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Summary. The dynamic processes in the device for speed control with multistage gear differential and
closed-loop hydraulic systems through ring gears have been studied for case when the leading link is the sun gear
of the first stage, and the driven is a carrier of the last stage. For such a device, the equation of kinetic energy has
been compiled and the dynamics equations have been obtained by the Lagrange method, which have been solved.
The obtained results are the basis for further computer simulation on and quantitative analysis to assess the
performance of such devices and select the necessary closed-loop hydraulic systems to control speed changes.
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Problem statement. In the drives of hoisting and transport, building, road, land
reclamation, agricultural and mining machines, cars and tractors, ships, aircraft and submarines,
there is a need to control changes in speed in the magnitude and direction of their actuators. For
this purpose, devices with stepped and stepless speed control are often used by means of stepped
and stepless gearboxes, which have simple and complex gear boxes, or chain, belt and friction
variators. The main disadvantages of the existing stepped speed control are the complexity of
the design, high material consumption, complexity of automation, the emergence of dynamic
loads during transitions from one speed to another. Flows of traditional stepless gear boxes —
intensive operation of parts due to the use of friction joints, like belt or disk brakes or friction
couplings. This significantly reduces the durability and reliability of drive parts and machinery
in general. Therefore, based on the review and analysis of existing speed change devices, it is
concluded [1] that the urgent scientific and technical task is to develop and study new combined
devices for stepless control of speed change in the form of multistage gear differentials with
closed-loop hydraulic systems through ring gears, which energy efficiency is proved in [2].

Analysis of recent research and publications. Recent studies and publications have
been taken into account, in which research has been dedicated to devices with single-stage and
multi-stage gear differentials [3-18].

In [3] the influence of the change in the shape of the tooth profile of the planetary gear
on the dynamics without considering energy consumption has been analyzed.

In [4], a nonlinear dynamic model of a two-stage planetary mechanism based on an
analytical solution of dynamic equations in the MATLAB program has been proposed and
investigated, but the losses expressed in efficiency were not considered.

In [5] a joint analysis have been held for the ranges of efficiency and transmission ratio
of planetary gears, which can be achieved by all possible design solutions.

In [6] the results of checking the dynamic model of the drive with a gearbox, which have
been carried out on a real object in different operating conditions and stimulation studies to
determine the suitability of the model, but without taking into account energy efficiency.
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In [7] a new method of calculating kinematic and force parameters based on hypergraph
and matrix operation has been suggested. The efficiency has been calculated following the
power flow, and the power loss equation at each node has been derived through an approach
based on the relative force of the rotation itself.

In [8] the formulas of theoretical efficiency for two-stage differential transmission have
been obtained and tested by experimental studies.

In [9] the efficiency of complex gears has been investigated on the basis of graphic and
thread theories, which allow to obtain approximate values.

[10] substantiates the reduction of the cost of construction of multi-speed planetary
gears based on system synthesis, considering such requirements as the ratio degree, efficiency,
planarity of the mechanism and one transient shift, for heavy vehicles.

In [11] the design of a two-planetary gearbox with the calculation of kinematics, statics
and gearing efficiency has been presented. Calculations of the geometry and strength of gears,
shafts and rolling bearings have been omitted, as they are recognized as typical design
calculations.

In [12], based on the torque, equations of force balance and force analysis of the main
elements, the power distribution of a multistage microplanetary reducer 2K-H has been
analyzed.

In [13], the authors have proposed an algorithm for solving the problem of detecting
degenerate planetary gears, automated using an interactive computer program. The algorithm
has been used for transmissions with any number of degrees of freedom.

In [14] attention has been paid to a full understanding of the basic mechanics of
planetary gears and evaluation of their mechanical efficiency and it has been concluded that for
the same input and output links power loss has a unique mathematical expression for each real
sequence of angular velocities.

