above and we will give lower only pre-finish results:

. T
x.t)= ZK:S'nTXHk (t) , Where the function H, (t) is the solution of standard linear non-

|

4
kn krm . ,kn . 1-
+[I—] B[ cos’ I XSInz—XdX{SOkSln(mkt+(p0k) I—fphFX
d

0 d d

homogeneous differential equation

| =

2o

o

0 d

]

d

+(B—)*H, (t)= n{SOkmk cos (o t+ @y )+

fouFy Jt'sin Msin [Fﬁ(t —‘r)]d‘t}}+
" (19)

O Ty —+

i.e.
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kr

khﬁicos(ﬁ:(t—ﬂj@(r)dr,
o(t)= n{swmk cos(m,t+¢g )+ i{i f_ph F, j.sin WSM LFB(t - r)}dr}}r

at| 1. )
k 4
J{I_n] Bg{sw sin (@t + ¢y, )+
d

1 fFy _fsin wsin (FB(I—T))dT}
0 d

d d

H, (t):

In total, the obtained results have allowed us to represent the relative longitudinal
vibrations of a cylindric body on whose internal surface the microrelief is being applied in the
following form

— L k(X +V
u(x,t)=>sin l:—nx{SOK sin(cokt+q>0k)+|i f o Fx (IKB)’IJ‘Sin Msin[lhﬁ(t_r)jdﬁ
k d d d 0 d

: " (20)
+k|7ﬁ?|;cos([3li—n(t—t)j®(r)dt}

d

We must admit, that the principle of single-frequency oscillations in the systems
with many degrees of freedom and distributed parameters allows to use only one of
the forms of «dynamic balance» of an elastic machining body for practical
implementation. For the first one the dynamic process of the body under consideration
looks like

s, sinf = B ok 1p fn Y (1

u(x,t)=sin Idx {Smsm[ld mt+cp01J+|dB fphFx£5|n ] sm[Id B(t r)Jdr+
I, | kn

+e—9— COS[BI—(t—t)]G(r)dT}

kmp 5 d

Simultaneously obtained result allowed us to record the relative longitudinal coordinate
E(x,t) of the microrelief being applied on the internal surface of a cylindric body in the form
close to the first form of «dynamic balance» and it looks like

re t
E(X,t) = X, +V.t+5in—xx1 S, sin| — Et+<p s LrrE sin( o Vi)
0 s I 01 I m 01
0

d d

sin (%B(t—t)jdr+

+8I<ITBt cos(Bk—n(t—t)j®(r)dr}. (§2

Id

Lower, according to the above-mentioned dependence, the time variations and in
accordance with longitudinal coordinate of the curve applied on the internal cylindric surface
taking into account its longitudinal vibrations with the following values of parameters

D 3 2
§f=10" en=10" ¢ ¢ (fig. 3).
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Figure 3. Change of the machining surface microrelief caused by longitudinal vibrations and
vibration roller burnishing machine motion at:

Q) E=2-10"H/»°, 1, =1m, A=0,014m?, F, =300H; V, =0,01m/c; f, =1

p

b) E=2-10"H /I, =1m, A=0,014m? F, =300H; V, =0,01m/c; f, =05

ph

c) E=2-10"H /", 1, =1m, A=0,014M% F, =300H; V, =0,05m/c; f, =05

d) £=2-10"H /a1, =0.75m, A=0,014m?% F, =300H; V, =0,05m/c; f, =05

ph

e) E=2,4-10"H/xm* 1,=0.75m, A=0,014m?, F, =300H; V, =0,05m/c; f, =05

p
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f) E=2,4-10"H /% |,=0.75m, A=0,014M? F, =400H; V, =0,05m/c; f, =075
g) E=2,4-10"H/x’ |, =05Mm, A=0,014M% F, =400H; V, =0,01m/c; f, =0,75
h) E=2,4-10"H /% 1,=05m, A=0,014m? F, =400H; V, =0,02m/c; f, =075
i) £E=2,4-10"H /% 1,=05m, A=0,014m? F, =400H; V, =0,005m/c; f, =0,75

The represented dependence has shown that the shape of microrelief generatrix caused
by longitudinal vibrations depends not only on the speed of vibration roller burnishing machine
motion, but on the physical-mechanical properties of the body, external action value, and the
length of the surface under treatment.

Conclusions. The methodology of analytical description of technological process of
microrelief applying on the cylindrical parts inner surface has been developed in the paper and
the obtained calculating dependencies have made it possible to claim:

1. Micro irregularities configuration depends not only on the angular velocity of the
body rotation and the actuating moment constituent making the processing body do not only
some relative oscillations but elastic oscillations of the body as well;

2. The specific feature of the latter (both longitudinal and torque) is explained by the
fact that they are affected by the body elastic properties and the external action of the force
whose point of aplication changes its relative position on the internal cylindric surface, and
respectively — relative motions of normal cross section of the processing body in the external
action point depend on its location;

3. Amplitude-frequency characteristics of relative vibrations (longitudinal or torque)
depends both on the external action value and on the physical-mechanical properties of the
processing body; and for the body with more rigid characteristics the frequency of elastic
vibrations is higher, but the amplitude is a bit smaller;

4. The obtained theoretical results of dynamics of microrelief formation process on the
cylindrical surface can be the basis of more complex problems solving — study of external and
internal resonance phenomena in elastic processing bodies.

