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Summary. The article deals with the problem on the pressure of the plane rigid punch of random
configuration on prestressed thick plate being modeled by the half-plane. The function of distribution of the contact
stresses under punch was found. The effect of the punch shape on the distribution of the contact stresses was
analyzed. The obtained results are of importance for the construction engineering while building the pile trestles
and other structural elements.
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Statement of the problem. Calculation of the structural elements and machine parts
strength is one of the most important stages while designing the structures and machines. Here
the residual deformations being available, which are not taken into account, can cause the
structures damage. Taking into account the residual stresses and deformations on the contact
interactions of bodies is of special importance.

Analysis of the available results of investigations. The problem of the bodies
interaction possessing the residual deformations has been of interest for many scientists, our
national scientists in particular [1, 2]. But the plane problems were studied only for the punches
with the rectilinear base or that of the random punch shape, but without taking into account the
residual deformations. Generally, the statement of such problems requires the introduction of
the non-linear theory of elasticity, but the initial deformations being great enough, its linearized
option can be introduced. The effect of the residual deformations on the contact interaction of
the punch with the prestressed half-plane and the layer is presented in the papers [3 — 6].
Statement of the task. Let the rigid punch with the curvilinear trapezium cross-section [Fig. 1]
be pressed into the elastic half-plane with the
initial stresses. The load, the main vector of

whichis marked as P | js applied to the upper
side of the punch in such a way, that the half-
plane under the punch is deformed in the
reverse direction to the axis OY, in the value
€. Let us consider, that the plane
deformation specifies the half-plane in the

initial state, that is, 4 =1 and the condition
S5 =0 js satisfied.

Figure 1. The scheme of the contact interaction The boundary conditions of the stated
problem look like:

A

sz(Ypo):O’ Y1¢[a’b]; (1)
QZl(yl’O):o’ yle[a'b]; 2)
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Uz(yl,O):f(yl)—S; yle[a’b]; (3)
Q1 (¥1,0) =0y, e[a,b], (4)

where Q,, (Y, y,) — normal stresses; Q, (Y, y,) — tangential stresses; u,(y,y,) -
displacements.
The function f (y,)describes the displacement of the elastic half-plane points in the

area of its contact with the rigid punch.
Let us introduce the analytical functions @,(z) and @,(z) of the complex variable

z =Yy, +iy, as the Caushy integrals

dt

a)l(z):Ul—ivlzTsz(t,O)t(i—tz; w,(2)=U, -V, = jQZl tO) —

Having used the Sokhotsky-Plemel formula to the last interrelation z — y, —i0, we will

obtain
dt
U, —iV, =-izQ,(,,0) jsz (t, o
- y1
. dt
U, -1V, = I77(:?21 yl’ IQ21 t 0
1
From here we will obtain:
Vi :”QZZ(yl’O). vV, :”Q21(y1’0);
*e dt dt (%)
U, = t,0 ; U, = t 0
) _Iwozz( )t_yl jon t_yl
" , ou, of
The boundary condition (3) is presented as —%=—; y, [a,b].
ayl a 1
Having used the expression for Zi of the linearized theory of elasticity [1]
Y1
au, dt
o =B Qu(n0)+ A7 jsz (L),

where A{” and B! — coefficients dependent on the field of the initial deformations and the
interrelations (5), the boundary conditions of the problem (1) — (4) will be presented as follows:

I G
V,=0,y,¢[ab]; V,=0,y, ¢[ab]; 7‘; V2+7 l=5,yle[a,b]; V,=0;y, €[a;b].

1
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Thus, V, — the imaginable part of the function w,(z) equals zero on the whole axis

Oy, . As this function is regular in the lower half-plane and behaves itself at infinity as cz™, it

results from the mentioned above condition, that it must be equal to zero everywhere in the
half-plane. Thus, @,(z)=0 and to find @,(z) we will have the following conditions:

of

V,=0,y, ¢[ab]; U, y,yl e[a,b].

