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Summary. The stress-strain state of an ideally elastic-plastic half-band of finite width with a central
section-crack was analyzed. The state of anti-plane deformation is caused by tangential displacements of the strip
faces. The elastic-plastic problem was solved and a continual zone of plastic deformations was found. The problem
of the development of plastic deformations along the incision in its plane was solved. It is shown that at low loads,
the continual plastic zone is shaped like a circle centered on the extension of the section, distant at a distance
equal to the radius of the circle from the top of the section. The shape of the plastic zone and the length of the
plastic strip are determined on the basis of a linear model of the plastic zone, according to which its characteristics
are definite by the stress intensity factor. Load limits for which the linear model of the plastic zone provides
sufficient investigation accuracy are established.
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Problem statement. Investigation of strength and conditions of structural materials
destruction requires analysis of development of plastic deformation zones. In the case of
sufficiently brittle materials of the fracture process, the relatively small plastic deformation
regions are preceding. Therefore, their approximate analysis is possible on the basis of elastic
solution by stress intensity factor (SIF). The location of stress concentrators (proximity to each
other or proximity to the boundary of the body) can significantly affect the stressed state (SDS)
of the body as a whole, change the pattern of plastic deformations in the vicinity of stress
concentrators, and affect the deformation characteristics and strength of the body. In this regard,
it is relevant to study the limits of applicability of theories of strength and destruction
conditions, based on SIF and studies of SDS of bodies under high loads, at which linear theories
are not applicable [1].

Analysis of known research results. To date, the SIF calculation methodology is quite
well developed for different methods of loads, different shapes of bodies and stress
concentrators [2—4]. At the initial stage [5, 6] plastic zones in the vicinity of crack tops increase
almost homothetically: their shape is not affected by body shape or presence of other stress
concentrators. The shape of the plastic zone and its characteristics (length of the plastic strip at
the continuation of the crack, opening at the top of the crack) at the initial stage of development
can be determined on the basis of the corresponding elastic solution using a linear model of the
plastic zone (LMP2Z) [7].
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Elastic-plastic deformation of a half-layer with a notch at rigid loading

Goal of the work. At the current state
¥ of development of theories of strength and
h destruction conditions based on SIF, the
W)=, question arises about the limits of applicability
of LMPZ: determination of load levels or
dimensions of plastic zones, for which it is
possible to predict the development of zones
wix,—h)=-w, only on the basis of SIF. This applies to highly
interacting stress concentrators and, in
particular, close placed concentrators or placed
near the body boundary. Then even a small
load can significantly change the shape of
plastic ~ deformation zones and its
characteristics. A significant effect on the shape and development of plastic zones can also be
hoped when the distance of the crack top from the body boundary is much smaller against its
own length.

Problem definition. Below we examine the development of plastic deformations in the
half-layer x>0, —h<y<h, —o<z<oo, with incision x>I, y=0, —-oo<z<oo,
(I —the distance of the incision apex from the end of the half-layer, 2h —the width of the half-
layer) under the influence of constant and equal +w, shears along the axis Oz of its horizontal

faces (Figure 1). Zone of plastic deformations is determined by classical solution of elastic-
plastic problem and on the basis of assumption of localization of plastic deformations in crack
plane. The body medium is considered resiliently perfectly plastic with the shear yield limit of
the body k .

Formalization of a task. Under these conditions, an anti-plane of SDS will occur in the

half-layer, which is described by two components of the stress tensor z,, and z,,, which in the

Figure 1. Half-layer with an incision. Doted
region denotes plastic zone

yz !
elastic part of the body are described by an analytical function z(J) =17, (x,y)+iz (X Y)

(¢ = x+iy).
We will set the boundary problem in stresses in the area of elasticity of the half-layer.
Let us also denote the Q and —Q components of the main vector of forces acting along the

lines 0 < x <40,y =+h.
From known [8] ratios 7, = ow/ox, t,, = 1owW/dy (w(x,y) —displacement along the
axis Oz ) we obtain:

r,(x+h)=0 (0<x<w). (3)
Displacement along horizontal faces remains constant so
7,(0.y)=0 (-h<y<h). @)

