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Summary. In the conditions of a generalized flat stress state created by uniformly distributed tensile
forces at infinity, the mixed contact problem for an infinite orthotropic plate with an elliptical hole, the contour of
which is strengthened by a closed elastic rib, in the presence two symmetrical interphase incisions with edges
which are not in contact during deformation, is considered. The deformation tensor components (relative
elongation and normal angle of rotation) at the points of the contour of the plate hole are represented by integral
dependences on the contact forces. By modeling strengthening of a closed elastic rod of a constant rectangular
cross section and using the basic equations of the linear theory of curvilinear rods, which takes into account the
deformations of the transverse shear, the mathematical model of the problem is constructed as a system of singular
integral-differential equations with Hilbert cores to find the contact forces between the plate and the rib and the
internal forces and moments in the reinforcemen. To determine the initial parameters of a statically indeterminate
rod, the conditions of unambiguity of displacements and angles of rotation at points of its axis were used. The
structure of the required functions in the areas of interconnection of the plate and the reinforcing rib is established.
The approximate solution of the problem is constructed by the combined method of me chanical quadratures and
collocations, which investigates the influence of the magnitude of the interphase cuts and the shape of the hole in
the plate on the stress state of the plate and the reinforcing rib. It is established that in the vicinity of the ends of
the interphase sections, the normal stresses in the longitudinal fibers of the rib have first-order jumps, while
remaining limited, and the contact and annular efforts in the plate take unlimited values.

Key words: interfacial incisions, orthotropic plate, reinforcing rib, contact forces, singular integral-
differential equations.
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Introduction. Composite plates with curved holes are widely used in the design of
modern structures, machines, and constructions; closed elastic ribs of constant or variable cross-
section reinforce the contours of curved holes. The stress-strain state of such plates significantly
depends on the model of the reinforcing rib.

Nowadays, the model of a closed curved rod of a stable rectangular cross section, whose
middle surface does not coincide with the neutral for pure bending the surface of the rib and the
surface of the hole in the plate, is the most widely used [1-4].

Based on this model, in [5, 6], a number of problems concerning the contact interaction
of an orthotropic plate with an elliptical hole and a closed elastic rib, when they are fully
connected by the method of press landing with guaranteed tension or welding, are solved.

During manufacture or operation of plates with a reinforced curvilinear contour at the
interface of materials, defects can occur in the form of interfacial cuts (cracks), which will could
cause a high concentration of stresses and subsequent interfacial failure under the action of
force.

The case of one symmetrical interfacial section, the edges of which do not contact during
deformation, between an isotropic (orthotropic) plate with a curved (elliptical) hole and a closed
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elastic rib, is considered in [7-9]. Based on the method of mechanical squaring and collocation
for different loads, the effect on the stress state of the plate structure of the hole is studied, as
well as the anisotropy of the plate material, the value of the interphase section and the physical —
geometrical parameters of the rib. Providing the presence of two interphase sections between
an isotropic plate with a curved hole and a closed elastic rib, a similar problem is considered in
paper [10].

A numerical-analytical method for solving a mixed contact problem for an infinite
orthotropic plate with a reinforced elliptical contour in the conditions of a generalized planar
stress state is proposed, providing the presence of two symmetric sections at the material
boundary, the edges of which do not contact during deformation.

Statement of the problem. Assumedly, an infinite orthotropic plate of thickness 2h is
weakened by an elliptical hole, the contour of which T is reinforced by a closed elastic rib of
constant cross section. The plate structure is in the conditions of the generalized plane stress
state created by evenly distributed at infinity forces p and q, which act in the directions of
ellipse axes.

g The common median plane of the plate

T T T T T T and the rib is assigned to a system of rectangular

3 (x, y) and polar (r, 8) coordinates with a pole
) —~ in the centre of the hole. The reference systems

] 7 N —— are chosen so that the coordinate axes coincide
o~

=0,

. with the axes of symmetry of the ellipse and
g p determine the main directions of orthotropy of

: ¢ the plate material (Fig. 1).
A P —= Assumedly, during manufacture or
«— —> operation of the structure, on the line of the plate
l l l l l l and the rib connection outside the sections
7 [-B5. —asl, oo, Bl (aq, By — polar

angles), two symmetrical relatively the axis Ox
Figure 1. Computational scheme of the plate interphase sections occur, the edges of which do
not contact during deformation.

