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Summary. The new approach to the problem of the flow to the contour of the curved hole in an infinite
isotropic plate of concentrated force, applied to the end of reinforcing open elastic bar of constant rectangle cross
section, has been proposed. The boundary conditions of the problem at the section of bonding of the rib with
contour of the hole in the plate have been formulated as equalities of deformations. The mathematical model of
the problem has been constructed as the system of singular integral and differential equations to determine the
contact forces between the plate and the rib and internal forces and moments in the reinforcement. The structure
of unknown functions at the ends of area of reinforcement is determined. The approximate solution of the problem
has been founded by the method of mechanical quadrature and collocation.
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Introduction. Thin-wall plates with the technological or construction holes are widely
applied in all branches of engineering. To decrease high concentration of stresses near holes
their contour are reinforced by thin elastic rods. At the same time there are areas at the hole
contour, which cannot be reinforced because of low stress concentrations. That is why partial
reinforcement of them by the open elastic rods is the most economical from the point of view
of the metal consuming.

Being dissipators of the stress concentrations in the area of reinforcement, the reinforced
rods make possible to transmit concentrated force and moment load through them to the plate.
Such tasks are the theoretic basis for strength and rigidity estimation of such machine units as
gear drives, splined joints, as well as microlite tools (cutters, circular saws, etc.). Because of
that the investigation of the stress state of the plate-open rod system is an urgent task for modern
mechanical engineering.

Analysis of the available investigations and publications. The tasks on the transition
of concentrated forces to the curved hole contour of the infinite isotropic plate have been
thoroughly investigated only for the case, when the reinforced rod is modelled by the elastic
line of the constant or varying tension (compression) rigidity [1 — 4].

Using the model of elastic line in [5, 6] a number of tasks on the transmition of
concentrated force and moment load to the curved hole contour of the plate through open rods
asymmetric relatively the midplate, have been analysed. In this case, irrespective of the outside
load the plate undergoes the conditions of generalized plane stress state and cylindric bending.

Taking advantage of the boundary integral equations [7, 8] the solution of the task on
the transition of concentrated forces to the circular hole contour of the infinite plate and circular
disk through the system of elastic rods, which are moduled by the open rods without taking into
account transverse forces, has been built.

For the curved holes, which are different of these circular ones, such tasks as specified
more exactly, have not been analysed.

Statement of the problem. Let us analyse the 2h thick infinite isotropic plate with the
curved hole limited by the smooth cylinder surface. The plate midplane treated as the Cartesian
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(%, Xp) and polar (F, 8) hole-centre system of refernce, crosses the hole surface along the
smooth curve.
Let us assume that in the area [oc;, BB} the hole surface is reinforced by the symmetric

relatively the plane (Ox;x,) open elastic rod of constant cross-section 2h, x 2n (Fig. 1), where

a;, BB — polar angles of the reinforced area ends; 2h,, 2n — the reinforced rod height and
width; 6 — the angle, which forms axis Ox,, with the normal to the rod axis.
Uniformly distributed normal load with the main vector N, acting in the plate midplane

is applied to the reinforcement end, which is determined by the polar angle & = ocf). Another

load on the plate and reinforced rod are not available.

The solution of the task deals with the finding of contact forces between the plate and
reinforced rod, circular forces on the hole surface in the plate, the rod stress state and the
investigations of the physical-geometric reinforcement parameters impact on these values.

Mathematical model of the task. As the plate and the reinforced rod are under
generalized plane stress state (all values depend only on x, x,), that is why we can analyse

only the points located in the mutual plate midplane and the rod. Having separated the plate
from the reinforcement conventionally and changing the action of one body on the other with
unknown normal T, and tangential S, contact forces, acting in midplane, let us solve the first

main task for the infinite plate with the smooth curved hole and elastic open rod (Fig. 1).

Figure 1. Loading diagram of the plate and the reinforcing rod

The plate undergoes contact forces in the area [ocz, BB} of the contour I'" and is in

equilibrium, and the elastic rod is under contact forces and concentrated force N.

Isotropic plate with curved hole. Let the hole shape in the infinite plate be determined
by the function [3],

M g
zx1+ix2m(§)R0[§+zz—}}, (1)
j=1

which realises the conform reflection of the external side S~ of the unit circle y in the area
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&= ﬁe”‘ on the area occupied by the plate midplane. Here R, — specified hole size (without
breaking generalisation we consider Ry =1); €, €5, ..., &y — parameters specifying the contour
I" deflection from the circle; i =+—1; (p, 1) — polar coordinates in the plane & .

Under condition |e;|+ 25|+ ...+ M [ey | <1 function (1) specifies the contour T as the

combination of the circle and regular (j+1) — triangles with circled angles.

