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Summary. Under the conditions of generalized plane stress state, caused by forces uniformly distributed
at infinity, mixed contact problem for infinity isotropic plate with curvilinear hole which contour is reinforced by
closed elastic rib is considered when there are two symmetric interphase cross-sections with zero width on the
boundary of the plate and rib materials. The system of singular integral-differential equations for determining the
contact forces between the plate and the rib and the internal forces and moments in the rib is constructed due to
the reinforced rib modelling by closed curved rod of the constant rectangular cross-section, the middle surface of
which does not coincide with the plate hole surface, and the combination of the plate and the rib by ideal
mechanical contact. The problem boundary conditions are formulated in the form of conditions for plate and rib
joint deformation. In order to calculate the initial parameters in the statically indeterminate reinforcing rib, the
conditions for the displacement uniqueness of the points of its axis and the cross sections rotation angles are used.
Using a special approach to the representation of components of the stress state in a conditionally cut rib, the
structure of the searched functions at the ends of the connection area of the plate and the rib are established. The
approximate problem solution is constructed by mechanical quadratures and collocation method, by which the
influence of the rib physical-geometric parameters and the type of external load on the stresses distribution in the
plate and the reinforcing rib are investigated. It is determined that the components of the stress-strain deformed
state in the rib at the ends of the junction area have restricted values.

Keywords: interphase cross-sections, isotropic plate, elastic rib, transverse and longitudinal forces,
bending moment, singular integral equations, contact efforts.
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Introduction. Thin-walled plates with curvilinear holes, which contours are reinforced
by closed elastic ribs of constant cross-section, are widely used in modern structures, machines
and structures [1-3].

Currently, the most common reinforcing rib model is the closed curved rod [3-6], which
is used in papers [3, 4, 6] for investigation of a number of problems concerning the contact
interaction of isotropic and orthotropic plates with curved hole and closed elastic rib at their
combination providing guaranteed tension or welding method.

During production and operation of plates with strengthened curvilinear hole at the
interface of heterogeneous materials, defects in the form of interphase cuts resulting in high
stresses concentration and subsequent interphase fracture under the force loading action occur.

If one symmetrical interphase section between the plate and the closed resilient rib of
constant rectangular cross-section included, the calculation problems of the stress-deformed
state of the plate structure under generalized flat stress state conditions, are investigated in
papers [7, 8]. For piecewise-homogeneous structures with two interphase sections at the
interface of the plate and closed elastic rib, such problems are not considered.

The numerical-analytic solution of the mixed contact problem of curvilinear hole
contour strengthening in the infinite isotropic plate with closed elastic edge is proposed for the
case if there are two symmetrical sections at the interface.
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Interphase cross-sections in the infinity plate with curvilinear contour reinforced by closed rib

Statement of the problem. Let us consider the infinite isotropic plate with thickness
2h weakened by symmetric curvilinear hole, which T contour is reinforced by closed elastic
rib of the constant rectangular cross-section with width 27 and thickness 2h,, being under the
generalized flat stress state conditions, created by forces p and ¢, acting on infinities in two

mutually perpendicular directions. The common median plane of the plate and the ribs is related
to Cartesian (x, y) and polar (r, §) coordinate systems with the pole in the hole center. The

reference systems are chosen in such a way that axis Ox coincides with the polar axis and
determines the direction of force p action (Fig. 1).

Let us assume that in the course of

T I I 7 I I T structure manufacturing or its operation on the
interconnection line of the plate and the ribs
- k& |, externally the sections[-f;, —a;1, [ag, 8],
— P, ) ., (a;, B; — polar angles), there are two
- | 4 . symmetrical relatively to axis Ox interphase
P 0 ¥ p  sections, the edges of which do not contact
] 7 [ during deformation.
] £ ' R The objective of the paper is to
| |, determine the stress state components on T’
contour in the plate, the reinforcing rib and to

l l l l l l investigate the effect on these interphase
4 sections values, the rib rigidity and the
external load type.

Basic equations of the problem. Let
us conditionally divide the considered
structure into separate elements (infinite
isotropic plate with curvilinear hole and reinforcing rib), replacing the action of one body with
another by unknown contact forces.

The infinite isotropic plate is in equilibrium under the load action on infinites and
normal T and tangent S, contact forces transmitted to I" contour from the reinforcing rib.

Let the hole shape in the plate be described by function [7]
z:x+iy:a)(§):Ro(§+ﬁ+g—ij, 1)
s ¢
which implements the conformal reflection of the form S~ of the single circle » in plane
& = pe' on the area occupied by the plate median plane.
Here R, =1 is the characteristic hole size; ¢, ¢, are parameters characterizing the

Figure 1. Calculation scheme of the plate with
strengthened hole

deviation of T contour shape from the circle; i =~/=1; (p, ) are polar coordinates of points
in plane ¢&.