Objective of the paper. The objective of the paper is to determine the components of
the stress state on the contour I in the plate and the reinforcing rib and to find their dependence
on the magnitude of the interfacial incisions, orthotropy of the plate material, and the type of
external load.

Basic equations of the problem. The structure under study is considered as to be
conditionally divided into separate elements (an infinite orthotropic plate with an elliptical hole
and a closed resilient rib), replacing the action of one body on another by unknown contact
forces.

The infinite isotropic plate is in equilibrium under the action of the load at infinity and

the contact forces T,, S ,, which in the areas [-f;, —a,], [«,, B,] are transmitted to the

contour T" from the reinforcing rib.
Based on the function [11], a conformal mapping of the appearance of a unit circle y in

aplane & = pe* onto the region occupied by the median plane of the plate is considered

x+iy:z:w(§):Ro[§+§J 1
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if RO:a—erzl; g:a_—b_ eccentricity of the ellipse; a, b— its half-axes;, a=1+¢;
2 a+b
b=1-¢.

Deformations of the contour T" in an infinite orthotropic plate at a given load are
determined by the formulas [8, 9], which with consideration of the symmetry of the stress state

relative to the axis Ox can be converted into a formula

1
 2E,h(a? + B7)

€,

{cl(az + 85T, (A)+

Bo
s [ [@, (4, OT, @) + ©, (4, 1S, ©]dt + 2(2)Z + BAN 0} :

{Cl(az +,B2)Sp/1 (4)+

4 (2)
L j[ch (4, 1S, (t) + D, (4, T, (t)]dt +a(AV° - ﬂ(/i)Ef} , 1€[0, n],

where the notations are entered

@, (0 1) =G, (4, 1) = H, (L 1) =G, (1, t)ctg%+ H, (4, t)Ctg—k; =
&)2(7“’ t)y=G,(\ t)+ H, (A t) + G, (A, t)ctg—)”;rt +H, (A, t)ctg—kz_t ;
Ba(h D=6, )~ H, (4 D=6, 01 etg ™+ H, O Dotg ™~

@, (0 1) =6, (1 D+ Hy (D + G4 (1, t)ctg—x;t +H, (O t)ctg—x;t' :

H, (4, 1) = —c,a(Da(t) —c, (1) B(t) + ¢, (a (1) (1) + (D) a (D)) ; 3)
H, (4, 1) = —C,a(1) () + ¢, (D) a(t) - ¢ (a(Da(t) - (A1) A1)
H; (4, 1) = ¢, S(D) A1) + c,a(Da(t) +c; (a(D) M) + B(D)a(l);
H, (4, 1) =c,f(A)a(t) —c,a(2) (1) + c;(a(Da(t) - S(1) A1),
G, (4 ) =c,a(a(t) -c,B(A1) (1) + 3 (a(2) (1) - S(A)a(D)) ;

G, (4, 1) = —C,a(1) f(t) —c,f(Da(t) +c; (a(Da(t) + B(A) A1) ;
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G,y (4, 1) =—¢, (D a(t) —c,a(A) S() - ¢ (a(Da(t) + (A1) (1)) ;
G, (4. 1) =c, (1) A1) —c,a(D)a(t) + ¢y (a(4) B(1) - f(A)a(D)) -

B+, ﬁz [(

C,=ppf, =V, C = 1- B,,)cos’ A — 1]

Bt Bs ﬂ1+ﬁz
;A

.= B,)sin Acosi; c, = - p.,)sin* 2-1];

SV = g[aer(ﬂl + B, = BuB,) — (@+b(B, + B, + BB, ))e 2 |+

+ %ﬂlﬂZ [a(B, + B, ~1) +bB.B, + (@lL+ B, + B,) +bB.B)e 2 ];

E.. v, — Young’s modulus and the Poisson’s ratio of the plate material in the axial

direction; g, B, — roots of the characteristic equation [11].

