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Abstract

The article is devoted to risk modeling in prudent operators or investors, whose decisions are
characterized by a trade-off between loss risk and reproduction function. Their attitude may
be covered by the combined use of quantitative risk measures. Show the approach to risk
modeling, which we will move to the traditional theory of maximizing the possibility of using
service functions. Investors who engage their capital are always at risk because they make
changes in the structure of their assets when investing. The risk of investing is identified with
a possible threat or chance of achieving the expected benefits and is associated with the risk
of an investment effect not being expected. This effect may be worse or better than previously
assumed. The need to identify and verify the risk results from the possibility of achieving the
expected benefits of the investor or avoiding losses. When making investment decisions, we
can distinguish three types of investor behavior: Preference for risk and its effects (gambler) -
the investor makes decisions even when the probability of loss exceeds the probability of
profit. The investor is willing to incur higher expenses in order to make a decision about a
higher risk. Risk neutrality - the investor does not make decisions when the probability of
making a profit is too low. When making decisions, the investor does not pay attention to the
amount of risk. Risk aversion - the investor expects the probability of profit to be greater than
loss. An investor takes a risk when he expects to receive bonus compensation. Risk aversion
also depends on the investor’s resources. The richer the investor, the easier it will be for him
to accept the loss. The models described in the article assume that investors act rationally and
are characterized by risk aversion.
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INTRODUCTION

Nowadays, free market business is a natural space for entrepreneurs. The basic
condition for the development of any enterprise in such an environment is the
development of a proper investment strategy. It aims to bring improvement in
business efficiency, strengthen the company’s market position and improve its
financial result [36]. Changes taking place in contemporary markets and the growing
dynamics of their development do not make it easier for entrepreneurs to do the task.
The final effect of the investment can be influenced not only by the internal
conditions of the enterprise such as its structure, management staff, human capital,
but also external factors. The most important of them are market globalization,
information flows, very high competitiveness and finally the development of new
technologies. Therefore, the process of identifying threats and effective attempts to
reduce the adverse effects of decisions taken in an atmosphere of uncertainty are a
prerequisite for the company’s survival on the market. The profitability analysis of
investment projects should therefore focus not only on micro- and macroeconomic
factors, but also take into account global factors. Therefore, their identification is one
of the basic tasks of the company. Making an investment decision is one of the most
difficult tasks of the company. The investment implementation itself is the result of a
long and arduous process of analyzing investment profitability. Guided by the subject
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of investment, the following groups can be distinguished: material investments,
financial investments and investments in human capital. This first class is the
enterprise’s fixed assets and includes purchases of machinery, technical equipment,
land, real estate, etc. The second group includes purchases of securities or opening of
bank deposits. Traditional investment profitability testing methods are always based
on the assumption of stable investment conditions, i.e. future cash flows are based on
projections that may prove out of date in the future. This is obviously due to the
uncertainty or unpredictability of the market and concerns material and financial
investments. The classical method of updated current value assumes that the basic
criterion for choosing an appropriate investment project is to maximize the expected
value of future discounted cash inflows related to the project implementation.
However, this method ignores changes in investment conditions that make some
investments no longer profitable and others become. Therefore, the article deals with
issues related to the process of investment profitability taking into account risk
factors.

RESEARCH RESULTS AND DISCUSSION

1. Utility functions

In this section will be considered an entrepreneur having the opportunity to
invest his capital, or broadly some good. Of course, these possibilities affect the state
of ownership at the end of the investment period. The investor’s goal is to choose the
alternative or option that would bring the highest possible level of good. This good
can mean money, or financial profit, but it can also mean intangible assets (e.g.
acquiring new business partners, ease of cooperation, raising employees’
qualifications). If the results of these investments are known, then it is easy to
determine the ranking of alternatives. However, in the random case, i.e. when the
level of good at the end of the period is not known and can be described by a random
variable, determining the best alternative is not obvious. Therefore, a method is
needed that would help construct a certain ranking in the set of random variables.
Such a tool is utility function. Formally, the utility function U is defined on a set of
real numbers. Then the ranking list is created according to the von Neuman -
Morgenstern criterion, i.e. the criterion of maximizing the expected value [16; 46].