The plate deformation tensor components in the points of the contour T" under given
load are found according to the formulas [3, 4]

1 Y 1 At
=g 9 P2 000 s

Bo B
+%J‘[G(k,t)+ H(k,t)ctg%}spx (t)dt+oae’ +BV°};

1 , 1P At
:m{(l—v)(a +B )pr(%)—;&[[H<x,t)—G(x,t)ctg7}sM(t)dt_
1[30 7\‘_t . . 2 2
‘;I[G(MﬂH(%,t)cth}Tp(t)dt—Bsx+av +Cy (a2 +B )} )

where [o,; B, ]| —image of the reinforced area [ocz, BB} at reflection (1); E, v —the Young’s

modulus and the Poisson’s ratio of the plate material; €, , V — relative extension of the contour
" and the normal reversement to it; C, — the constant specifying the plate rotation at infinity;

H, t)y=o(X)a(t)+B(A)B(t); GO, )=a(A)B(t)-B(X)a(t); a(r)+iB(1)=0'(c);

2 b ) )

0,:yv0 —
ey +iV°= L |6 V)(Xl+IX2)—(1+V)(Xf—ixg)(g—2g+ﬁﬂ—4 A . 3TV e
o o

2R, c°® R,0 1+v
1 P _ , o X2-ix? :
%:_E%[Tp (t)+|Spk (t)]w(r)rzdt+a183+mc€z; t=e"; (3)

X, =—N,sin0,; XJ=N,cos0, — the outside load main vector components transmitted from
the rod to the plate. It should be noted that expressions (3) are written for the case M = 3.

Circular forces T, atthe contour I" on the plate are found according to the relation [3, 4]

T, =vT +2Ehe, . (4)

The reinforced rod is modelled by the elastic curved bar, the connection surface of
which with the plate does not coincide with its midsurface [9, 10].

L8 ettt et ren e ana s ISSN 1727-7108. Scientific Journal of the TNTU, No 3 (87), 2017



Andrii Siaskyi, Volodymyr Siaskyi, Nataliia Shevtsova

Inside longitudinal N and transverse Q forces and bending moment Ly, acting in the
bar cross-sections and displaced to its axis, are connected with the contact forces T,, S, ,
which are transmitted from the plate, by the balance differential equations

N dQ Q dN dL, n
S VR IV | PN 5
PT oy ds’ PP ds o ds ° ®)

Here r, —the curvature radius of the bar fiber, connected with the plate; s — the contour
arc parameter I"; s, — the arc parameter, which corresponds to the free end of reinforcement;
ds = oa’(cs)|dx :

Traditionally calculation of the stress-strain state of the bar is based on the plane cross-
section hypothesis. In this case the deformations of the bar longitudinal fiber with the curvature

p (relative extension &!°) and the angle of the normal reversement 6,), located in the plate
midplane, are found according to the formulas

g 1 r | RL t . RL
QU S VY T LN [IN+—= ®lic, (6)
EqF p ) o EoFo W )P

So

in which such signs are used: oy =Jq/Fy=n%/3; EoFy. EgJy — of the bar tension
(compression) and bending rigidity relatively the main axis cross-section; R, ry— curvature
radii of the axial and neutral reinforcement for the pure bending of the longitudinal fibers;
E, — the Young’s modulus of the reinforcement material; F, =2h-2n — its cross-section
square; C, =0y (sg).

Taking into account the real available shearing strain, which causes the deplantating of

the plane cross-sections and their additional rotation can be performed by introducing the
medium for the shearing cross-section vy5, which is found as the additional reversement angle

of the cross-section relatively the normal to the bar [10]

~2(1+vg)
EoFo

Y3 =

nQ,

where p — constant (for the bar rectangular cross-section n=1.2); v, — the Poisson’s ratio.
Then

1|5 RL, \ds
eb:E e I(N +—bj——2(l+v0)pQ +C,. (7
070 |, Wy ) P

If the valuesN , Q, L, will be known, the normal stresses () in the longitudinal

fibers are found according to the Hooke’s law in its the most simple one-dimensional form, and
maximal tangential stresses r(nﬁgx in the axis fiber — according to the Zhuravskii formula [9]

ISSN 1727-7108. Bictur THTY, No 3 (87), 2017 ...oee et eee e ee e ee e e e eee e 19



The flow of concentrated force through open elastic rod to the contour of the curved hole in infinite plate

c(© :i{N +(1_r_0j%} & _3Q (8)
Fo p ) g 2 F

Boundary conditions of the task in the reinforcement area are chosen as the deformation
uniformity of mutual fibers of the plate and the rod

gnggﬁ; V=0,; Lelag; Bol; p=n. 9)