In [15] the reasons which restrain application of smoothly regulated planetary transfer,
owing to constructive complexity of the mechanism of regulation of the gear ratio have been
resulted and variants of its simplification have been described.

In [16] it has been noted that planetary gears are used in industry for many advantages,
which are increased efficiency and a very compact drive composed of gears and failure of one
link affects the entire transmission, so you need to know the reasons for this.

In [17], a dynamic model of speed control through a ring gear of a drive with a gear
differential transmission and a closed-loop hydraulic system has been proposed — a system of
differential equations has been obtained.

In [18], a dynamic model of speed control through a sun gear with a single-stage
differential gear and a closed-loop hydraulic system has been proposed — a system of
differential equations has been obtained and solved.

In [19], a dynamic model of speed control through a drive carrier with a gear single-
stage differential transmission and a closed-loop hydraulic system has been proposed — a system
of differential equations has been obtained and solved.

In [20], the determination of the combined torques to the drive link of the device for
changing the speed through the gear differential, which can be a ring gear, or a carrier, or a sun
gear.

An analysis of recent publications shows that insufficient attention has been paid to the
dynamics of new speed control devices with multistage gear differentials using a closed-loop
hydraulic system. These issues of the dynamics of such devices are waiting to be resolved. The
study of the dynamics of such devices will allow to develop methods to reduce the impact of
dynamic loads on them.

The purpose of the study. Develop a mathematical model of dynamic processes in
speed change devices using multistage gear differentials with closed-loop hydraulic systems in
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the case where the control links are ring gears, and the drive link is a sun gear of the first stage,
and the driven link is the carrier of the last stage.

Implementation of work. Fig. 1 shows a diagram of a multi-stage gear differential,
where speed control is performed using closed-loop hydraulic systems and ring gears.
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Figure 1. Scheme of multistage gear differential with closed-loop hydraulic systems with speed control
through ring gears
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In this gear differential, the carrier 41 of first stage is connected to the second-stage sun
gear 1(2), the carrier 42 of second stage is connected to the third-stage sun gear 1), and so on.
Speed control is carried out by ring gears 3 of the first, 3 of the second, 3 of the
third, ..., 3(n) of n-th stages by means of installed on them closed-loop hydraulic systems
6.), 6¢2), 63), ..., 6(n). The leading in such a gear differential is the sun gear 11 of the first stage,
and the driven is the carrier 4, of the n-th stage. Closed-loop hydraulic systems systems
6q), 6(2), 6¢3), - .., 6(n) are identical in structure, placed in the housing 5 and connected to the ring
gears through gearings 7q), 7, 7@), -.-, 7(n). The speed change is controlled by a control valve,
through which the fluid moves in a closed-loop hydraulic system. The structure and operation
of a closed-loop hydraulic system is described in detail in [21].

We write the dynamic model of motion of a multistage gear differential with speed
control through ring gears in a formalized form, using the Lagrange equation of the second kind

d(oT
a(g} =M 1)

To do this, we write the expression for the kinetic energy of the system T, of the device
shown in Fig. 1. The expression for the kinetic energy of the system includes the kinetic
energies of the following links: Tiq), Tie), Ti@), ... , Tim— Sun gears with shafts;
T2q), T2@), T2@), -..,12m) — planet blocks; Tzq), T3@), T3@), -.., 13m) — ring gears with paired
gears 7, respectively 7w, 7@, 73, ..., 7o), Taq), Ta@), Ta@), ..., Tam— carriers;
To1), To(2), To(3), --- » Tsm) — closed-loop hydraulic systems 6(1), 6¢2), 6¢@), ..., 6() with gearings,
respectively 7'w, 7', 7'@), ..., 7'()

The expression of the kinetic energy of such a system T has the form

1 2 2 2 2 2 ' 2
T= E{[‘]l(l)a)l(l) + Zc(l)‘]Z(l)a)Z(l) + ZeyMyyVory + (J3(1) + ‘]7(1))0)3(1) + ‘]4(1)0)4(1) + (J7(1) + JG(l))a)G(l)] +