The a alternative is no worse than the b alternative, if EU(X,) = EU(X,);

where X; is a random payout or random profit at the end of the investment period
after selecting i = a; b. The following designation is used [7; 11; 25; 39]:

X, » X, & EU(X,) = EUX,):

Thus, this operation allows you to determine the order in a set of random
variables. Utility functions used by the entrepreneur or decision-maker depend on his
individual risk tolerance, his financial background, psychological conditions and
material situation. The simplest utility function is the linear function U(x) = x: The
investor using this utility function is called the investor it risk neutral, because this
function only takes into account the expected value of future revenues. The only
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assumption that the function is a utility function is monotonicity (the function must
be increasing) and continuity. Classical usability theory says that utility functions
should be differentiable even twice [12]. These properties imply that the functions are
convenient in calculations and the models based on them are used, e.g. in
microeconomics, finance and analysis of consumer decisions [45]. Figure 1 presents
the utility functions most commonly found in practice.

mm=EXPOMENTIAL & =] OGARYTHMIC — e=ss=pPOWER esss=50ARE

Figure 1. Examples of utility functions: exponential U(x) = —2e~%3% logarithmic
U(x) = Inx; power U(x) =0,5x"%, square U(x) = x — 0, 1x%

Source: own study

The following are four classes of utility functions found in the [31] literature.
The domain of this function, i.e. the set in which it is specified, is denoted by DIU.

[A] The exponential function U(x) = —1e7¥%; where ¥ > 0 is a certain
14

parameter DU = (—w,0):
[B ] Logarithmic function U(x) = Inx, DU = (0;4=):
It is easy to notice that although the function is specified for x > 0; in the event

that the investor expects to be bankrupt with a positive probability, the use of such a
utility function results in the expected usefulness of random withdrawal being —ao.

[C] Power function U(x) = yx¥ ; where ¥y < 1 is a certain parameter. If
ye(0;1); DU = [0;+o0): If y < Othen DU = (0;+o0):
[D] Quadratic function U(x)= x —yx?; where y > 0 is a certain parameter,

1 . . [ . 1
DU = (—; ) This function is increasing for x < -~
Y Y
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It is worth emphasizing here that, although the utility function is a useful tool for
creating a ranking of investments with random payments, its numerical value has no
interpretation. Therefore, adding a constant to a utility function or multiplying it by a
constant k > 0 does not change the ranking of alternatives. Therefore, the functions

U(x) and U(x) = koU(x) + k, are considered equivalent because
X, =Xb = EU(X,) = EU(X,) = EU(X,) = EU(X,).

The rationale for using the criterion of maximizing the expected value from the
utility function is the fact that this approach can be clearly described by the axioms
[16]. It should also be mentioned that creating a ranking is only possible if the utility
function is concave.

2. Risk aversion and utility function
The U function defined on the segment [a;b] is concave [15, 29, 30], if for each

e [0:1]and x; y € [a; b] an inequality is satisfied
Ulax+(1—a)y) = al(x)+ (1 —a)U(y).

This concave utility function I reflects the risk aversion of the decision maker.
This property is illustrated in Figure 2.

X

0,9

0,8 U{L/2x+1/2y)
0,7 -
a 1/20({x)+1/2U{y) |
0,5 -
04 -
0,3 -
0,2 -

01

0

£ 1/2x+1/2y ¥
Figure 2 Concave utility function.
Source: own study

It was assumed that the decision maker has two alternatives to choose from:
(1) at the end of the period will receive x or y with probability %,
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(2) receive %x + % .
The expected utility of the first alternative is the weight of two utility function
values %U (x)+ %U (v) The expected utility of the second option (not including risk)

is equal to the value of the utility function in point %x + 3 ¥. This value is greater than

the value of the first alternative when the utility function is concave. So the decision
maker will choose the second alternative.