5. The validity of the obtained calculating dependencies has been proved by obtaining
in the boundary case the known values referred to the process of microrelief applying on the
cylindrical surface without taking into consideration the elastic vibrations.
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JANHAMIKA ITPOIECY ®OPMYBAHHS PEI'YJIAPHOTI'O
MIKPOPEJIBE®Y HA BHYTPIIIHIX HUJTHAPUIHUX
HOBEPXHAX

Bosoaumup I3r0pa

Tepnoninbcokuu Hayionanbhuu mexuivHuu ynigepcumem imeni leana Ilynios,
Tepnonins, Yrpaina

Peztome. Ilpoananizoeano cyyacwi aimepamypui Odxcepena Ha HpeomMem NOULYKY MamemMamuyHux
Molenell, Wo ORUCYIOMb OUHAMIKY Hpoyecy QOpMySantss pecyiapHO20 MIKpOpPenveqh)y Ha BHYMpIuHil
YUNIHOPUYHILL NOBEpXHI Oemanetli, 2a30MPAHCHOPIMHO20 O00NAOHAHHA, AKI NpAYioiomsb Yy BANCKUX YMOBAX
excnayamayii, 3 memoro 30inbuienns ix pecypcy. Becmanosneno, siocymmuicms mamemamuunux mooenetl, ujo
onucyroms OaHull npoyec ma ocoOIU80CMI 1020 30TUCHEHHS NpU MOYKOSIU Oii 0epopmyOu020 eremMeHma Ha
nOBePXHIO 3a20mosKu. Posznsanymo ¢opmyeanshi pyxu, AKi Cynpogooicyomes npoyec Gopmy8anHs pecyisipHoco
MIKpOpenveqyy Ha GHYMPIWHIN YULIHOPUYHIL NOBEPXHI 3020MOGKU MA NPOAHANIZ308AHO DYWINHI CUTU, WO
cynpogooicyloms yeil npoyec. Ha ocnosi nposedenozo ananisy po3pooneno mamemamuiny mooeib OUHAMIYHO20
npoyecy (opmysanHs pe2yiapHo20 MIKpopenvey Ha 6HyMpIiwiHill yurinopuuHil nosepxwi demaini. Ocobaugicmio
Ybo2o npoyecy € me, wo npoyec QOpmMy8anHs MIKpoperbedhy 6i00y6acmbCs 30CepedlCeHor0 CUio, MmouKd
NPUKAAOAHHS AKOT BIOHOCHO 0emaii NOCMIUHO 3MIHIOEMbCA 8 PAdiaNbHOMY MA 0CbOBOMY HANPAMKAX, A GIOMAK
mMamemamuuna Mooensb, AKa OnuUcye yetl npoyec, 6yoe 3 OUCKPEemHOI0 NPABOI0 YACMUHOI. 3anponoHo8ano maxy
0010 Modenogamu 3a 00NOM0o2010 deavbma Gyuxyiu Jipaxa 3 HIIHOW MA YACOB0I0 3MIHHUMU, BUKOPUCMOBYIOUU
Memoo pe2ynapu3ayii 6Kka3aHux 0cooau8ocmel, 30Kpema iCHy4i Memoou iHmeepyeanHs 8i0N0GIOHUX HETTHIIHUX
MamemamuyHux mooesetl KpymulbHux Koausans demani. Ompumano ananrimuyHi Cnie8iOHOWEH S, SIKI ORUCYIOMb
Yl KOIUBAHHSL 6 npoyeci popmysanns pe2yisipHoco mikpopenved)y. Buxopucmaewu npocpamme 3abe3neyens
Maple, nobyoosano 3D sminu Kyma 3aKpy4y8aHHs 3A1elHCHO G0 PIZHUX 3HAYeHb UXIOHUX Oanux. IIposedeni
00CiONCeH ST 003805Mb  BPAX0BYEAMU KPYMUNbHI KONUBAHHSA, WO O0COOIUBO AKMYATbHO 015 00820MIDHUX
YUniHOpUYHUX OemaJiell, MaKux, K 2iib3u 2IOpoYUniHOpis, demani 6ypoux Mexanizmie ma iu.

Knrwuosi cnosa: mexnonozis, yuniHOpuuHa no8epxHs, napamempu sKocmi, eibpayiiina obpoobka,
KPYMUIbHI KOTUBAHHS, MAMEMAMUYH] MOOeI.
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