Force Q and displacements w, are determined through stress tensor components by
formulas

h

Q= j 7, (x,hydx , w, = e j 7,,(0,y)dy. (5)
0 H

0
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Taking the condition of stress absence on the borders of incision, we obtain:
7,(x20)=0 (x>1). (6)
The Genki ratio shall be performed at the boundary L of the continual plastic zone [9]:
(x=1r, +y7,, =0 ((x,y)eL). (7)

In addition, in the plastic zone and on its boundary L, the condition of plasticity must
be met

2 472 =k, (8)

The equals (3)—(8) express the setting of the problem in stresses for the case of a
continual plastic zone. If the condition (7) is disengaged, and (8) take place only in the incision
plane I —-d, <x<I, y=0, we get a boundary problem for the case when plastic deformations

are concentrated in the cut plane (d, — length of plastic layer).
Owing to symmetry the boundary problem is enough to be considered only in the top
half 0 < x <o, 0<y<h asemi-layer having put

7,,(x,00=0 (0<x<X,), 9
where X, is the plastic zone end coordinate on the abscissa axis.
For a continual plastic zone in the area D (a part of the top half of a semi-layer out of a

plasticity zone) we receive such a boundary problem:

Imz(£)=0 ({=x+ih,0<x<0Ud =iy,0<y<hud =%x,0<X<X,);

ImE-De() =0 (£eL): [f(O)]=k (CeL). w0
Lim [e()L =w, of Re [()dC =Q. 1)
/J 0 ih

If plastic deformations localized only in the cut plane we get a similar edge task, which
differs from (10), (11) only by the condition of plasticity. In this case condition (7) should be

disengaged, and (8) should be required only on line & =X, x, < x<1 (x,=1-d,).

Research of zones of plasticity. As in operation [10], the solution of problem (10), (11)
will be searched in form (7 =7, (t),{ =4 (t) (¢ eH, H={Imt>0}). Enter a new unknown
function

A1) =7 O -1) (12)

and define an appropriate boundary problem.
Due to conditions (10), the function z(¢) conformal mapping the plane D area £ by a
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Figure 2. Conformal mapping

quarter of a circle |z’| <k,0<argr <z /2 (area G) of the plane 7. The stress at the infinitely
distant point of the half-layer, and at the points (x,,0) and (1,0) are known: () =0,
7(x,) =k, z(l) = ik . By matching the points 0, k, ik of the boundary of the point t=-1, t =0

i t=1areaG, and in the plane t and drawing the corresponding conformal mapping (Figure 2),
we get

7,(t) = k% . (13)

We will mark through t, and t. the points of the plane t at which the values acquire
7 and 7o 7 (ty) =75 1 7,(t.) = 7.
Thus we obtain the following boundary problem for a function A(t):

Re A(t) =0 (t e (—o, ~) U(L+0)), IMA{) =hz,(t) (te[-Lt,]),
ReA(t)=—Ir,(t) (te(ty t.), IMA(M)=0 (telt.1]). (14)

At points of change of type of boundary conditions (points t;, t.,1 of the real axis), the
function A(t) is limited due to the function z,(t) limitation andJ(t). At point t=-1

7,(t) =kt +1/2/2 + o(\t +1), and ¢ (t) — logarithmically unlimited, so A(t) is also limited
in the vicinity of this point. A limited solution to the Keldysh-Sedov problem (14) exists as
provided below

[ Fndn =1 Fopdn, (15)

where  F(7) =7,(n)/{[P@)]. P =@+D-t.)n—t-)7—1) is expressed by the
formula [11]

i(t)ziqlP(t)S(t). (16)
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Here S(t) = hIF(U) IJ'F( ) ] JP(t) —analytical in H function, which
n-

at t — oo is equal to t* + o(t?) .
Having provided condition (11), meaning by

A7 (t)dt
Alts) - j 0

1 Az ()dt
SAlt) - Ay - [ o
H (tc) () J. Tl(t)

ta

=Q or

and ratio (15), find values of both parameters t;, t. .

