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Summary. Using the Lagrange equation of the second kind, a mathematical model in the form of spatial
equations of a spherical pendulum motion on an elastic suspension under the action of a variable side load is
obtained. The system has three degrees of freedom. The relations between the angular and Cartesian coordinates
are determined. Software is compiled and a numerical experiment is performed. The model and software make it
possible to obtain the time dependences of linear and angular displacements, as well as linear and angular
velocities, and to construct the corresponding graphs, phase portraits, and spatial trajectory. The solution found
in general form allows further research to be performed by setting specific parameter values. The study was
conducted for a nonlinear model without the use of asymptotic methods, which allowed us to exclude the
methodological error of the solution.
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Statement of the problem. Although pendulums are the simplest examples of
oscillatory systems, they can demonstrate significantly nonlinear and quite diverse behavior
and are often used as a source of model problems for the development and study of nonlinear
control methods. Tasks of efficiency, controllability, productivity, positioning accuracy and
safety have always been up-to-date at operation of the load-lifting equipment in construction
and industrial areas. To obtain a more accurate description of the spatial motion of the load on
the suspension, elastic properties of the suspension and the influence of the external
environment in the form of alternating crosswinds should be taken into account.

Analysis of available investigations. The problems of spatial motions of a mechanical
system, in particular a spherical pendulum, are of high application importance and are widely
considered by the authors in many works, such as [1-5]. Studying of pendulums and pendulum
systems motions reveals many qualitative properties of the dynamics of a nonlinear system and
wakes up independent interest both in modern researchers and in applied problems.

For example, in the article [1] bifurcations are studied and resonances in the problem of
oscillations of a variable length pendulum on a vibrating suspension at high vibration
frequencies and small oscillations amplitudes are investigated. In [6-11] swinging of the load
on the crane rope is considered — a dangerous and insurmountable process, that causes long-
term balancing of the load, which increases the stressfulness of the crane operator’s work,
makes the work of slingers on the construction site more complicated, and also reduces the pace
and productivity.

Modelling of the behaviour of the aerodynamic pendulum by a modified method of
discrete vortices and using phenomenological models (quasi-static approach and connected
oscillator model) was carried out in article [12].

For example, wide possibilities of using the spherical pendulum model are proved by
the fact that it is proposed to be used in biomechanics as a model that describes the dynamics
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Dynamics of a spherical pendulum on a nonlinear elastic suspension under the action of a variable side
aerodynamic load

of one or related group of human joints [13]. Even the study of peculiarities of the water
molecules oscillations in an inhomogeneous gravitational field is carried out on the example of
a spherical pendulum [14].

It can be noted that there is a wide range of heterogeneous phenomena and phenomena
of various physical nature that can be described on the basis of the modern theory of nonlinear
dynamical systems [15-17]. A number of properties of these systems, such as instability,
nonlinearity, dissipation, give rise to modes inherent in a wide class of complex systems.

Objectives of the research. Obtaining a spatial mathematical model that describes the
motion of a spherical pendulum on a nonlinear elastic suspension under the action of an external
variable lateral aerodynamic loading.

Formulation of the problem. Consider the motion of a mechanical system with three
degrees of freedom. We investigate the motion of a spatial pendulum in the form of a material
point of mass m suspended on a weightless elastic suspension. Length of a thread in the
equilibrium position is £y, its rigidity is ¢ (Figure 1).

X1

Y1

8)

Figure 1. Scheme of a spherical pendulum on a nonlinear elastic suspension under the action of an external
variable crosswind load

The pendulum has a 3rd degree of freedom and is in a potential force field. The equation
of motion of the pendulum can be written using the Lagrange equations of the 2nd kind

d(oT) ar .
dt[aqu_aqizQi (i=123), 1)

where g1 = x, 02 = a, g3 = S are generalized coordinates; 7 is kinetic energy of a system; Q; are
generalized forces related to the corresponding generalized coordinates.
Absolute velocity can be presented by three components:

02=v§+v§+vz, (2)

where Uy, =X, D, Z(EO +X)d, l)ﬂ =(€o+X)ﬂ',
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Then
2 .2 2(.2 | jp2
V=X +(ly+x)\a®+p7%). (3)

Here )'(,0'5,,3 are generalized velocities
Kinetic energy (with (3) considered):

T:%muz=%[X2+(£0+x)2(d2+,32)]. (4)

Work out the derivative of the kinetic energy:

or _ e afory_ o o _ 2(52 , 52).
a).(_mx,dt[ J_mx,ax_m(£0+x) (a + 3 )

OX

Tty +xFa.

oo
d(oT .. .. 0T
a(gj:m(ﬁo+X)2a+2m(fo+x)xa;£=0; (5)

oT 5 -

—=m(f, + X .