3. Risk aversion coefficient

The degree of risk aversion of the concave utility function is related to the fact
how “strongly” such a function is concave. Formally, the degree of risk aversion is
measured by a factor defined by Arrow and Pratt [2, 22, 31, 34]. To give the formula
for the risk factor, it must be assumed that the utility function has a second derivative.
If U(x}¥s concave then U (x) < 0[15,29, 30].

The Arrow-Pratt absolute risk aversion coefficient (Arrow-Pratt index)

U{( Ex]
U’ (x)

AORE

Table 1 presents the most common utility functions and the corresponding
Arrow-Pratt coefficient. Factor U’ (x) appearing in the denominator plays the role of
a normalizing factor. Coefficient ¥ (x) illustrates the change in risk aversion along
with the changing level of good. Most often, the risk ratio decreases as capital

(assets) increases. This reflects the situation that an investor is able to take more risks
if he feels more financially secured.

Table 1 The Arrow-Pratt coefficient for selected utility functions

Lp. Utility function The Arrow-Pratt Coefficient
U(x) Coefficient properties
1 i e
[A] U(x) = —er= Fix)=y constant for each
¥ value of x
[B] |U(x) = Inx . 1 decreases with
Fx)=— . . ¢
x increasing of x
[C] | U(x) = yx¥ . y—1 decreases with
7 (x) = . . ¢
x increasing of x
[D] | U(x) =x—yx? 5 (x) = 2y decreases with
¥ 2px — 1 increasing of x

Source: own study
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If the parameter y tends to 0, in the case of utility [A] and [D] in Table 1, the
decision-maker becomes increasingly risk-neutral [3, 4, 5, 44]. The same situation
applies to the power utility [C] if y is very close to 1.

4. Certainty equivalent

Although the expected value of the usefulness of a random good doesn’t matter
except comparing it to another alternative, you can define new concepts that have an
intuitive meaning. This concept is the certainty equivalent [33], which for random
profit is defined as the constant ¢ such that

U(c) = E[U]

In other words, it is a guaranteed value of a good, without any risk, for which
the utility is the same as the expected value of the utility of the random good X [23].

If U is an increasing function, then there is an inverse function I~ to the function U
and you can write that

¢ = UHEWU&D.

The certainty equivalent of a random variable for equivalent utility functions is
the same and is measured in units of good value. Let U(x) be a concave function of

utility. The ¢ constant is such a number that U(c) equals the expected value of U(X).

In other words, it is such a value that the decision maker or company treats as a
guaranteed withdrawal without investing in the X portfolio (which can be a loss or a

profit). By definition of the equivalent of certainty and from Jensen’s inequality [28],
the inequality occurs

U(c) = E[UX)] < U(EX).

Since U is an increasing function, ¢ < EX. This fact is shown in Figure 3.
It has been assumed that the following investment is under consideration. The
decision maker receives z and y payouts with probability % Thus, the value of

ETU(X)] is halfway between the points U(z) and U(y), and the utility of the certainty
equivalent is the intersection point of the function U and the horizontal straight line
passing through the point E[U(X)].

UCe) = E[U()] =50() +3UG).
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4

z : X y
Figure 3 Certainty equivalent

Source: own study

Thus, it is easy to see that in the case of the concave utility function ¢ is smaller
than the expected value E[X]. It is clear that the stronger the function is concave

(which corresponds to a more cautious investor), the number ¢ lies further to the left
of the value E[U(X)] [17]. Mathematically, this is a consequence of Jensen’s
inequality. The value of Premium = EX —c is called risk premium. In other

words, the risk premium is an excess of return on investment over the risk-free
amount [44]. In addition, [6] can be demonstrated that the risk premium is
proportional to the random payout multiplied by a certain factor. More precisely, this

coefficient is i?(x}.

The power utility function U(x) = yx¥ with parameter e (0;1) was
considered. Then yx¥ = yE[XY]:thus ¢¥ = E[X¥],or ¢=(E[XY])". The
certainty equivalent of this form is known in the literature as the Kreps-Porteus

equivalent [27]. Example 1 shows the use of this equivalent for withdrawals with a
uniform distribution.