The plastic zone boundary is the image of a plane segment (0,1) when it is displayed by
function £ (t) so the plastic deformation zone boundary is described by the following equations

y(0) =20t -t )t —te )t @A -1)S ) /7, x(t) =1 -/t —t;)(t—tc.)Q-1)St) /7, (te(01)). (17)

We are now investigating the development of the plastic strip in the plane of the incision.
In this case, the analytic function z(£) region boundary D, does not contain unknown areas:

D, ={0<x<o0,0<y<h}. Inthis D, way the region in the plane 7 is the region G, as for
the continual zone. The function z(<£) can be obtained by directly conformal mapping

\/ch(fzilh) ch(z /h) —Jch(z(1-d,)/h) - ch(7zz;/h)

7(¢) = Jeh(ad Ihy—ch(z(1—d,)/h)

(18)

We will now associate the length of the plastic strip with the displacement of Q of
horizontal faces or the value of the force Q acting on them.
From formulas (11), (18) we get

h

Nch(ﬂ,,h)_ih(ﬁ(,_d o [ (enGal 7h) — cos(ay 7h) ~ Jeh (1~ d,)7h) — cos(ay /1) k.

1-d

k
_,u\/ch(;zl/h)—ch(ir(l—dl)/h)(-[\/(:h(ﬂ”h) ch(zx/ h) dx— J-\/ch(ﬂ(l d,)/h) — ch(zx/h)dx

(19)

Opening of the top of the crack gives by the formula

2k
prjeh(d Ih)—ch(z(1-d,)/h) *,

Jeh(zx/hy —ch(z (1 —d,)/h)dx .

g, =

For different relations between the width of the half-layer and the distance of the
incision top from the end face of the half-layer, the dependences between the length of the
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dlfi plastic strip and the forces Q calculated
/ } J according to the formula (19) are given in

5 Figure 3 (solid curves). If the width of the
// / half-layer does not exceed I, its horizontal

: faces, are significantly affecting on the
//,;:3 ) growth of the plastic strip. For half-layer

Ly L widths from | to 2l this influence

/ / becomes less significant, and for h > 2l it
« ho1=57il.-0.5 | 0.2 0.1 is almost invisible. That is, with taking into
account the given process of developing a

plastic band the half-layer of width h > 2l
okl can be considered infinitely wide. For this

particular case, the formulae (18), (19) are
considerably simplified and become

Figure 3. Plastic band length determined from LMPZ
(dot line) and from model of localized plastic
zone (firm lint)

JE=¢? - Ja-d,)?-¢?

_K 20
Q = (nk/aN/21d, —d2? , d, =1 /1> —16Q% /(z°k?) . (21)

The formulae (20), (21) also describe the development of plastic strips for two half-
infinite cracks of shear lying in the same plane and whose vertices are spaced situated
at distance 2| by an action of concentrated force of 2Q. Plastic bands will couple if

Q = 7kl /4. The moment of coupling of continuous plastic zones depends only on the distance

between cracks and occurs when Q reach a critical value Q“ =kl. The value of Q" does not
depend on width of semi-layer. At low loads, i.e. for small Q versus kI, length the plastic strip
is defined by the formula

d, =8Q° /(z*k’l) . (22)

We are now investigating the possibilities of analyzing the development of the plastic
deformation zone by LMPZ. The stress function 7z (¢) for this case can be obtained by

solution an elastic-plastic problem for an environment with an infinitely large yield limit and
the infinitely small in size plastic deformation zone. Thus, from formulae (18) and (19), we
obtain

() = Jch(ﬂ”h)éch(m: % A=Q/j(ch(;z1/h)—ch(;zx/h))‘]/2 dx .

