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HOT STAMP PRESSURE ON ELASTIC HALF-SPACE TAKING INTO
ACCOUNT IMPERFECT THERMAL CONTACT THROUGH THIN
INTERMEDIATE LAYER
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Summary. The solution of the axially symmetric contact problem of thermal elasticity concerning circular
cylindrical isotropic stamp pressure on elastic isotropic half-space, taking into account imperfect thermal contact
through thin intermediate layer between the stamp and half-space is developed in this paper. The half-space
surface outside the contact area is free from external forces. Tangential stresses in the contact area are equal to
zero. Constant temperature is given on the free end face of the cylinder. The lateral surface is thermally insulated
and the free half-space surface is maintained at zero temperature. The method of temperature fields determination
in the cylinder and half-space, as well as the normal contact stresses under given assumptions is developed. The
temperature field, displacement, and stress are represented by unknown coefficients determined from infinite
systems of linear algebraic equations. Numerical calculations for defining the temperature and the normal stress
temperature component in half-space in the contact area for different values of the intermediate layer thermal
conductivity coefficients are carried out.

Key words: stamp, half-space, temperature, imperfect thermal contact, thermal conductivity coefficients,
contact stresses.
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Statement of the problem. Determination of contact deformations and stresses taking
into account temperature factors is an important task for the investigation of the machine parts
and structural elements strength in places of their interaction while calculating structures on the
elastic basis for their rational use and base loading capacity.

Analysis of the available investigations. The influence of temperature factors on the
nature of bodies contact interaction is investigated in [1-4]. Particularly, the axisymmetric
contact problems of thermal elasticity concerning hot circular stamp pressure on isotropic half-
space and layer are solved in papers [2-3], and for elastic circular cylinder on
elastic half-space, taking into account imperfect thermal contact are solved in paper [4]
articles [2-3]. However, the problems of thermal conductivity and thermoelasticity taking into
account the conditions of imperfect thermal contact of bodies through thin layer intervals have
not yet been properly investigated.

The objective of the paper is to develop the solution of the axisymmetric contact
elasticity problem concerning pressure of hot circular stamp with flat base on the elastic
isotropic half-space with imperfect thermal contact through thin intermediate layer and find
formulas for temperature and normal contact stresses determination; to investigate the influence
of the intermediate layer thermal conductivity coefficients on the distribution of the normal
stresses temperature component.

Statemant of the problem. Let us assume that rigid circular cylindrical stamp of radius
R and length L with the flat base is pressed by force P into the isotropic elastic
half-space. The half- space surface outside the contact area is free from external forces.
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Tangential stresses on the contact area are t,, =0. At the free cylinder end face the constant

temperature To is given. Thermal contact between bodies is carried out through thin
intermediate layer [5, 6]. The free surfaces of the cylinder and the half-space are maintained at
zero temperature or thermally insulated. Under given assumptions it is necessary to determine
the temperature fields and contact stresses.

Let us introduce the cylindrical coordinate system r, 0, z , which center is located on the

half-space surface, and axis 0z is directed along the cylinder axis. All the values indicated by
the upper index «1» are referred to the half-space, and those without indices — to the cylinder.
The boundary conditions for temperature, stress and displacement are as follows:

T=T,, (z=L, 0J r<R).

(1)
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where | I, are thermal conductivity coefficients;
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d d
+l£ is Laplace operator; T_ = iT Tdg, T, 32 T 9T dg, 2d is intermediate
or 2d 2d o

-d

62
8 2
layer thickness;

* I *
l,=2,d, hy=="; a ,=2ad;l,, a,— are coefficients of intermediate layer thermal
2d

conductivity and heat transfer;
h, is contact conductivity;

T? is external environment temperature;

¢ — Is the value of the stamp vertical movement.

Solution of boundary value problems for thermal conductivity and thermal
elasticity equations.