5. Examples
EXAMPLE 1 It has been assumed that a random payment of X has a uniform
distribution over the range of [0;1]. Then the utility function IJ
U(x) = x¥; ye(0;1);
is specified for x € [0;1]. The g parameter expresses the risk aversion of the decision

maker. Since
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T ] 1
[ ]_J;x _1+y0_1+“y

from Table 1 it was obtained that

1
( 1 )‘r 1
Cc = = 1
1+y A+y)

It’s easy to see that if y is close to 1, then c is approaching value % and EX = %
This borderline case means that risk aversion disappears. On the other hand, if ¥ > 0
and y is close to 0, then f = 2 becomes any value.

¥

Hence

1 1 1
c= = - -~ 0,37,

4y (1+3)

when & tends to infinity.

This means that for getting rid of randomness, the decision-maker is willing to
accept a smaller payout, and this payout decreases with g: In other words, the smaller
the ythe lower the certainty equivalent and the greater the risk aversion. For example,

1 .
fory = . received

2

e () = 00 = [[rer) () =5 <o -0

EXAMPLE 2 An investor was considered to decide on investment in a risky
project. It has been estimated that this project will bring a profit of PLN 100,000 with
a probability of about 5%, PLN 50,000 with a probability of 50%, will not bring a
profit with a probability of 20% and with a probability of 25% will bring a loss of
PLN 10,000. So let X be a random payout from this project.

10° with probability 0,05
5 - 10* with probability 0,5,
0 with probability 0,2
—10* with probability 0,25.

X:

The investor has a square utility function
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1
Ux)=x———x%x < 10%

2-106€

It was assumed that the decision maker faces two alternatives. In the first case,

the probability E receives a payout of 10, or a payout of 0 with the probability %.In

the second case, the player receives the amount A.

Then

w
E[U(X)] = ﬁ(_105—

1
(=10 -
+4(10

Then ¢ was calculated such that ¢ — 2_1

2108

2-10°
E[U(X)] ~ 26612;5

2

1
103).

106%

1
1010) +—(1(}" -5 —
2-10%

25- ]09)

c? =26612,5,

The quadratic equation was solved, obtaining ¢ = 26;9376:36.

So if a competitor compensates the investor with 26,976.36 PLN, the investor
will be willing to surrender the project to a competitor.

Table 2 contains inverse functions and equivalence equivalents for selected

utility functions.

Table 2. Inverse functions and certainty equivalents for selected utility functions

Utility function Parameter | Inverse function U~* (x) Certainty equivalent ¢
U(x) conditions
and domain
U(x)
U(x) = Inx x € (0,00) U (x)=¢e~ ¢ = gflin¥l
x € {:—m,m}
1 _ Y 1 1
Ulx)=——e™* % € (—00,0) U™ (x) = ——In(—yx) ¢ = —=InE[e"¥]
Y ye(0,00) 14
x € (—o0,0)
U(x) = yx¥ x € [0,00) . 1
— ¥ =(F ¥
ye(0,1) UTHx) = (;) ¢ = (E[x]")
lub x € [0,00)
x € (0,00)
¥y=0
— z
Ulx)=x—yx xe(n,i) U_l{x}=1_ 1— 4xy C=1—J1+4y.€x—4yzax
2y 2y 2b
ye(0, 00} ( 1 ) EX is expected value of the
x e |—oo,— .
4y mvestment

Source: own study based on [5; 31]
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6. Methods for selecting utility functions

The choice of utility functions for the investor interested is a significant
problem. One of the ways is to assign the investor the form of service functions and
perform parameter estimation based on the conducted experiments among the
examined group of people. The second use is to search for service functions. Since
both characters and utility function parameters affect the value of the assessment,
proper assessment is important in the [13] decision-making process. A set of standard
procedures assigned to services functions for investors, decision makers or the entire
company. Below are some ways to use it in practice.