The deformation of T" contour in the plate at the given load is determined by
formulas [7]
fo

[(1—1/)(052 + BT, (A) —% [lo.(2, 01,0 -2, (2, 1S, (0)]dt +

%o

~ 1
~ 2Eh(a’ + B?)

&,

1

:m A-v)(@® +B%)S,, (A4) -

+a(A)E) + B(AN 0} ;
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ﬂO
—%HCI)3(/I,t)SM(t)+CI)4(/I,t)Tp O)dt+a(V° - pAEL |, €0, 2], (2)

where the following notation is introduced

®,0 1)=8,0, D +8, (1 1) +5,(1, Detg 21—, (1, Detg L,

®,(1 ) =S, )+ S, (0 1) =S, (0, t)ctg%+ S, (A, t)ctg%;

At
2 1
D, 01 1) =5, 1) =8, (1 1 ~8, (1, Detg™ 7 -8, (1, Detg ™

Si(m ) =a(Dat)+B(A)B®1); S,(h 1) =a(d)B(t)-L(A)alt);
S; (M ) =a(a(t)-AA)A(1); S,(At)=a(d)BM)+L(A)a(t);
g =p+q—2(p-q)cos2A+(p+q)(e Ccos24 +2¢&,C0S3A);

®, (0 1) =S, (b 1) =S, (s 1) + S, (A, t)ctg%+ S, (1, t)ctg

V°=2(p-q)sin 22— (p+0q)(e,sin 24+ 2¢,siN31); ()

E, v—are Young's modulus and Poisson's ratio of plate material FOnra; ¢,, V' are the relative
elongation of T contour and the angle of the normal rotation to it; [«,, 3, ] is section [«,, 5;]

prototype under mapping (1); e +if=o'(c); o =e".
The ring forces 7, on 1 contour are determined from the relation [7]

T, =vI, +2Ehe,. (4)

The reinforcing rib is simulated by closed curvilinear rod of the constant rectangular
cross-section 2h, x 277, which is deformed by the contact forces transmitted to its outer lateral
surface from the plate. The stress state calculation problem for such rod is statically
indetermined.

Taking into account the problem symmetry relatively to axis Ox, we conditionally
neglect the lower strengthening part, replacing it with the longitudinal forces N,, N, and

bending moments L{”, L&’ applied to the

T ds ends A =0 and 1 =z (Fig. 2). Asaresult, we
J obtain the open statically determined rod,
which is in equilibrium under the contact

forces action at section [«,, 5,1 ([6,; 6,])

1 "\#/ and loading at the ends.

0 We describe the stress-strain state of
the open rib is described by the equations of
one-dimensional theory of curvilinear rods,

taking into account the hypothesis of flat sections and transverse shear deformation [5, 9]:

- differential equations of rod element equilibrium are

NG Q). gy QW) AN, dL() _ AN o
T,(1)= B Sa (== oSS e T ) ()

S p.La's

Figure 2. Calculation scheme of reinforcing rib

- physical dependencies for the outer longitudinal rod fiber, contacting with the plate are
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m_ 1 URS/E dg, _ 1 L) dQ(/I)
g™ = EF[N(/I)+ o L(/I)} @_EOFO[N(A) 2l } (6)

c c

where N (1), Q(4), L, (1) are the longitudinal and transverse forces and bending moment
occurring in the rod cross-sections and related to its axis; £\, @, is relative fiber elongation
and the angle of the normal rotation to it; @ is the normal inclination angle at the point (x, y)
of I"contour to the axis Ox; E,, v, — are Young's modulus and Poisson's ratio of the rod
material; E,F, is its tensile (compression) strength; x is the constant (for rectangular section
u=1.2); n_is the distance from the rod axis to the neutral one for the longitudinal fiber pure
bending; ds = pd@=| w'(c)|dA; p is T contour curvature radius; e’ =e“w'(c)/| @'(c)].

In addition to relations (5), (6), the conditions of uniqueness of the normal rotation angle
and horizontal displacement must be met [7-9]

T T

I{Nup Ln(/l)}de =0; J[N(/l)(x—pcosé’)+ L, (1)

0 ¢ 0

X—(n+n.)cosd

}dazo, 7

c

as well as the equilibrium conditions of the open rod shown in Fig. 2
91

J'[T (A)(ycos@ —xsind) -S| (/1)(yS|n6’+xcose)]ds—

o

= LO — 1O 1 (x(0) — )N, + (X() + 7)N,; f(Tp (A)sin6+$ , (A)cosO)ds =N, +N, . (8)

