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Summary. A mathematical model of the statically loaded three-dimensional orthotropic body was used.
The broadest class of orthotropic materials in the Cartesian coordinate system is considered. We find a general
representation of the solution of equilibrium equations in displacements for orthotropic materials. The expression
of displacements, strains and stresses is obtained through the introduced displacement function, which satisfies
the sixth-order equation for partial derivatives.
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Problem statement. The development of science and technology leads to the wide use
of structural elements from orthotropic materials in various objects of transport, energy
machinery, construction industry and other branches of technology [1-4]. It is possible to
predict their mechanical behavior, strength and reliability, after integrating the equations of
elasticity theory and finding stresses in the elastic orthotropic body.

Analysis of known research results. Theoretical methods of calculating stresses in
orthotropic bodies under the influence of static loads have developed since the middle of the
nineteenth century [1-4]. Using the Saint-Venan flow method [2, 3, 5] for some simple loads,
the stress state is accurately calculated without building a general three-dimensional solution to
the equations of the orthotropic body. Currently, the representation of the general solution is
known only for isotropic [6, 7] and transversal-isotropic bodies [8-10], the representation of
which differs from each other. It should be noted that the construction of these solutions lasted
more than a hundred years. Therefore, determining the analytical type of three-dimensional
stresses in the general case of orthotropy is an important task of practical design and materials
science [1-4, 10].

Purpose of the work. Construct an expression of the stress state components of three-
dimensional elasticity theory for the broadest class of orthotropic materials in the Cartesian
coordinate system.

Formulation of the problem and solving equations describing elastic orthotropies
in linear elasticity theory. Consider the stress-strained state of a statically loaded three-
dimensional orthotropic body. Strain components according to the general Hooke's law related
to stress components:
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where the following designations are used: E, are Young's moduli; v, are Poisson's
coefficients; G,; are shift moduli of orthotropic material [1, 2]; v,E; =v,E,, G,;=G,,
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deformative characteristics of orthotropic material in perpendicular directions.
Let’s solve relations (1) and find explicit expression of stresses through deformations
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and components of deformations are expressed through displacements by such ratios:
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In the absence of volumetric forces, the solution of problems of linear theory of elasticity
of orthotropic body, after using equations of equilibrium and relations (2), (3), is reduced to
integration of the following three equations:
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where the operators L; are

3 82 - L
LKZZTH87’TH<:BH<’TH:GI§’ijszj+ij; k¢],k=1,3.
j=1 j

50 ... ISSN 2522-4433. Scientific Journal of the TNTU, No 3 (95), 2019 https://doi.org/10.33108/visnyk_tntu2019.03


https://doi.org/10.33108/visnyk_tntu2019.0

Victor Revenko

Let exclude the displacement from the system (4) inturn u,, u,, u, and obtain a system
of differential equations in partial derivatives
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For the isotropic case we have
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and equation (5) are simplified
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If the operators L', are not equivalent to each other: L} #cL},, j=m, where ¢ is the

real number, then the solution of the first equation of the system of equations (5) can be
expressed as
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where ¢, is an unknown function. Replace the ratio (6) with the second and third equations of
the system (5) and get

0
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If we enter a new symbol ¢, =L,¢, where ¢ is an unknown motion function, the
solution of the equation system (5) can be written as

0
u =TI —"—¢.
j ke kaxj(P (7)

Let us put the displacements (7) into the system of equations (4) and find the defining
equation for the function of displacements ¢
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where the expression operator L is
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and its coefficients have the following meanings:
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To describe the stress-strained state of orthotropic bodies, a homogeneous equation is

constructed in the sixth order partial derivative (8), (9), which includes all other derivatives
2
s—z for the three coordinate variables. It contains 10 coefficients, which depend in a certain
Xk
way on 9 independent elastic constants describing orthotropic material. Further simplification
of the general kind of equation (8), (9) is significantly difficult because it generally does not
decompose into multipliers. We were not able to use the known methods of separation of
variables that were used for equations in partial derivatives from two variables.
We use displacements representations (7) and find strain and shear components
deformation by formulas (3)
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Set the expression of displacements (7), deformations (10) and by formulas (2) define
stress components

c —23:8 IL 8—2@
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Knowing the expression of stresses (11) and displacements (7), we record the edge
conditions on the surface of the orthotropic body.

Note that the proposed approach and the obtained formulae allow for different
orthotropic bodies to set and solve the corresponding edge tasks and to determine their three-
dimensional stress-strained state.