2 2 2 2 2 , 2

[y @i0) + Ze 22 @a2) + ZeMai)Voriy + (Ja) T 97(2) @32y T Ja2y@a2) + (I72) + J62)) Do ] + (2)
2 2 2 2 2 [ 2

+[Jyg@ia) + 23y d 2y @3y T Lo Mag)\Vorrs) T (Ja) + I7(3)) @) T Jaa@a) + (I73) + Jo(3) Do) +

2 2 2 2 2 ' 2
+..+ [Jl(n)a)l(n) + Zc(n)JZ(n)a)Z(n) + Ze(yMyVormy T (‘]3(") + ‘]7("))6‘)3(") + J4(n)a)4(n) + (J7(n) + ‘]e(n))a)e(n)]}v
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Where: @), @y, @y, @y, @5y — TeSpectively, the angular velocities of the system;
Jiyr Jaiy sy Jayr Jegy — respectively, the dynamic moments of inertia of the links relative to

the centers of mass; myiq — the mass of the planet block; z ., — number of planets;

c(i)
Voouy = @unlaqy — Circular speed of the axis of rotation of the planets; r,, —radius of rotation
of the carrier. This radius is equal to the sum of the initial radii of the sun gear and the planet
=0,5(d ) +dypy),andi=1,23 ... n

The angular velocities included in (2) are expressed in terms of the angular velocities of

4()

the leading and driven links [22] for all stages:

wyqy —driving link (sun gear); @, ,; @,;.-.

(4) @
Wy = Oyl 1y T Oyylhasrys Dpzys Dp(zyisee

(4 @) .

)
Wy = W)Uz + Wyllzy ; Oy, Dyz) e

g1y Da(2)5 a3y -+ @y(yy — driven link (carrier);
_ Y . Lo
Do) = r Dp(2)r Do(3) -1 Do) -
77(1)
where the gear ratios for the stages are equal to:
u@ —_Bw e __he o @ ke @ _ o .
21) — v Uoi0) = v Uoiz) = sees Uiy =
2(1) 2(2) 2(3) Z,(n)
@ —_ho @ __he . @ _ e . @ A .
310 — 31(2) — v Usyz) = seesUgiy) —
3(1) 3(2) Zy(3) 3(n)
O _1_,® _1q Lo . 1_y4® 1 Ly .
Uzsy Uy =41t 1y Uggp) =4 — Uy =1+ )
20) Zy2)
z
) (4) 1(3) o _ 4  _ 1(n) .
Ussz) = =1- U3y = 1+ o> Uggny = =1- Usiny = 1+ )
2(3) Z2(r1)
z
_ (4) Ly . o @ _ 12) .
u34(1) =1- Usiay =1+ — 1 Uggoy = 1‘”31(2) =1+ )
3q1) Z32)
z
(6} 4 _ 1(3) o _ 4 _ 1(n) .
Uss(a) _1_”31(3) =1+ o> Uggny = 1_u31(n) =1+ )
3(3) Z3(n)
uld 7(1) @) v @ Fre . TG
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We substitute the values of velocities in expression (2), simplify and write in the form:

1 i=n

Z{[Jl(”)+z°(ﬂ> Z(n)(”zun)) + (I3 700 +

) (4)

+ 2[Zc(n) 2(n)u24(n) 21(n) + (J3(n) + J?(n) +

+[Zc(n) 2(n) (”24(,7 ) + (J3(n) +Jd0 t
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Or we have
i=n
Z (Jll(l)wl(l) + 214Dy @iy + 344(1)‘04(1)) (4)
where
3. =] 3 @ Y2 | (] 3 76y T J6) \ g (4) \2-
ue = iy T Zeydaey Warn) ™ + (Japy + 7y +—— 5 N uan) s
770)
J, o+ J..
_ ® (4 73) 6()y, @) (4 -
Jiaiy = ZowdamHasUan + (Jap + 70 + 2 NIEAPLENAR (5)
U7y
_ 1) 2 7(1) 2 2
Jaay = Zeyd20) “24(,-)) +(Jgp) + 70y + )( ) + Zo(y Moy (Nay) ™ + -