Aé

That is why, to find @,(z) we will obtain partial and the most simple case of the
Rimman-Giblebert problem with the disruptive coefficients. As it is known, it deals with the
construction of the complex function @, (z)=U, —iV,, which on the axis Oy,, satisfies the

condition
a(yl)Ul +b(y1)V1 = F(yl) . (6)
At y, €[a,b] we have a(y,) =1, b(y,)=0,at y, ¢[a,b] — a(y,) =0, b(y,) =1, and the

right part (6) was found as follows: F(y,)=0,y, ¢[a,b];

z of
Fy) ==y efab].
(yl) Aéz) ayl Y1 E[ ]

To solve the next problem, let us use the method presented in [3].
The found solution is presented as follows

o (2)=0,(2)+o,(2), (7)

where a=;1(z) =U, +iV, —the solution of the corresponding similar problem, that is, the function

w,(z) inthe axis Oy, satisfies the condition
a(y,)U,+b(y,)V,=0. (8)

a(y.)
(Y

half-plane and uncontinuous small in the infinity, the real part of which in the axis being equal
w(y,), can be presented as follows:

Let us analyze the function w(y,)=arctg . The analytical function in the lower

~+00

(yl) dy,
(yl) yl—z

. 1 d
Q(Z)=Ql—Q2|:—E:|;W(yl)yl{12= J. arctg ———=

That is, in the axis Oy, , approaching the point z =y, we will have below
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. aly. .
Q,(y,)-Q,(y,)i=arctg bEyi;—Qz(yl)l.
Let us rewrite the condition (8)
b(y
a(y,)u,+b(y,)v, _\/a (y,)+b*(y,) ) u0+ - ( 1)2 v, |=
\/a (y2)+ \/a (%) +b*(v,)

= \/az (y,)+b*(y;) l:cos(arctg EEQ;JUO +sin{arctg Z(yl)},()] =0, o0r

\/az (v,)+b%(y,) Re[eml(yl)w0 (y,— io)} =

As the functions a(y,) and b(y,) are not transformed into zero simultaneously, then

Re[ei"l(yl)w0 (y,— io)} =0, or in other way

Re{exp{——jarctgb(yl) dy, }wo(z)}

=0.
(Y1) Y, —1Z

z=y,-i0

The last condition will be provided, if the expression, from which the real part is taken,
will be equal to some function, which is of imaginable value in the real axis. As w,(z) must
be analytical in the lower half-plane, such function can be chosen as follows:

exp{—i}arctg a(y,) dy, }wo(z)z P(2)

b(Yl) Y, — 2

here

P(z) P(z)

o) T4’

where S, — the real coefficients and the polynomial P(z) is of real values in the axis Oy;.

Thus, taking into account, that in the case of the contact interaction of the half-plane and one
punch, the functions a(y,) and b(y,) have ruptures only in two points, for the function «, (2)
we will have the following expression:

- : 17 a(yl) dy,

z)=iCexp| — | arct .
(2) P ﬂ!m “b(y) v,-2 ®)

To find the function «, (z) =u, —v,i, which is the solution of the non-uniform problem,

let us find the real part of the function = o (Z)

o (2)
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Taking into account the conditions (8) and (6),

{_ fw; (v — iO)} _ayUs + by 1 _ F(y) 1
wo(1 —i0) ) Ja2(yy) + b2(yy) w01 —i0)  [a2(y,) + b2(y,) lwo(yr —i0)| "

That is why

F(y,) 1 dy,
\/az(yl) + b?(y,) wr (1 —i0)| y1 —z|

w1 (2) =w,(2) |—= (10)

And finally, basing on (9) and (10) we will have the expression

)= AS’ - )(b—z @202

j e \/— 1)

To find the contact stresses, let us transfer in the last interrelation to the boundary at
z — Yy, —1i0 and separate imaginable part:

1 1 of dt C
2 (¥1,0)=—3 «/t— b-t) 12
Qa (1::0) Az”\/(yl—a)(b—yl)jayl (=X »\/ —a)(b-y,) 12

The constant C is found from the punch equilibrium condition, that is

b
P :szz (}’1,0)d3’1-

b
y Having used the interrelation (10), we
. can determine the distribution of the contact
P stresses under the punch of any configuration,

and thus, to choose the optimal punch shape
for every definite case. For the case of its
rectilinear base ( Fig 2) we will have:

+/

____________ of
O: fs y‘1 f( 1) 0 a_yl_ '
‘ C
sz yl'o = )
(%.9) (y, =D -y,)

Figure 2. The scheme of the contact interaction of the
half-plane and the punch with the rectilinear base

P

C P
= d17CZ_' (Y1, 0)=—F——=
N e E AR e
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2
In the case of the parabolic punch (Fig. 3) f(y,) = M, a _xn
2R 'dy, R
¥ |
1 1 Gty dt
= 0)= — iz ¢
| 0 (0035 ”—y? R t-y,
C
+ 2 2
_____O___ R I _yl
i Yi
1 e’ -2y’ P
Qw2 (11,0) = ®) RV 2_ 2
A7 Ry -y mylP -y,

Figure 3. The scheme of contact interaction
with the parabolic punch

In Fig. 4 o* — dimensionless value which describes the distribution of the contact
stresses under the punch in the case of its rectilinear base, is presented. For the case of its
parabolic base — in Fig. 5.