9

Mathematical model of the problem. The boundary problem conditions are
formulated in the form of conditions for the plate and ribs compatible deformation at their
connection section

&,(1)= 5(:)(]*) V(4)=6,(1), AelayB]. 9)

Substituting (2), (6) into condition (9), we obtain the system of singular integral
equations with Hilbert kernels for functions T (1), S , (1), N(4), Q(4), L,(4) and constants

Ny, N,, L, L determination

Po
A-v)(@® + )T, ()~ [[0,(2, 0T, (O -, (4,1, Ot +aZ? + V° =

_ 2Eh(a®+ %) n+n. .
_T{N(ﬂ)-’_WLb(i)}y

c

/BO
1-v)(@®+p*)S, (ﬂ)—i [lo,(2, 18, () + @, (4, 0T, (E)]dt+aV° - gz7 =

MI[N(Z) "77(1)—2(1 Vo) dQM)}dH Aelag; fol. (10)
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Along with equations (5) and conditions (7), (8), it determines the mathematical model
of the problem.

Approximate solution of the problem. The exact system solution (5), (7), (8), (10)
cannot be found. In order to construct its approximate solution, it is necessary to establish the
structure of the desired functions at the ends of the plate interface section and the reinforcing
rib.

For this purpose let us consider the open rod cross-section, inclined to axis Ox at angle
6 . It divides the rod into two parts that are in equilibrium under the action of forces N, Q,

bending moment L, , contact forces and end load (Fig. 2). From the equilibrium conditions each
part we find expressions for internal force factors at characteristic rod sections
N(0)=N,cos8; Q(0)=N,sin8; L, (0)=L"""+[x(8,)-x(8)+n(cosd—cosé,)|N,,
0€<l[0; 6,1;

- N 6, -0 -6, .
N(e)_N(0)+cose(N001_eo N, el_eoj,

=~ . 6,0 -0
— N 1 _N 0
Q(8) =Q(@) +sin 6’[ "9, -6, 101_90)

6, -0 «w 9=6
L
91_‘90+ 91_90

L, (6) = L, (6) + L' L 0€[0,;0,]; (11)

N(0)=—-N,cosd; Q(8)=-N,sin@; L, (0)=L®" +[x(0)-x(,)-n(cosd-cosb,)]N,,
0elb,; =].
Here L' =L +[x(0) - x(8,) +17(cos8, —1)|N,; L'® = LD +[x(8,) - x(x) —(cosd, +1)|N,
are bending moments occurring in cross-sections & =6, and & = 6, relatively; N (), (5(9),

Eb(e) are limited and continuous at [6,; 6,] of the function for which conditions are fulfilled
N(ao) = N(B,) = Q(a,) = Q(B,) = L, (&) = L, () = 0.

At the end section points [«,, /3,], the contact forces have the root peculiarity, resulting
from the boundary conditions character change at these points.

Substituting (11) into (5), (7), (8), (10), we obtain the equivalent equations system
relatively to functions T,, S ,, N, Q, L, and constants Ng, N, L'®, L'® having the same
structure as in the case of a single interphase section [7, 8]. This means that the method of

mechanical quadratures and collocation of its approximate solution, proposed in [8], is
transferred without unchanged.

If the solution of such system becomes known, the ring forces 7, at I' can be

determined by the formula (4), and the internal force factors in the reinforcement can be
determined from the relations (11). The normal stresses in the outer and inner longitudinal rib
fibers and the greatest tangential stresses in the axial fiber are determined by the formulas [4]

+77, L — L
R S NI ﬂc._b; G N St/ : Tmang' (12)
Fo P P Fo . P=21 2F,

Analysis of numerical results. For infinite plate with egg-shaped hole
(&, =0.1; ¢, =—0.1) and reinforcing rib with parameters

h,/h=4/3; nl/R,=0.1 a,=30"; B, =150°
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the influence on the plate and rib stress state relatively to the reinforcement rigidity is

investigated.
The results of numerical calculation of the values T , S ,, T, on I" contour in the plate

and F,o®, F,o®, Fyr,. — in the rib are shown in Fig. 3-5, (p=1, q=0) and Fig. 6-8
(p=0, q=1).Dashed lines are constructed for the case E,/E =1; solid for E,/E =5 dash-
and-dot lines — for E,/E =10.