”77()

Substituting the expression for the kinetic energy (4) in the Lagrange equation of the
second kind (1) and taking the partial derivatives of the angular velocities @, and o, , we obtain
a system of two differential equations for each degree

J116) D10y + 120y Pary = M 5610 ©)
14y @1y + Jaa(yPaiiy = M s540)»

u®

where M“l(,-) = Ml(,) + M7(l) 71(i) 1

The consolidated moment A7, is determined from the equality of powers of the
moments of forces at a fixed carrier, and the moment M, ., —at a fixed sun gear.

1)
M 334(1') M4(l) + M 6(l)u74(l)

Since the moment M, = M, (@, ) is a function of the angular velocity of the sun
gears, the moment of change of the load on the drive shaft A, =M, (t) depends on time
and M, =M, (t) depends on the fluid flow of the hydraulic system, in the general case the

resulting system of equations (5) and (6) is nonlinear.
Consider an example for solving the system of equations (6), when the speed control
device will be a two-stage gear differential and closed-loop hydraulic systems, shown in Fig. 2.

2o | 1w le |
b [ k
T_ /‘7m S T

Figure 2. Scheme of two-stage gear differential with closed-loop hydraulic systems with speed control
through ring gears

Using (6) we have systems of differential equations of dynamics, respectively for the
first (7) and second (8) stages
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Juw @iy + J1a@)@aq) = M saq); @)
J1a) @10y + Jaay@a) =M 5540
J11(2)O12) + 14(2)Pa2) = M 51025 @®)
J1a2)@1(2) + Jaa(2)Pa2) = M 504(2)

The solution of the system of equations separately for each degree is as follows. We
bring equation (7) to the form

Ay Dyp) + b1(1) Oy1y = Cyyy; 9)

APy T b2(1)a)4(1) =Cy,

where, for the first degree n=1: a,,, = 3,145 @) =0y = gy s Loy = Jugy s Gy = Mgy s
Cony = M334(1) .

Solve the system of equations (7) for the first degree as follows. Multiply the first
equation (9) by a,,y / ayqy, We obtain

b, a Cyp @
®O~2@) . _ @)
W4y = _ (10)

Ay @y +
2T T

Subtract equation (10) from the second equation (9), we obtain

by _o _Gn%e
40 = L2 .

b0y @s0) —
Ay )

(11)

In expression (14) we reduce similarities and define @, ,,

_ C2(1)‘3‘1(1) B Cl(l)aZ(l)
by 1) — By

Oy 1y (12)

To determine @, ,,, multiply the second equation (9) byb,,, /b, .

a, b C, D

1m~2@) . . _ 1) 2(1)

S g+ Dyl =~ (13)
1(1) 1(1)

Next, subtract the first equation (9) from equation (13), we obtain

al(l)bZ(l) . Cl(l)bz(l)
Wyqy = Coy) — : (14)

Ay Pyyy — b
1(2)

bl(l)
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Then we will reduce similar and define @, ,, .

C2(1) b1(1) - C1(1) b2(1)

Wy = : (15)
b1(1) a2(l) - b2(l) a1(1)
Then for the first stage we have
.oy Gy —Ciybyg doyy  Cpdiy —Ciplay
Dyyy = = = (16)

; Wa) = .
dt b1(1) a2(1) - b2(1)a1(1) dt b2(1)a1(1) - b1(1) al2(1)

Similarly, we determine the derivatives of the velocities of the second stage. By analogy
we have:

o 9% _ Cabeo ~Cola = o) _ Gy ~ iy a7
i(2) = = ; Du2 .
dt b1(2)a2(2) - bz(z)a1(2) dt bz(z)a1(2) - b1(2)32(2)

Thus, a dynamic mathematical model of the movement of the device links with a
multistage gear differential and closed-loop hydraulic systems, with speed control through ring
gears, in order to ensure the necessary law of load change on the driven link — the carrier. The
obtained dynamic model of a mechanical drive with a multistage gear differential allows to
select the necessary hydraulic systems to control the speed of its driven link, and the results can
be the basis for quantitative analysis of power dependences of a mechanical drive with hydraulic
control.