The reinforcing rib is simulated by a closed curved rod of constant rectangular cross
section 2h, x 277, which is deformed by contact forces T, S, transmitted to its outer side

surface from the plate.

~ The lower part of the rib is
conditionally discarded, its action is replaced
with longitudinal forces N,, N, and bending

moments L, LY accordingly applied to the

ends A=0 and A =7 . As a result, an open

J statically defined rod deformed under the

action of contact forces on the areas [, £, ]

([6,; 6,]) and the load on the ends is obtained

(Fig. 2).

Figure 2. Computational scheme of the Based on [3, 4], its stress-strain state

reinforcing rib is determined by equations of the one-

dimensional linear theory of curved rods,

which take into account the hypothesis of flat sections and the deformation of the transverse
shear:

— differential equations of equilibrium of the rod element

N(2) dQ(4). Q(4) dN(4). dL, (/I) dN (1)
T,(4)= S, () =- - ; A
(4) = » ds 2 (4) » ds ™ ™ +Q(4); (4
—  physical dependences for the outer longitudinal fiber of the rod in contact with the
plate
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0" 0 c

: 1 n+n
e =———|NA)+—=L,(1) |;
P TEF (1) , 5 (1)
dg, 1

_ L,(4) dQ() |. ©)
40 EF, ‘2“”0)*‘7}

[N(/IH— ,

c

— conditions of unambiguity of the rotation angle of the normal and horizontal
displacement at the points of the rib axis

T{N(l)+w}d9 =0;
0 Un

T[N (A)(x= pcosd) + L, (1) X =1 +71:)€086 2(1+v0)ﬂ%}de -0, 6)

0

c

and the equilibrium conditions of the open rod shown in Fig. 2

6
_[[Tp (A)(ycosd—xsin0)-S ,, (A)(ysin 6+ xcos@)]ds = (7)

&

6
=LY — LY +(x(0) = 7)N, + (X(7) + )N, j(Tp (A)sin@+S , (A)cosd)ds = N + N,

o

In relations (4)—(7) the notations are introduced: N, Q, L, —longitudinal and transverse
forces and bending moment, which occur in the cross sections of the rod and are related to its
axis; 2h,, 27— height and width of the reinforcing rib; E;, v,— Young's modulus and
Poisson’s ratio of the rib material, E,F, — tensile strength of the rod (compression);
F, = 2h, - 2n — cross-sectional area; 7, — the distance from the axis of the rib to the neutral
longitudinal fiber for pure bending; x— constant (for rectangular section ¢z =1.2); r, — the
radius of curvature of the neutral rib fiber; £, 9, — relative elongation and angle of rotation
of the normal in the longitudinal fiber of the rib; o — radius of curvature of the contour T".

To establish the structure of the functions N, Q, L, in different areas [0; ], the cross

section of the open rod, which is inclined to the axis Ox at an angle @, should be considered.
It divides the rod into two parts, each of which is in equilibrium under the action of forces N ,
Q, bending moment L,, contact forces and load on the end face. According to the conditions
of equilibrium of each part, the expressions for internal force factors in characteristic sections
of the rod are found.

Area 0 <[0; 6,]

N(8) = N, cosd; Q() = Ny sin 6; L, (6) = Li® +[x(6,) — x(8) — n(cosd, —cos&) |N,.
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Area 0 €[6,; 6,]

N (0) = N(0) +cosd| N, 6,-0 —N, =06y :
91_‘90 ‘91_90

0,-0 9—90}

1

Q(8) = Q(O) +sin Q(NO

91_90_ 01_90
~ 6, -0 0-6
L @)=L (0)+ L 2 — 4 ;00
5 (0) =L, (0) + L, 0, 0, b = (8)

Area 0 €[0,; =]
N(0) = —N, cos@; Q(8) = —N,sin 8; L, (0) = Li® +[x(0) — x(8,) —n(cos@ —cosb,)|N,.
Here
L@ = LO +[x(0) — x(8,) + n(cosb, —1)|N,;
L® = LY +[x(6,) — x(x) — n(cosb, +1)|N, -

bending moments that occur in cross sections € = 6, and 6 = @,, respectively; N(a), 6(9),

L, (9) — are limited and continuous functions on [6,; 6,], for which conditions are fulfilled at
the ends of a site of connection of a plate and a rib

N (8,)=N(6,)=Q(8,)=Q(6,) =L, (6,) =L, (6,)=0. )

Mathematical model of the problem. The boundary conditions of the problem are
formulated in the form of conditions of joint deformation of the plate and the reinforcing rib in
the areas of their connection.