Since I the  vicinity of the  top of the shear crack

£9() =K ,,,/,/27z(§ )+0(1/\/_) then
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| -2
K, =Q~2h(sh( /h))™ I(ch(;ﬂ/h)—ch(ﬁx/h))_l/zdx} . (23)

For infinitely large h/I formula (22) gives It can be shown that K, increases with

increases h while k. /1/Q asymptotically approaching to the value 2/+/z ~1128. If h—0,

then K,, also tends to zero. When varying h from 0 to oo, the value K,,+/1/Q increases

monotonically from 0 to 2/~/z . When h reaches level 21 value K,,~/1/Q reaches 96% of

its maximum value, that is, as in the elastic-plastic state, the width of the half-layer h > 21 can
be considered almost unlimited.

Conclusions. Within the LMPZ, the plastic zone has the shape of a circle whose
diameter is defined by formulae (1) and (23). The length of the plastic strip at this conditions is
determined by formulae (2) and (23). In particular, for large h plastic strip length is given by

formula (2) in which K, =2Q/~/A . And therefore, we get d, =8Q? /(x?k?) that coincides

with the length of the plastic strip (22) directly determined by the solution of the problem of
strip development. A comparison of the development of the plastic strip on the continuation of
the crack determined by formulas (19) and by LMPZ (formulas (2), (23), dashed lines) is shown
in Figure 3. The basic condition for the possibility of determining the length of the plastic strip
by the elastic solution is the small length of the strip relative to the characteristic linear
parameter of the problem. The low load, on the contrary, is not a necessary condition for the
applicability of LMPZ to determination the length of the strip. Even for sufficiently large loads,
LMPZ can give high accuracy.

We are now exploring the possibility of analyzing continual plastic zones within the
framework of LMPZ. Figure 4 shows the continual plastic zones determined on the basis of the
classical isolation of the elastic-plastic problem (formula (17)). The larger the width of the half-
layer, the narrower continual plastic zone becomes. The extent of the zone is reduced, also as
is the length of the strip at assuming the localization of plastic deformations in the crack plane.
For half-layer width h = 2| , the exact and approximate boundaries of the plastic deformation
zone are almost the same if Q < 0,25kl . As the load increases, the shape of the zone more and

more differ from circular and the image accuracy with LMPZ decreases.

Within the framework of the performed studies on the basis of comparisons of the exact
and approximate boundary of the continual plastic zone (Figure 4), as well as accurate and
approximate dependencies for the length of the plastic strip on the load, it can be concluded
that the accuracy of determining the length of the continual plastic zone by the LMPZ is not
less than the accuracy of determining the length of the plastic strip based on the LMPZ.
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Figure 4. Continual plastic zones determined from solutions of elastoplastic problem and
their comparison with zones determined from LMPZ

Since the study of the development of the plastic band is much simpler than the study

of the continual zone, the result obtained can be the basis for the criterion of the applicability
of LMPZ for the analysis of the continual plastic zone.
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HHPYXKHO-IINTACTUYHE JE®@OPMYBAHHJI ITIBIHAPY 3 PO3PI3OM
I ZKOPCTKUM HABAHTAKEHHAM

Bacuas Kpusens; Harania baamak; Boirogumup Banasiniex;
Hapnis Kpusa; JIvo6os Llumobasrok

Tepnoninvcovkuil HAyiOHATLHUL MeXHIYHUL YHigepcumem imeni leana [lynios,
Tepnoninw, Yrkpaina