Figure 5. Diagrams of the maximum tangential stresses distribution f in the axial
fiber of the reinforcing rib and ring forces on I" contour in the plate
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Figure 6. Diagrams of contact forces distribution on I" contour in the plate

Figure 1. Diagram of the maximum tangential stresses distribution in the axial fiber of the reinforcing rib and
ring forces on I" contour in the plate

Analyzing the obtained results, we come to the following conclusions:

- the influence of transverse forces and shear deformations in the reinforcing rib on its
stress-strain state is negligible and can be neglected in engineering calculations;

- the presence of unlimited stresses at the reinforcement section ends in the plate causes
the occurrence of local plastic zones in the circle of these points, in which the problem solution
loses physical meaning;

- the increase in the relative rigidity of the reinforcing rib results in the increase of contact
efforts in the plate and reduction of ring efforts;
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- at a distance from the area of reinforcing, the ring efforts is practically independent on

rib rigidity;

- if the external load acts along the axis of symmetry of the hole, then the maximum

normal stresses in the rib occur at the location of combination, and if perpendicular to the
axis — in the location of cut.
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VIIK 539.3

MIK®A3HI PO3PI3U B HECKIHUEHHIM IIJIACTHAHIII 3
KPUBOJIHIHHUM KOHTYPOM, NIACUJIEHUM
3AMKHEHHUM PEBPOM

Anppiii Cacbkniil, Oaer Jleiinexa?, Haranis Illesuosal

LPisnencoruii Oeporcasnuii 2ymanimapnuii ynicepcumem, Piene, Yipaina
?Hayionanvhuti ynieepcumem 600H020 20CN00apCmea ma
npupoooxkopucmyeans, Piene, Ykpaina

Anomayia. B ymoeax Y3a2anvbHeH020 NIOCKO20 HANPYICEHO20 CMAHY, CMBOPEHO20 PIGHOMIPHO
PO3NOOINEHUMU HA HECKIHYEHHOCMI 3YCULTAMU, DO3SIAHYMO MIaHy KOHMAKMHY 3a0ayy OAsl HeCKiHYeHHOi
i30mponnoi NIAGCMUHKY 3 KPUBOTTHIUHUM OMBOPOM, KOHMYP AKO20 NIOCUNEHUL 3AMKHEHUM NPYICHUM PeOPOM, 3
HAABHOCMI HA Medici N0y Mamepianié NIACMuHKY i pebpa 080X CUMEMPUYHUX MIHCHAZHUX PO3PI3i6 HY1b08OI
wupuny. Mooenioouu niocuniosanbhe pedpo 3amMKHEHUM KPUBOLIHIUHUM CIMPUIICHEM CMAN020 NPSAMOKYMHOZ0
nonepeyHo2o nepepizy, cepeOuHHa NOGEPXHs AK020 He CRIBNAdae 3 NOGEPXHEI0 OMBOPY NIACMUHKU, A CHONYYEHHS.
NAACMUHKY | pebpa — i0eanbHUM MeXaHiuHUM KOHMAKMOM, NOOYO08AHO CUCMEMY CUHRYIAPHUX THMeZPalbHO-
OoughepeHyianbHuX PiGHAHb O/l GUSHAYEHHS KOHMAKMHUX 3YCUb MIXC NIACMUHKOI I pebpoM ma 6HYMPIUWHIX CUlL
i Momenmig y pedpi. [ns po3paxyHKy noyamkosux napamempis y CmamuyHo HesusHa4eHoMy NiOCUNIO8ATLHOMY
pebpi BUKOPUCTNAHO YMOBU 0OHOZHAYHOCMI 3MileHb MOUOK 1020 OCi | Kymie nogopomy nonepeyHux nepepisie.
Buxopucmosyiouu cneyianbnuti nioxio 0o nooamHs KOMNOHEHM HANPYHCEHO20 CMAHY 6 YMOGHO PO3DI3AHOMY
pebpi, 8cmanosneHo CMpYKmypy WYKAHUX QYHKYIl Ha KiHYax OiIAMKYU CHOTYYeHHA NAACMuHKU i pebpa.
Habnuoicenuii po3e’szok 3a0aui no6y0oeano mMemooom MEexaHiuHux Keaopamyp i KOIOKayii, SKum 00CAi0NCeHO
BNAUB PIZUKO-2€OMEMPULHUX RAPAMEMPI pebpa i 6U0Y 306HIUHLO2O HABAHMAICEHHS HA PONOOLNL HANPYIICEHb 8
RAACMUHY] Ma NIOCUTIO8ATLHOMY pebpi. 3'c06ano, wjo KOMROHEHMU HANPYICEHO 0ehoPMO8aHO20 CMAHY 6 pedpi
Ha KIHYAX OLNAHKY CROJIYYeHHs NPULLMAIOmb 00MedICceHi 3HAUEHHSL.

Knruosi cnoea: mixcghasui po3pizu, i30mponHa niacmunKa, npyxicHe pebpo, nonepeuna i no3008M4CHs.
CUNU, 32UHATILHUL MOMEHM, CUH2YAAPHI IHMe2PANbHI PIGHANHS, KOHMAKMHI 3)CUNIA.
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