1. Certainty Equivalent Method

One way to determine the utility of a decision maker is to assign a certainty
equivalent of various risky alternatives. An elegant method is the organization of a
lottery in which the decision maker knows the payday is A with a probability of p, or
B with a probability of 1 — p. For different values of p the investor determines the
price ¢ (certainty equivalent) za for departing from the lottery. The expected value of
such a lottery is h = Ap + B(1 — p). So if the decision maker is risk sensitive then
the certainty equivalent ¢ must be less than 4.

2. Parameter selection method

Another method for determining the utility of a decision maker is to assign a
given utility function from the appropriate class, followed by estimating a parameter.
This method was proposed by Tversky and Kahneman [24]. It assumes that the utility

function is exponential U(x) = —le‘?’”‘, because as research confirms, [8, 43] best
¥

characterizes the preferences of decision-makers. The y > Oparameter can be set as a

result of a simple lottery. The decision maker determines the equivalent of certainty
¢, which is the value he is able to accept for giving up participation in a certain
lottery. The following lottery was proposed. The investor wins 2 with a probability of

g or loses 1 with a probability of % If ¢ = 1,5 for this decision maker then

2 1
_3-1;5}" — e_z]" __e—‘]f

3 3

The solution of the equation is y = 1,38629.

3. Questionnaire

The basis of research on economic behavior is business psychology. It focuses
on consumer behavior, studies financial behavior, deals with risk-taking and decision
psychology [14, 40, 42]. Decision theory assumes individual decision-making
preferences in relation to risk. However, there are many situations where it is
desirable to determine the individual’s risk / risk attitude. For example, banks would
like to adjust the risk level of proposed investments by offering various investment
instruments to the level of risk accepted by customers. Interesting to banks may also
have an attitude to the risk of employees granting loans [41] (this is the so-called
operational risk that may arise as a result of human error). The attitude to the entity’s
risk depends on the individual’s perception of risk, his current financial position,
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future financial gains prospects, obligations and the person’s age. One of the methods
of estimating the appropriate risk factor and the entity’s utility function is to conduct
an appropriate survey. It gives a good qualitative assessment and the results can be
used to determine the utility function. In the questionnaire, one question focuses on
both the investor’s financial position and the investor’s approach to investing. The
next questions characterize the market and relate to the value of the managed fund.
This survey shows that risk tolerance is determined by the individual’s perception of
risk and by the investor’s financial environment. The purpose of conducting such a
survey is to determine a person’s propensity to take investment risk. Such surveys are
prepared in cooperation with psychologists. Investment firms use this type of
questionnaire to research the client’s investment profile because their propensity to
risk affects which of the products offered to them is willing to accept. When a
company knows the client’s investment profile, it is able to offer products that best
meet their needs.

CONCLUSION

The concept of expected utility enables formal analysis of economic behavior. A
particular example of its application is the issue of choosing the optimal portfolio of
shares. But since the theory of the value of expected utility has been formulated, there
are discussions on its compliance with practice, with the observed behavior of
individuals in a situation when a choice should be made. A number of experiments
have been conducted which show that this approach is inefficient in many situations.
Research by Kahneman and Tversky [24] showed that decision-makers evaluate the
alternatives available to them on the basis of their own position, on their wealth, on
their own experience. For positive forecasts, their utility function is concave, for
negative forecasts convex (this is also confirmed by other researchers of human
behavior [18, 21]). Very rare events are treated as impossible events, and the events
with high probability of occurrence were treated as certain events. There are studies
confirming that most people are risk averse when they focus on future profits and
choose risk when they are facing losses. This phenomenon is known in the literature
as theory of perspective [26, 35]. A person will choose a certain profit of 500 rather

than a payout of 1000 with a probability of % The same person will choose the risk of

losing 1000 with a probability of i than some loss of 500: It can be concluded that in

the case of capital increase, the decision maker it is characterized by risk aversion,
and in the case of capital decrease, in other words, losses are risk-sensitive [24].
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