£, () =e2); V) =6,(2), Aelaygfl;

(10)
T,=S5,=0 A€[0, a,]U[p,; 7]

Substitution (2), (5) with consideration of (4)—(8) in conditions (10) leads to the system
of singular integral — differential equations with Hilbert kernels for determining functions T ,

S,.. N, Q, L, and constants N, N,, Ly, L;®. Providing these values are known, the

annular effort T, on the contour of the hole in the plate and the maximum normal stresses in

the extreme fibers of the rib and the largest tangential stresses in the axial fiber are deduced
from the relations [1]

L — L
U(l)=i|:N -|-—77-"_77C —b:|, (7(2)=i|:N+77C 77 d :|i Z-max:§g' (11)
0 P P Fo N P20 2 F
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On the basis of (10), the system (2), (5)—(9) possesses the same structure as the
corresponding system for an isotropic plate with a curved hole [10], so the method of
mechanical quadratures and collocation of its approximate solution is transferred without
changes.

Analysis of numerical calculations. For an infinite orthotropic plate with an elliptical
(¢ =%0.2) hole and a reinforcing rib with parameters

h,/h=4/3; /R, =01 a,=10" pB,=150"; ,[E,E,/E, =05

the influence on the stress state of the plate and the orthotropic ribs of the plate material, and
the value of the interphase sections and the shape of the hole is studied.
The results of numerical calculation of the values T, S ,, T, on the contour I" in the

pA?
plate and F,c®, F,c®, F,r, . — inthe rib are shown in Fig. 3-8. The characteristics of

orthotropic materials and the lines that correspond to these materials in the figures are shown
in Table 1.

Figure 5. Diagrams of tangential stresses in the rib and annular forces on the contour I" in the plate
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Figure 8. Diagrams of tangential stresses in the rib and annular forces on the contour I" in the plate
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Table 1

The characteristics of orthotropic materials and the lines that correspond to these materials

Plate material i B, v, E,./E, Lines
isotropic material 1 1 0,300 1 -
glass epoxy 2,2712 0,7626 0,250 3 —_—
graphite epoxy 6,9992 0,7144 0,250 25 | —.—.=
epoxy glass 0,4400 1,3100 0,083 VT [p—
epoxy graphite 0,1430 1,4010 0,010 1/25 —_———

Based on the obtained results, the authors conclude:

e the presence of interphase sections leads to a significant redistribution of the
components of the stress state in the plate and the reinforcing rib, especially neighbourhood
their ends. At the joints of the plate and the ribs at a distance from their ends, all components
of the stress state are almost independent of the presence of incisions;

o for all considered plate materials, the transverse forces are significantly smaller than
other force factors in the reinforcement, so they can be neglected in engineering calculations;

e orthotropy of the plate material significantly affects the distribution of components of
the stress state in the plate and the reinforcing rib. As the ratio E, / E, increases, the maximum

values of the annular efforts T, decrease sharply, while for the others the component of the

stress state increases;

e in the vicinity of the ends of the interfacial sections normal stresses in the longitudinal
fibers of the ribs have jumps of the first type, while remaining limited, and the contact and
annular efforts in the plate take unlimited values.
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VJIK 539.3

HEIIOBHUM KOHTAKT OPTOTPOITHOI IIVIACTUHKH 3
EJIIITUYHUM OTBOPOM 1 BAMKHEHOTI'O ITPYKHOI'O PEBPA

Anapiii Caceknii'; Ouer Jeiinexa?; Harauia lllesnosa’
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npupodoxopucmysanns, Piene, Ykpaina?;
3Biookpemnenuii cmpykmypHuii niopo30in « Pignencokuii Koneoxc
Hayionanvnozo ynieepcumemy 6iomexnonozii
i npupoookopucmysanus Ykpainuy, Piene, Ykpaina