Conclusions. The built dynamic model of the device of change of speed in mechanical
drives of cars allows to analyze and consider the oscillating and shock phenomena in a
multistage gear differential from the executive mechanism, besides, allows to make a choice of
the necessary closed-loop hydraulic system for control of speed of the conducted link — a
carrier.

The obtained results can be the basis for quantitative analysis on the PC of the power
dependencies of the mechanical drive with hydraulic control through ring gears, when the load
on the driven link — the carrier, changes periodically over time; or the magnitude of the shock
load after a sharp increase remains unchanged for a long time; or the magnitude of the shock
load after a sharp increase is maintained for a short time; or the actuator stops instantly due to
significant overload.
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YK 621.833.65

JUHAMIYHA MOJEJb KEPYBAHHS HIBUAKICTIO Y IPUCTPOI 3
BATATOCTYHIHYACTHUM 3YBYACTUM JUPEPEHIIAJIOM I
SAMKHYTUMMU I''TPOCUCTEMAMM YEPE3 EINIIUKJIN

Ouaer Crpinennb

Hayionanvnuti ynieepcumem 600Ho20 2ocnooapcmea ma
npupoooxkopucmysanns, Piene, Yxpaina

Peztome. 'V npusodax niOuOMHO-MPAHCNOPMHUX, OVOi8eNbHUX, OOPOJICHIX, MenioOpaAmuHUX,
CIIbCLKO20CNO0APCOKUX | IPHUMUX MAWMUH, HA ABMOMOOLIAX I MpPakmopax, Ha cyoax, JimanbHux i ni0o80OHUX
anapamax UHUKAE HeoOXiOniCMb Kepy8aHHs 3MIHAMU WEUOKOCMI 34 8eIUYUHOIO0 MA HANPAMKOM iX 8UKOHABUUX
MexaHnizmie. sl yb020 GUKOPUCMOBYIOMbCS cmyniHuacmi U 6e3cmyninuacmi Kopooxu weuokocmeu. Bidomi
npucmpoi  KepyeamHs 3MiHAMU WEUOKOCMI Maroms 0Oazamo HeOONiKis, sAKI He2amueHO BHAUBAIOMb HA
006206iunicmb [ HaOIHiCMb Oemaneil Npusoodié [ mawun y yiniomy. Pospobnenns na pisHi 6uHaxooie
BAHMANCOYNOPHO20 3YNUHHUKA Y 6UNIA0L 3aMKHYymol ciopocucmemu (nam. Ne 2211796 RU i nam. Ne 44135 UA) i
3acmocysanHts 102o y 3youacmux oughepenyianax, 00380aun0 po3pooumu psio RPUCMpois 01 KepyBaHHA 3IMIHAMU
WBUOKOCI Y MEXAHIYHUX NPUBOOAx 3d PAXYHOK De2yIl08aHHs pPYyXy DIOUHU 8 3aMKHymili ciopocucmemi. Lle
nos’sa3ano 3 mum, wo 3youacmuil ougpepeHyianr 8on00i€ 080MA CMYNEHAMU BLIbHOCMI | 8 NepedasanHi pyxy