Y (Co+x)° B,
d(oT . . OT
E(G_ﬁ'j:m(%+X)2'B+2m(£°+x)xﬂ;%ZO'

Find generalized forces. Forces that act on the pendulum: gravitation Mg and elasticity

force Fyn = —C(ﬂo + X), where Ao is static spring deformation (p. O corresponds to the
position of static equilibrium).

Set the system in possible displacement under which 6X > 0,0a =0, =0 . Then,
the work of forces on the possible displacement of the system is

A, =Q,0x =[mg cosa —c(4, + X)Jox.

from thisQ, = Mg CoOSar —CA, —CX,

considering the fact that in the equilibrium position C4, = Mg ,
we get

Q, =-[mg(l-cosa)+cx]. (6)

Set the system in possible displacement under which 6X =0,0a > 0,06 =0 . Then

ISSN 2522-4433. Bichux THTY, Ne 2 (98), 2020 https://doi.org/10.33108/visnyk_tntu2020.02 ...........cecceevvevcrece e D1



Dynamics of a spherical pendulum on a nonlinear elastic suspension under the action of a variable side
aerodynamic load

A, =Q_ Sa=-mg(l, +X)sina-da .
from this
Q, =-mg(¢, + x)sin a (7)

On the possible displacement of the system, under which 6Xx=0,0a =0, >0
generalized force is

By substituting (5) ... (8) in equation (1), after certain transformations we obtain

%= (0o +x(a? + 42 )+ gli—cosar)+—x =0,
m

(0o +X)d +2Xa +gsina =0, )
(0o +x)B+2x%8=0.

\

Solving the system of equations (9) with the given initial conditions (t=0, x=xo, a=ao,
p= po), find X, a, S in the time function.
In the coordinate system Oixiy1z1 the motion equations are:

X, = (¢4 + X)sin acos 3,
y, = (¢, + x)sin asin g, (10)
z, = (¢, +x)cosa.

Dependence of the elasticity force on the deformation can be of more complicated
nature, for example

Fyn = (Ao + %)+ Cy (2 +x)°, (11)

where C1 is a constant ratio.
In this case

Q, =mg cosa —CA, —CX —Cl(/’to + x)3 =
=mg COSa —CA, —CX — Cl;tg — 3(31,1(2))( _ 3Cllo><2 B C1x3.

In the equilibrium position Q=0 when x=0 and =0, thus
mg —cAy —Ci A3 =0, re. €Ay +CiAS =mg
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and
Q, = —[mg (1— cosa)+ CX + 3C1/1§x - 3C1/10x2 + C1x3] (12)

Another two generalized forces are determined by the formulae (7) and (8), the first
equation of the system (9) is written as follows

K—(0,+x\(a? + 5 )+ g(l—cow:)+£x+£ﬂ§x+£ﬂox2 Lo (13)
m m m m

Now consider a spherical pendulum on an elastic jig placed in a homogeneous air stream
with velocity vg. The force of aerodynamic drag, proportional to the square of the velocity of
the load relative to the flow acts on the load. We will consider that the air flow is directed along
the axis x1. The force of aerodynamic influence is

PZ}(DE,

where ¥ is the constant ratio of proportionality vr is the relative velocity of the load (in relation
to the running-on air flow),

L, =0y —Ug, (14)
vx1 IS the projection of the absolute velocity of the load on the axis O1x.
v, =Xsinacosf+ (0, +x)acosa.— (¢, +x)Bsina . (15)

X

P = y[xsinacos B+ (£, + X)acosar.— (¢, + X)Bsina —vg | =

= 7[¥*sin?arcos? B+ 2(¢, + x)xa sin  coser cos B — 2xsin? a cos B(¢, + X)f3 -

. . 16
—2Xvgsinacos B +v,—2(f, + XY afsinacosa —2(¢, + x)v, Bsina + (10
+(€O+x)zokzcosza+(£0+x)2,825in2a+2(€0+x)uB,Bsina+u§]
Q,(P)= zlxsinacos B+ (¢, + X)arcosar.— (¢, + X)Bsina —v, | =
= 7[¥*sin® @ cos? B+2(¢, + X)kasin a cosa cos B — 2xsin? a cos B(¢, + X)) - an
—2Xvg sinacosf+v,—2(¢, +x\afsinacosa.—2(¢, + X)v, fsina +
+(€0+x)2dzcosza+(éo+x)2,823in2a+2(£0+x)uBﬂ'sina+u§1
Q,(P)=P-(¢,+x)cosa.cos 5. (18)
Qy(P)=P- (s +x)sin B (19)

The speed of the air flow can be variable, e.g. can change by the law
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Vg =g (1+sin at) (20)

In this case, (20) should be substituted into (14)—(19).