Pe3zome. B ymosax y3azanvhHeno2o NIOCKO20 HANPYICEHO20 CMAHY, CMBOPEHO020 PIBHOMIDHO
PO3NOOLIEHUMU  3YCUTIAMU  PO3MAZY HA HECKIHYEHHOCM, pPO32ISAHYMO MIWAHY KOHMAKMHY 3a0ayy O/
HeCKiHYeHHOI OpmomponHOi NIACMUHKY 3 eINMUYHUM OMBOPOM, KOHMYP AKO20 NIOCUNEHO 3AMKHEHUM NPYHCHUM
pebpoMm, 3a HAABHOCMI HA MeXCT IX CROYYeHHs 080X CUMEMPUYHUX MIdCA3HUX po3pi3ie, Oepesu SKuUX y npoyeci
Odegpopmayii ne konmaxmywomo. Komnonenmu menszopa deopmayii (8iOHOCHE 6UO0BHCEHHS | KYM NOBOPOMY
HOpMANI) 8 MOYKAX KOHMYpY OME0py NIACMUHKU NPeOCMAgieHi [HMeSPANbHUMU 3AAeHCHOCAMU  8i0
KOHMAKmuux 3ycunv. Modenioouu niocuieHHs 3aMKHEHUM NPYHCHUM CMPUICHEM CHMAN020 NPAMOKYMHO20
NONepeurHo2o nepepiszy ma 6UKOPUCNOBYIOUYU OCHOBHI DIGHANHA NIHIUHOI Meopii KPUBOMIHITIHUX CIMPUIHCHIE, WO
epaxosye Oeopmayii nonepeuno2o 3cy8y, Mamemamuiny Mooeib 3adaui nobyooeano y euisoi cucmemu
CUHZYNIAPHUX [HMeSPanbHO-OupepenyianvHux pigHsaHb 3 saopamu linbbepma Ona 3HAXOO0NHCEHH KOHMAKIMHUX
3YCUNb MIJIC NIACMUHKOIO [ peOpOM ma GHYMPIWHIX CUlL | MOMeHmi8 Y niocunenni. Ilpu eusHauenui nouamxosux
napamempis 3aMKHEeH020 CMAMUYHO HeBUSHAYEHO20 CIPUICHA BUKOPUCTNAHO YMOBU OOHO3HAYHOCMI 3MileHb |
Kymie NoGOPOmMy 6 mouKax U020 oci. 3’Ac06ano CMpyKmypy WyKaHux @QyHKYitli Ha OLIAHKAX CHOJYYEHHS
nIACmMuHKY 1l NiOCun08anvHo2o pebpa. Habrusicenuii poss’sa3ok 3adaui no6yo008ano KOMOIHOBAHUM MemoooM
MeXauiunux Keaopamyp i KoaoKayii, AKUM OO0CTIONCEHO 6NIUE HA HANPYICEHUU CMAaH NIACMUHKU U
RIOCUNIOBATILHO20 pebpa 6eudUHU MIDCEA3HUX po3pizie ma gopmu omeopy 6 niacmunyi. Bcmarnosneno, uwo 6
OKOJI MOPYie Midc@A3HUX pO3Pi3i6 HOPMATLHI HANPYIICEHHSA 8 NO300BIUCHIX BONOKHAX pebpa mMaiwms CMpuoKu
nepuiozo poody, 3ANUMAIOYUCL NPU YbOMY O0OMENCeHUMU, a KOHMAKMHI U KilbyeGl 3YCUiis 6 NIACMUHYL
Habysams HeoOMeHCeHUX 3HAYEHb.

Knrwouoei cnosa: midxcgasui pospisu, opmomponna niacmuHKa, NiOCUN08AIbHe pedpo, KOHMAKMHI
3YCUNIS, CUHSYTAPHI IHMe2PaATbHO-0UughepenyianoHi Pi6HAHHSL.
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