npuliMae mpu JIAHKU — COHAYHe 3ybuacme Koaeco, eniyuki i 600uno. 3anpononosarno, wob 00HY i3 JIAHOK
BUKOPUCMOBY8AMU OJIsL KEPYBAHHS NPOYECOM 3MIHU WUBUOKOCIIE MIdC 8e0YY0I0 | 620€HOI IAHKAMU 34 O0NOMO20H
3amkHymoi eiopocucmemu. Pospobdrenuii na pieni kopuchux mooenetl pso HOBUX NPUCMPOLE KePYB8AHHS 3MIHAMU
weuoxocmi  niosUWYIOMs  poOOMO30AMHICb  MEXHIKU, WO NIOMEePIAHCYIOMb NPOGEOeHT MeoPemuyHO-
KOMN TomepHi KiHeMamuuui ma enepeemuuni 0ocuiodxcenns. Pozenauymi ocmanni oocnioscenns u nyonikayii
npucesyeni 00HOCMYNIHYACMUM NIAHEMAPHUM | OuhepeHyianbHuM 3y0Uacmum nepeoavam ma Mauo nog s3aui 3
bazamocmyninuacmumu 3youacmumu ougepenyiaramu. Mema oanoi pobomu po3pooumu Mamemamuiny mMooeisb
OUHAMIYHUX NpOYecis y NPUCMPOAX 3MIHU WBUOKOCMI 34 O0ONOMO20I0 0aA2amocmyniHuacmux 3youacmux
Oouepenyianie 3 3aMKHYymMuMU 2IOPOCUCIEMU Y BUNAOKY, KONU TAHKAMU KEPYBAHHS € eniYUKIU, a 6e0y4UM 8a10M
€ COHAYHe 3ybyacme Koieco nepuiozo CMynemsi, ad 6e0eHUM 8aL0M € B00ULO OCIMAHHLO20 CIyneHs. s 00csaeHeHH s
Memu pyx MexaHiuHoi cucmemu y popmanizoganomy eueisioi smooenvo8ano pisHauuam Jlaepawnoica Il pooy. [ns
Yb0o2o CcKnaA0eHo 6upas OJid KIHeMU4HOi eHepeii il 00epmanbHO20 MOMEHmY ma OMPUMAHO CUCTEMY
OougbepeHyianbHux pieHAHb, KA GUPAIICAE MAMEMAMUYHY OUHAMIYHY MOOelb NPUCMPOIO 3MIHU WEUOKOCHI 3d
00noM02010 DA2AMOCMYNIHYACO20 3Y04aAcmo20 Ougeperyiana 3 3aMKHYMUMU 2i0POCUCIEMAMU Yepe3 eniyuriiL.
Ompumani pe3yromamu MONCYmob Oymu niOIpyHmsam O0Jisk nposedents Kinvkicnoco auanizy ma IIK cunogux
3a1excHOCmell MeXaHiyH020 Npu8ood 3 2i0pOCUCMEMHUM KePYBAHHAM yepe3 eniyukiu, Koau HABAHMAN}CEHHS,
moomo 0bepmanvbHuil MOMEHM ONOPY HA 8eOeHill NaHYi — BOOUTI, 3MIHIOEMbCSL NEPIOOUUHO NPOML2OM MPUBATLO2O
uacy;, abo 8eruyuHa yYOapHO20 HABAHMANCEHHA NICA Pi3K020 30iNbUEeHHS 3ANUUAEMbCA HEe3MIHHUM NPOMA2OM
Mpusano2o yacy, abo 8enudUHa YOapHo20 HABAHMANCEHHS NICIA Pi3K020 30inbuienHs 30epicaembcs nPoma2om
Mano2o uacy; abo GUKOHABYUI MEXAHI3M MUMMEBD 3YNUHACMbCA BHACTIOOK 3HAYHO20 NePeBaAHMNAN}CEHHS.

Kniwouosi cnosa: oumamiuna mooenvb, npucmpiti Onsi Kepy8aHHs 3MmiHamMu weuokocmi, 3yoyacmuil
oughbepenyian, 3aMKHYmMa 2iopocucmema, COHsUHe 3y0uacme Koaeco, eniyuki, 60OUN0, CAmein.
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