A mathematical model describing the motion of a spherical pendulum on an elastic
nonlinear suspension under the simultaneous action of a variable side load will be presented as
a system of three second-order nonlinear differential equations:

K= (0, +x\(a?+ )+ g(l-cosa )+~ x+ 3C, 22X+ 3C, Ay X R
m- m m m

= %[x2 sin? acos® B +2(¢, + x)Xa sin e cosa cos B — 2xsin? acos (¢, + x)B —
— 2%y (1+sin wt)sin o cos B +v, (1+sin wt) - 2(¢, +x)* aBsin a cosa
—2(0y+x)vg (L+sin @) Bsina + (0, +x) 6’ cos’ o+ (¢, +x)* Bsin? o +
+2(£ + X)vg (1+sin @t) Bsin @ +vj (1+sin wt)’]

(0, +X)d +2Xc + g sina = %[x2 sin® acos® B+2(¢, + x)xa sin a cosa cos S —
—2x%sin? acos B(¢, + X)B - 2Xv, (1+sin wt)sin a cos B+ v, (1+sin wt) -
—2(¢y+x) aBsin acosa —2(¢, +X)vg (1+sin ot) Bsin o +

+(Co+x)a’cos? a+ (¢, +x) BZsin® a+2(¢, +x)vy (1+5sin ot) Bsin a +
+vg (L+sin t)?]-(¢, +x)cosa.cos B,

(0, +X)B+2x8 = %[)'@Sin2 a cos® f+2(¢ , + x)Xcrsin ar cos e cos B —

2xsin® a cos B¢ + X)B — 2X v, (1+5in wt)sin  cos B+ v, (1+5in ot) -
—2(¢,+x) apsinacosa —2(¢, +x)vg (L+sin o) Asin o +

+(0,+x)a?cos’ a+(¢,+x) B7sin a+

+2(£y + X)vg (1+sin @t) Bsin @ +vj (1+sin a)t)z]-(ﬁo +X)sin f.

Results of the research. The resulting system of equations was solved numerically
using the following parameters: m=200 kg, £o0=6 m, ¢c=10000 N/m, C1=180 N/m, 7.0=0,196 m,
X =04 N/(m/s)?, Vg =4 m/s, w=0,24s". Initial conditions: x0=0,2m, (dx/dt)o=0.1m/s,
20=0.05, (da/dt)o=0.02 s, $o=0,03, (dp/dt)o=0.01 s,

When solving the Cauchy problem, the dependences were obtained: x(t), a(?), f(?), x1(t),
ylgt;, Zl((;), X' (O)x(1), a'(V)-a1), B'(O)-P(1), x1"@)-x1(t), y1'(1)-y1(1), z1'(®)-za(t), ya(t)-xa(t), za(t)-
ya(t)-Xxa(t).

Some of the obtained fourteen results of solving the problem are presented below in the
form of graphs in Figures 2—7.
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Figure 2. The projection of the loading path on
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Figure 4. Phase portrait: y1'(2)-ya(t)
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Figure 3. Phase portrait: X1 (#)-Xa(t)
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Figure 5. Phase portrait: z1 "(¢)-z1(t)

Figure 7. Spatial load trajectory:
z1(t)-y1(t)-xa(t)

From the given figures it is seen that parametric stochastic oscillations are observed in
the considered open non-autonomous mechanical system. The oscillations are kept by external
energy coming from the action of an alternating crosswind. In general, depending on the
amplitude and frequency of the parametric effect, the pendulum can perform regular parametric
oscillations, quasi-periodic oscillations and chaotic oscillations.
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From a practical point of view, to reduce and dampen the oscillations, it would be
appropriate to use additional measures, such as weights attached to the cable or to the load itself.
But all this can be the subject of another research.