Conclusions. It has been established that the general solution of the equations of the
elasticity theory of the orthotropic body is expressed through one function that satisfies the
equation in sixth-order partial derivatives. Mathematical and physical rigor is maintained in the
construction of calculation set of formulas of orthotropic elasticity theory. On the basis of the
general solution of the equilibrium equations of the orthotropic body, an expression of
deformations and stresses in the Cartesian coordinate system has been built. Obtained results
can be used in calculation of stressed state of both thick and thin orthotropic plates, prisms and
rods in practical design of structural elements from orthotropic materials.
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VJIK 539.3

HOIJAHHA 3AT'AJIBHOI'O TPUBUMIPHOI'O PO3B’SAA3KY PIBHAHD
TEOPII IPYKHOCTI JJ151 HIMPOKOI'O KJIACY
OPTOTPOIIHUX MATEPIAJIIB

Biktop PeBenko

Inemumym npukiaoHux npooiem Mexaniky i Mamemamuxu
imeni A. C. Iliocmpueaua HAH Ykpainu, Jlvsis, Yxpaina

Pestome. [Ipuceaueno no6yoosi 3a2anbHo20 po38 a3Ky pPi6HAHb Meopii NPYICHOCMI Oid HAUUUPULO2O
KAACY OpMOMPONHUX Mamepianie y 0ekapmosiii cucmemi koopounam. Enemenmu KoHcmpyKyitl i3 opmomponHux
mamepianié WUPOKO GUKOPUCMOBYIOMbCSA 6 PISHOMAHIMHUX 00 €EKMAX MPAHCNOPMHOZ0, EHep2emUyHO20
MawuHoOyO0yeanHs, 0y0igenbHill IHOYCMPIi ma THWUX 2any3ax mexuiKu. [is onucy8anHs ix Hanpy’ceHo2o CMauy
BUKOPUCMAHO  JNHILIHY ~MAmeMamuyny Mooens meopii npyjicHocmi Olid  CMAMUYHO — HAGAHMAICEHO20
mpusuUMipHo2o opmompontozo mina. Mooens exnouae y3azanoHenui 3akon 1 yka, aupas degpopmayiil sk yepes
nepemiuyenHss, max i HanpyJiCeHHs U PIBHAHHS PIBHOBA2U NPYIICHO20 MINA 8 0eKAPMOGIU CUCEME KOOPOUHAM.
Po3pobneno memoouxy inmezpysanns mpbox pieHAHb Pi6HOGASU WIAXOM NOUEP20BO20 BUKIIOUEHHS NepeMilyeHdb
3a giocymuocmi 00’ emHux cun. 3uatideHo Kpumepii, AKi MA€ 3a0080TbHAMU HAUWMUPWUL KIAC OPTHOMPONHUX
mamepiania, max wo MOAICHA OMPUMAMU NOOAHHSL iX OOHOMUNHO20 PO38 'A3KY Y 0eKapmMOo8ili cucmemi KOOpOUHam.
Ompumano 3azanvre NOOAHHs pO36 SA3Y6AHHS PIGHAHb PIGHOBA2U ) NEPEMIWEHHAX OIS OPMOMPONHO20 MAMEPIALY
yepes 8gedeny (YHKYIIO nepemiujerb, sIKa 3a0080bHAE PIBHAHHA WOCMO20 NOPSAOKY 8 YACMUHHUX NOXIOHUX 8i0
MpPbLOX KOOPOUHAMHUX 3MIHHUX. Bono micmumu 10 koeghiyienmis, ki usHaueHum cnocobom zanexcams 6io 9
He3ANeCHUX NPYAHCHUX NOCTIUHUX, WO ONUCYIOMb OPMOMPONHUll mamepiai. 3uauenna decamu Koeghiyienmie
Yb0o2o pieHAHHA uU3HauarOmMvcs uepe3 3adani mooyni FOwea, koegiyiecumu Ilyaccowa 1t mooyni 3cyg8y
opmomponnozo mamepiany. Bumpumano mamemamuuny i @izuuny cmpozicme npu no6y008i po3spaxyHKogux
@opmya opmomponnoi meopii npyxcrnocmi. Ha ocnogi 3a2anvnoz2o po3e’si3ky pisHaHb pieHosazu OpmomponHozo
mina 3anucano eupasz Oeghopmayii i Hanpys’ceHb Yy 0eKapmosii cucmemi KOOpOUHam yepes 68e0eHy (DYHKYIIO
nepemiwjens, AKa GUHAYAEMbCS 3 PO36 A3KY nNo6y0o6anozo pisHanHA. Ompumani pe3yibmamu Movucyms Oymu
BUKOPUCTNAHT 8 NPAKMUYHOMY NPOEKMYBAHHT eeMeHmi8 KOHCMPYKYIU i3 OpMOMPONHUX Mamepianie.

Knrwouoegi cnosa: dexapmosa cucmema koopouram, hyHKYis nepemiujerb, OpmomponHe mino, po3s sa30K
PIBHAHb PIBHOBACU.
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