Pe3tome. J{ocniooicennsn miynocmi 1l yMos8 pyuHy8auHs KOHCMPYKYIUHUX Mamepianie nompedye ananizy
PO36UMKY 30H naacmuyHux Oeopmayiu. Y eunaoxy oocumv KpUXKux mamepianie npoyecy pyuHy8amHs
nepeoyroms 6iOHOCHO Hegequki obracmi naacmuyHux oegpopmayii. Tomy ix HaAOIUICEHUTI AHANIZ MONCTUBULL HA
OCHOBI NPYIUCHO20 PO38'A3KY 3a KoepiyicHmom inmencusHocmi Hanpyscenv. Posmawysanns xonyenmpamopie
Hanpyosicensb (0au3bKicmb Midc cob0r0 abo OAU3LKICHb 00 MedCi Mina) Modce CYmmeO 8NAUBAMU HA HANPYHCEHO-
OdeghopmisHull cman mina 8 yiiomy, 3MIHIO8AMU KAPMUHY NIACMUYHUX 0eqhopMayill 8 OKOJi KOHYEeHmpamopis
HAanpysiCeHb, W0 GUIHAYAILHO GNIUBAE HA OehopMayiliHi XapaKkmepucmuKky i Miynicms mina. Y ybomy 36 53Ky
AKMYANbHUM € OOCTIONCEHHS MEIC 3ACMOCOBHOCII MeOpill MIYHOCMI 1l YMO8 PYUHYEANHSA, WO ONUPATOMbCA HA
Koe@iyichm IHMEeHCUBHOCI HANPYXCeHb MA OOCIIONCEHHS HANPYHCEHO-0ehOPMIBHO20 CMAaHy Mil Ni0 SUWUMU
HABAHMAIICEHHAMU, 3 AKUX JIHIUHI Meopii He3acmocosHi. Bzaemodis konyenmpamopie Hanpyicens mixc coooro
ma ix 63aemooisn 3 Medxcelo mina 30amue CNpULUHUMU 3HAYHE 30YPEHHS HANPYHCEHO-0eDOPMOBAHO20 CINANY Ui
BRAUHYMU HA GOpMY U PO3GUMOK NAACHUYHUX 30H. AHANOIMHO NPOAGNAEMbCA MANICMb GIOCMAHI GEPUIUHU
mpiwunyu 8i0 medici mina npomu 61acHoi doexcunu mpiwunu. IIposedeno ananiz Hanpyxiceno-0epopmieHo2o
cmany i0eaibHO NPYIHCHO-NIACMUYHO20 NIBUADY CKIHYEHHOT WUPUHU 3 YeHMPATbHUM po3pizom-mpiuunor. Cman
aHmuniockoi degopmayii cnpuyuHeHull MaHeeHyiantbHuMuy 3cysamu epauell nieuapy. Posze’sazano npyowcho-
RAACMUYHY 3a0a4y Ul 3HAUOEHO KOHMUHYANbHY 30HY RAACMUYHUX Oepopmayiil. Po3s a3ano 3a0ayvy npo po3eumox
RAACMUYHUX Oeopmayiti Ha npooosdcenti pospizy 6 1oeo niowuni. Ilokazano, wo 3a Manux HABAHMAICECHD
KOHMUHYANbHA NAACMUYHA 30HA MAE Gopmy Kpyea 3 YEeHMpPOM HA NPOOO0BICEHHI pO3pi3y, 8i00aAneH020 Ha
8I0Cmansb, ujo OOPIBHIOE paodiycy Kpyea 6i0 eepuluHu po3pizy. Bcmarnosneno ¢popmy niacmuunoi 30HuU 1l 008XHCUHY
NAACMUYHOL CMY2U HA OCHOBI NIHItIHOI MOOeN NIACMUYHOI 30HU, 34 AKOI0 XAPAKMEPUCMUKU 30HU GUIHAYAIOMbCSL
Koeqiyichmom [HMEeHCUBHOCMI HanpydceHb. Bemanoeneno meosici nasanmasicenv, Onsi SAKUX AIHIHA MOOEb
NAACMUYHOI 30HU 3a6e3neuye 00CMAmMHI0 MOUYHICIb OOCTIONCEHHSL.

Kniouosi cnoea: anmuniocka degpopmayis, pospiz-mpiwyuna, npyjIcHO-niacmuina 3a0aia, RiacmuyHa
30HA, NAACMUYHA CMY2a.
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