Conclusions. As a result of solving the inverse problem of dynamics using Lagrange
equations of the 2nd kind, a three-coordinate mathematical model of the spatial motion of a
spherical pendulum on a nonlinear elastic suspension under an external lateral variable
aerodynamic influence is obtained. Due to the parametric effect, the system can show quite
complex (including chaotic) dynamics, as it is proved by the results of numerical calculations
in the form of graphs and phase portraits.
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Dynamics of a spherical pendulum on a nonlinear elastic suspension under the action of a variable side
aerodynamic load

V]IK 531.3

JIMHAMIKA COEPUYHOI'O MASITHUKA HA HEJIIHIMHOMY
MNPYXKHOMY IIABICI IITA AI€X0O 3SMIHHOI'O BIYHOTI'O
AEPO/IMHAMIYHOI'O HABAHTAXKEHHASA

Cepriii IHoanecania

Jonbacwvka deporcasna mawunodyoiena akaoemis, Kpamamopcwk, Yrpaina

Pestome. Buxopucmosyiouu piensnns Jlacpansca Opy2o2o pooy, OMpumaHo MAamemamuyHy mMooeib
CchepuuHO0c0 MAAMHUKA HA NPYICHIU HEeNIHIUHIU niogicyi nid O0i€i0 3MIHHO20 OIiYHO20 aAepOOUHAMIYHO2O0
HABAHMAIICEHHA Y 8U2NA0I CUCMeMU MPbOX HEeNIHIUHUX OughepeHyiuHuX pIBHAHb Opy2o2o NopsaoKy. Bushnaueno
PDIGHAHHSL PYXY U CNIGBIOHOUIEHHST MIJIC Kymogumu ma oekapmosumu koopournamamu. Ckiadeno npocpamy u
BUKOHAHUNO HUCTO8Ull excnepumenm. Modenv ma npozpama 003607A10Mb OMPUMAMU YACOBI 3ANEHCHOCHIE
JUHIUHUX Ma KYMOBUX nepemiujerb, d MAaxoxic MHIUHUX | Kymosux wsuokocmell ma nobyodyeamu 6i0noeioHi
epagixu, ¢hazosi nopmpemu i npocmopo8y mpaeKmopiro pyxy eawmaoicy. Bunacniook napamempuunozo enaugy
cucmema mogice 0eMOHCMPYB8aAmu 00CUMb CKAAOHY (8 MOMY YUCH XAOMUYHY) OUHAMIKY, 8eauKe posmaimms
OUHAMIYHUX CIAHIE | Nepexo0is, a MAKOINC MONCIUGICMb 3a0e3neuumu egheKmueHULl 6NIUE HA XAPAKMEPUCTIUKU
dopmosanux Koausamv 3a O0ONOMO20K 3MiHU napamempis. Marwouu mamemamuuni Mmooeni U npozpamu
PO3PAXYHKY, MOJCHA NPOBOOUMU NOOANbULL OOCTIONCEHHSL POSTISIHYMUX CUCTEM, BUABTAIOYU NOTONICEHHSL CIILIKOT
ma HecCmilKoi pi6HOBAZU, PENCUMU ABMOKOIUBAHD, GUAGIAIOUU O0OIACMI PI3HUX 30 XAPAKMEPOM NepioOUHUX I
Xaomuunux pescumis, oigpypxayii ma in. Jlocnioscenns npogedeHo 3a HeliHIlIHOW MOOeNL0 be3 UKOPUCHIAHHS
ACUMRMOMUYHUX MemOo0i8, WO O00380AUL0 BUKTIOUUMU MEMOOON02iuHy NOXUOKY piwenns. Ompumani
pe3yrbmamu Mo*Cyms 6ymu UKOPUCAHI NPU MOOENIO8AHHI KePOBAHUX MAAMHUKOBUX PYXi8 PIZHUX MEXAHIUHUX
cucmem. Memoouxa i npocpama peKOMeHOVIOmbCA Oisi GUPIUIEHHS NPUKIAOHUX 3A80aHb NPOEKMYBAHHA U
excnayamayii pisHux nioiiMAIbHOMPAHCHOPMHUX CUCHEM | MeXHIYHUX NPUCmpois, 30amHux 0emMoHCmpyeamu
CKAAOHY NOBEOTHKY. B MemoouyHomy niani nponoHoganull Mamepian yikaguil 0s cmyOoeHmie i acnipanmie y niami
HABUAHHA NPUHYUNAM NOOYO08U Ui AHANIZY CKAAOHUX HENIHIUHUX NPOCMOPOBUX OUHAMIYHUX CUCTIEM.

Knrouosi cnosa: neninitina ounamixa, KOAUSAauHs, nPOCmMoposa 3adaud, chepuyHuil MAasmHuK, pi6HAHHSA
Jlacpanoica 2-20 pody, mamemamuyna Mooenb, YUCI0B8UL eKCNePUMEH.
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