A/ q*

4 o 1 Y 4 o 1 Y

Figure 4. Distribution of contact stresses under the Figure 5. Distribution of contact stresses under the
punch with the rectilinear base punch with the parabolic base

Conclutions. For the punch of random configuration the function of distribution of
contact stresses was obtained. The examples of calculation the stresses for different punch
shapes were presented. The dependence of the contact stresses on the shape of the rigid punch
was shown. The developed approach and the obtained results make possible to make
conclusions on the optimal punch shape in order to increase or decrease the contact stresses.
The obtained results can be used while constructing the piles trestles or other structures in the

construction engineering.
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KOHTAKTHA B3AEMOJIA HITAMITIA TA TIONEPEIHBO
HANPYXEHOI MIBILIOIIAHA

I'puropiii I'adpyces; Ouier Ilanuyk; bopuc IleaecroBecbkuid

Teprnoninbcokuu HayionanrbHuu mexHivHuu yHigepcumem imeni leana Ilynios,
Tepnoninw, Yrkpaina

Pe3tome. Pospaxynox miynocmi cmpyKmypHux eiemeHmie ma Oemaineli MexXaHizmie € OOHuUM i3
HaueaxscIugiuux emanie y npoyeci npoekmyeanus Oyoieenvux cnopyo i mawiun. IIpu yvomy 6 nHux maiidice
3a621c0U HAABHI 3aNUWIKO8] dehopmayii, He8PAXYBAHHI AKUX NPU3EOOUMb 00 PYUHY8anH:A KoHcmpyKyii. Ocobaueo
AKMYANbHUM € BPAXYBANHHS 3ANUUKOBUX HANPYIICeHb | depopmayitl Ha KOHMAKMHY 83AEMOOTI0 M.

Y cmammi po3eé’azano 3adawy npo muck niockoz2o H#OpCcmKO20 WimMamna 008inbHoi Kongizypayii na
NONepeoHbO HANPYIICEHY MOBCHY NAUMY, WO MOOETOEMbC NIBNIOWUHOIO. 3HAUOeHO QYHKYIIO pO3nodiny
KOHMAKMHUX HaAnpycensb nio wmamnom. Ilpoananizoeano eniug ¢opmu wmamna Ha po3nooil KOHMAKMHUX
Hanpydicensb. Pezyromamu pobomu modicyms 6ymu UKOpUCMani nio 4ac npoeKkmy6anHs eiemMenmie cnopyo yu
oemanen MauuH.

s po3’sazanns 3a0aui GUKOPUCMAHO MemoOou meopii (YHKYitl KoMnieKcHoi 3MminHoi. BHacniook
sacmocysanus popmynu Coxoyvkozo-Ilnemens ompumyemo wacmkosuti eunadok saoayi Pimana-I'ibrvbepma 3
pOo3pugHUMU Koeiyieumamu. [ wmamna 008inbHOT KOHQieypayii ompumano QyHKYio po3nooiy KOHMAKMHUX
HANPYICEHb, HABEOEHO NPUKIAOU OOUUCTEHHS HANpydiceb Ona pisnux Gopm wmamna. Iloxkazano 3anedxicuicme
KOHMAKMHUX Hanpysicenv 6i0 opmu copcmroeo wmamna. Ilobyodosano epagixu. Pozeunenuil nioxio ma
OmpuUMaHi pe3yiemamu 00360J10Mb 3p0OUMU BUCHOBOK NPO ONMUMATLHY (hopmy wmamna 0ist 30iibueHHs: abo
3MEHWeHHsI KOHMAKMHUX Hanpydicenb. Ompumani pe3yiomamu € akmyaibHumu y 6yoigeavbrii eanysi 6 npoyeci
CMBOPEHHS ONOP YU THUUX CIPYKMYPHUX eleMeHMI8.

Kniouosi cnosa: nouamkosi degpopmayii, npyscHa nienaowuna, Wmamn, KOHMAaKmHi HanpyiCeHHs.
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