It is known [7] that in the axisymmetric case the thermoelastic potential and the
temperature field for isotropic body are determined from the equations:

Vip=a, 1+—T VT =0, (10)

and temperature stresses and displacements are derived by the formulas:

op T 10p 0°p e

(M ™ _ M _

uw'=—", 0, =2yl ——+—|, 1, =2 ——, 11
Lo # (r or or? Horaz (1)
where o, is the coefficient of linear temperature expansion; p,c are shear modulus and

Poisson ratio.
In order to determine the temperature field in half-space, we introduce Hankel transform

of T*(r,z) zero-order function

Tl(g,z)=TrTl(r,z)JO(§,z)dr. (12)

Applying to the second equation (10) the integral Hankel transformation and using its
properties, we determine T*(r,z) by arbitrary function ¢, (n):

T'(p.¢)= I (7)€" 34 (np)dn, (13)

0

where J, (77p) is Bessel function of the first kind of valid argument; p =1/R; (= Z/R; n=&R.
Using Fourier method, the general solution to equation (10) is as follows:

T(r,z):Aoz+E30+D0(r2—2z2)+iJ0 )(A,shB.z+B.chp, z)+
xk=1

(14)
+Z:I0 (}/Kr)(CKSin}/KerDK COS]/KZ)
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where A ,B.,C.,D,, (k = ()_oo) are arbitrary constants; 1,(y,r) is Bessel function of the first

kind of imaginary argument;
B..7. are eigenvalues determined from boundary conditions.
The thermoelastic potential ¢ is determined from the first equation (10) in the form:

11+0'

v(p.&)=3 éf o (1)e" J,(np)dn. (15)

The components of temperature stresses and displacements are calculated by
formula (12). With formulas for temperature stresses and displacements, it is possible to solve
the problem under mechanical boundary conditions. For this purpose it is necessary to add the
components of stresses and displacements from the biharmonic potential [1] to the values
calculated according to formulas (12).

Thus, in order to determine the displacements and stresses in the isotropic half-space we
have the following relations:

ui”=—£ﬂbll%n¢l(n) (2 bll n@jd)z( )}e”g%(ﬂp)d“

11+ct 21
21 O(Tleﬁ(pl(n)(“”%)% (np)dn,

0

2b; %
® =ﬁj[—%d&(n%(bf—ns)%(n)}e"g% (np)dn+
0
- (16)
+ut GOLT@J.T](Pl(T])eng‘]o(np)dn’
0
Ty =2b1j{gcpl( )+(b§+n@)}e"”1(np)dn—
0
11+
—ut - o Co le )(1+ng)e™J; (np)d, .
Ty 3 :

where b} prrY b; = b; =2"+p A% u' are Lame coefficients; U!, ¢, 7.} are

A+t
components of the displacement vector and tensor stresses in elastic half-space; ¢, (i=1,2) are

arbitrary functions.
The heat conductivity problem solution is given in paper [8].
The temperature field in the contact area of two bodies is found by the formulas:
a) for cylindrical area:

T(r,0)=T,- ARI- e Jo(mrYhmId,, (r<1); (17)

k=1
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b) for half-space:

Ti(r.0)= g% e ady(mr), (r<2) (18)

k=1

where X, (k= 0,N), Y,,Y, are derived from the system of linear algebraic equations [8].
k 071

N -

> ALK, +B, Y +B, Y, =D (n=0,N)

N (19)
Y AKX BN, =D (n=0,N)
k=0

AV, AP B Y B Y B Y, B DY, D are known quantities.

Obeying the boundary condition (9), for stress G(Zl)(p,O) and displacement Uil) (p.,0)
on the half-space surface we get the formulas:

1+b! % 11+o" T
U;(p.0)= bllbl RI@(U)Jo(ﬂp)dmgl T R(1+8) e [ 070, (1) 1o (np)dn
0 0

— O

(20)

oz (p)= 2?‘:77705(77)% (np)dn, R®(n)= —%%(n)%fcpz (n)-

Requiring the fulfillment of the boundary conditions (7), (8) we derive the system of
integral equations relatively to functions @(n) and ¢, (n):

r e 1 1
!G)(n)fo(np)dn——a—zaﬁh ¢, (n)Jo(np)dn, (p<1). 21)
I 1+c' N
jn@(n)]o(np)dnzO (p>1), 8= - (l+bl). (22)
0
If we introduce function f (t)by ratio
bll 1
@(n)=1+b11£f(’)cosnfdt’ (23)

then equation (22) is satisfied identically, and equation (21) is reduced to Abel integral equation.
—=—==9(r), (24)

which solution according to [9] is determined by the formula
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O ,—t = dp, (25)

where

g(p)=—=--= OtﬂT%(Pl(n)Jo(np)dn- (26)

Substituting expression (26) into formula (25), taking into account (23), we get the
function f(t):

ft)y=——=—— OLTIT% ¢,(n)cosndn. (27)

1
Using the stamp equilibrium condition P = —2nR2_[pc(Zl) (p)dp and formulas (20), (23),
0

the equation (27) is reduced to the following form:

P § 1 sinm
f(t)=-— -, | = cosnt——— |dn.
(®) 2Rk, naTln %(n)( T ] i (28)
Let us represent function f (t) by relation:
P N,
f(t)=- 2k +1)R, (1-2t2) Yy + o, T, > (2k + 1), (1-2t2) y?, 29
() ZRRKOkZ(;( ) ( )yk oL Z ( )yk (29)
where
v (k =0,N, ) are unknown coefficients;
P, (1—2t*) is Legendre function.
Substituting function f (t) from (29) and ¢, (n) = X,J;(n)+n?J, ( ° X into

k
equation (28), taking into account the orthogonality conditions of Legendre functions

P, (1—2t2) on the interval (0,1), we get the system of linear algebraic equations for finding

constants ", y? (k =0,N, ):

v’ =1y =0, (n=0,N,), =3 X (n=0.N,). )

where
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0
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T, (n)= %nvn (gj{vl (g}—vm [gﬂ - r(li_:))nrs(i:?n)n . (n=1N,).

v, (x) are spherical functions.

In order to determine the contact stresses under the stamp, taking into account formulas
(20), (23), (29), the following expressions were obtained:

o, (p.0)=5."(p.0)+5” (p,0)

(32)
P 1
o) (p.0)=—5 =
27R* fi_p (33)
o) 0Ty Y+ 23 () (2 1) Ty () |, (0 <D, (34)
]_—p pkl

where T,,., (p) is Chebyshev function; o\ (p,0) is force component of stresses; G( )(p,O) is

temperature component of stresses in half-space.
Analysis of the solution. The solution of the temperature problem is to determine the

constants X, (k=0,N}, Y,, Y, from the algebraic equations system due to which the

temperature fields at any point of the cylinder and half-space are found.
The numerical example for finding the temperature and temperature component of
normal stress in the contact area at o, =0, T =0, c=0,3 is considered.

Figures 1 and 2 show The graphs of the dimensionless temperature component of the
normal stress o, =o' (p,0)/ o, T, in the contact area at different values of thermal conductivity
coefficients and contact conductivity value are shown in Figures 1 and 2.
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Conclusions. Applying Hankel integral transform and Fourier method, the solution of
the temperature problem is reduced to the determination of some constants of the linear
algebraic equation through which we find the temperature fields and stresses at any point in the
cylinder-half-space body system.

The investigations prove that zero temperature on the lateral surface of intermediate
layer results in temperature decrease in the contact area. This is due to the fact that the part of
heat comes out of the intermediate layer lateral surface. As the result, the temperature
component of the normal stress decreases significantly. The influence of the coefficients of
thermal conductivity, heat transfer and contact conductivity on the temperature component of
contact stresses is shown in Figures 1, 2. Increase of thermal conductivity coefficients and
contact conductivity value results in to an in the contact stresses increase.
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YK 539.3

TUCK TAPSUYOI'O IITAMIIA HA IIPYKHUM MIBOPOCTIP 3
YPAXYBAHHAM HEIJEAJIBHOI'O TEIIJIOBOT'O KOHTAKTY
YEPE3 TOHKUHU TPOMI’KKOBHUU LIAP

Bornan Okpenkuii'; Tersina Munayc?; Bopuc llenecToBenKuii’

Y Teproninbcokuii nayionanvruii exonomiunuil ynieepcumenm,
Tepnonins, Ykpaina
2Teproninbcokutl HayionanoHuil mexuiunuti yuisepcumem imeni leana Ilynios,
Tepnoninw, Yrpaina

Pe3ztome. Busnauennss KOHmaxmuux Hanpyjicens 3 ypaxye8aHHsIM meMnepamypHux oakmopie € 6adciugum
3a80aHHAM 071 OOCHIONCEHHS MIYHOCTI Oemanell MAuluH i eleMenmie KOHCMPYKYitl y Micysax iXuvoi 83aemodii,
npu po3paxyHKy KOHCMPYKYIi HA NPYAHCHINL OCHOBI OISl PAYIOHAILHO20 BUKOPUCTNAHHA Mamepiany KOHCmpYKyii i
Hecy4oi 30amHoCcmi OCHOBU.

Tlobyoosano po3s’a3ok ocecumempuunoi KOHMAKMHOIL 3a0aui MepMONPYHCHOCE NPO MUCK KPY20B020
YUNTHOPUYHO20 [30MPONHO20 WIMAMNA HA NPYICHUL I30MPONHULL NIGNPOCMIP 3 VPAXYBAHHAM HeI0edlbHO20
Menio8o20 KOHMAKmy uepe3 MOHKUL NPOMINCKIE wap Midic wmamnom i nienpocmopom. Yci mouxu ocHosu
YuniHopa nio Oi€r0 308HIUHLO20 HABAHMAICEHHS 3MIUYIOMbCA HA 00HAK08Y eenuduny. Ilosepxnsa nienpocmopy
306HI NIOWAOKU KOHMAKMY GLIbHA 8I0 306HIULHIX 3YCUlb. JJOMUUHT HANPYIICEHHS 8 30HI KOHMAKMY OOPIGHIOIOMb
HYTTIO.

Ha sinonomy mopyi yuninopa sadana nocmivina memnepamypa. biuna nogepxnsa mennoizonvosana, a
BIIbHA NOBEPXHS NIBNPOCHOPY NIOMPUMYEMbCS NPU HYIbOGIU memnepamypi. Teniosuii KoHmaxm midc miiamu
30TUCHIOEMbCA uepe3 MOHKUU npomidchuil wap. [lpu 3a0anux npunyweHHs pO36UHYMO MemoO BU3HAYEHHS
memMnepamypHux nonie y yuriHopi u nienpocmopi, a maKoic HOPMAIbHUX KOHMAKMHUX HANPYHCEHD.

3a  oonomozoro  memody  inmecpanbHo20 — nepemeopenHs laHKens — po36’A3aHO  PIGHAHHSL
MenionposioHOCMi ti MEPMONPYHCHOCMI 018 NiBNPoCcmopy, a memooom Pyp’e — 0asa yuninOpuuHoi odracmi.

Temnepamypne none, nepemiujeHHs U HANPYICEHHS 6 I30MPONHOMY NIBNPOCMOPI 300padCeHO
HeBNACHUMU THMEe2SPANAMU 3 HeGIOOMUMU DYHKYIAMU, SKI 3HAUOEHO 3 epanuyHux ymos 3aoaui. Temnepamypne
none, nepemiujeHHs i HANpyl’ceHHs NOOAHO uepe3 HegI0OMI Koe@iyieHmu, SAKi 8UHAYAIOMbCA I3 HECKIHUeHHUX
cucmem NiHIUHUX aleeOpaiyHuX pigHsHb.

3a0os6onenns epanuiHux yMO8 3a0ayi npuzgooums 00 CUCMEeMU THMeSPATbHUX DI6HAHb, SKI 36 A3VI0Mb
HegiooMI PyHKYIT 3 KoepiyieHmamu, Wo XapaKxmepusyoms memMnepamyphe noie, i K pesyivmam, OmpumMaHo
inmeepanvhe pieHanna Ppedcorvma II-20 pody 6ioHOCHO PyHKYIL, uepe3 AKI 8UPaAdCeHi HOPMATbHI KOHMAKMHI
HanpysicenHs 8 nisnpocmopi. Iumeepanvue pisnanna @peoeonvma Il-20 pody pos3s’azano uuciosum memooom
38€0eHHAM 00 cuCmeMU JIHIUHUX aleeOpaidHux pieHsHb.

Ilposedeno uucnogi po3paxynku O 3HAXOONCEHHA memnepamypu U memMnepamypHoi CK1aooeoi
HOPMAbHO20 HANPYJICEHHs 8 NIGNPOCMOPI Y 30Hi KOHMAKMY OJiA PI3HUX 3HAUEHb KoepiyicHmie menionpogioHocmi
NPOMIICKOBO20 wapy.

Yucnosi pezyibmamu 1l aHauiz po3e si3Ky NOKA3YIOMb W0 Npu KOHMAKMHIU 63a€MOO0I] YUTTHOPUYHO2O
wmamna i nisnpocmopy Koe@piyicHmu menionposioHOCmi NPOMINCKOB020 Wapy 3HAYHO GNIUBAIOMb HA PO3NOOIL
memMnepamypHoi CK1a0080i HOPMAIbHO20 HANPYICEHHSL 8 30HI KOHMAKMY .

Knrouoei cnosa: wmamn, nisnpocmip, memnepamypa, Heioearbhull meniosuii KOnmaxkm, Koegiyicumu
MenIonPoBIOHOCE NPOMINCKOBO20 WAPY, HOPMATbHI KOHMAKMHI HANDYHCEHHS.
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