Substitution of (2), (3), (6), (7) into the boundary conditions (9) taking into account (5)
will result in the system of two singular integral with Hilbert kernels and three differential
equations for determination of the contact forces in the area of connecting of the plate and the
reinforcement rod, as well as the values N , Q, L, in the reinforcement

S L (1—v)(a2+[32)T (x)—lﬁf[H(x -G\ t)ctgu}T (t)dt+
2Eh((12+[32) P Tfao ) ) 2 P
B,
1 At RL
- j [G(x,t)+ H (k,t)cth}pr (t)dt+oe) +pV° =N {1_:_(1)}@_;;

o

EoFo (1—v)((x2 +B2)S x(k)—lﬁf{H(x,t)—e(x,t)ctgu}s , (t)dt -
2Eh(a2+52) P ey G

1" At 0 0 Y

~= [| 6D+ H@® Yotg=— |T, (t)dt—pe] +aV +C0(a +;3) -

T 2

f R, )o@ _ N dQ
‘ﬁ{(N*w—oLbJT“‘*(““o)“Q*CZEOFO’ "7 (oo

__Q dN _ o dy . .
Sp?»_ K (D'(G)‘dk’ T]pr ‘(D,(G)‘dk'FQ(l rlj, 7\46[(}.0, Bo] (10)

Let us provide the system (10) with the condition
N((Xo):_NO, (11)

which is necessary for finding the constant 2EhC, —C,.

Interrelations (10), (11) specify the mathematic model of the task in question.
At Ey=E, vg=v, hy=h the plate with the partially reinforced hoe contour can be

treated as homogeneous plate, on the smooth contour of which with curvature radius p =1, —2n

outside the area [a;;; BS} the constant depth 2n recess is available.
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Such tasks for the circular holes appear while calculating the splined joints in the rotary

motion drives.

Approximate solution of the task. The accurate solution of the system (10), (11)
cannot be found. For its approximate solution let us find the structure of these functions at the
ends of the reinforcement area. With this purpose let us come to (10), (11) in the integration

range[—1; 1]. It can be done by changing the variables

A =2arctg (a,x+b,); t=2arctg(a,y+b,), (12)
where
Bo ao . BO O('0 .
2a, =tg——-tg—; 2b, =tg—+tg—;
0o =19 > g > b =19 5 g >
_ 2a,(a,y+hb,)d
47 2a,0x s dte 2a,dy . ctgx tdt: 2dy N o (3 o)ZY_
1+(a,x+hy) 1+(a,y+b,) 2 X=y  1+(a,y+hy)
As the result of substitution of (12) in (10), (11) after some transformations we will
obtain
—00 _J1-v)(a®+PB)T, (x)+
2Eh(a2+ﬁz){( I )T ()

1

2 T[0T, (3)+ H xS (¥) ] ——dy-+ o] +Bv°}+ﬁ(x): N(X)+[1_ N j RLy(0)
T X=y n) o

EoFo ){(1V)(GZ+B2)Sp}L(X)

2Eh(a2+s2

1
21 H (X, )T, (Y) =G (% y)Sp (V) 2 dy —Bed +aV O +Cy(a? +p2 )+ Fo(x) =
T X—Yy
-1

o'(t)]  2a,dy
h 1+(ayy+hy)

7 ~2(1+vo)uQ(x)+C,EqFy;

=E[N(y>+itb(y>]

™9

N(X)_1+(aox+bo)2d_Q. (X)__Q(X)_1+(a0x+b0)2d_N_
o | (c)|2a, dx PRy | (c)|2a, dx

1+(a0x+b0)2 dL,
‘co'(c)‘ZaO dx

+Q(X)(1—EJ ; N(=1) =—-No;

NS, (X) =—
n
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refog; Bo]; xe[-11]. (13)

Here F,(x), F,(x) — the functions containing regular integrals from T, S, .

Characteristic part of singular integral equations of the system (13) are similar to those
as the corresponding part of the paper [13]. Because of this the contact forces in the
reinforcement area can be presented as

T (x)+iS,, (x) :%[(Dl(x)HCDZ(x)]. (14)
—X

The structure of the internal forces N and Q and the bending moment L, is determined
by the boundary conditions at the ends of the reinforcement rod

N(-1)=-No; Q(-1)=L(-1)=N(1)=Q(1)=L,(1)=0. (15)
Due to (15) the functions N (x), Q(x), L,(x) in the range [-1; 1] are chosen as

N(x) = V1-xD2(x); Q(X)=v1-x*®(X); L,(x)=1-x*D(X). (16)

In the interrelations (14), (16) ®,(x), ®,(x), ®3(x), ®;(x), ®J(x) — are limited and
continuous in [-1; 1] functions.

Having known the structure of the determined functions (14), (16), the approximate
solution of the task can be built taking advantage of the method of mechanical quadrature and
collocation. Quadrature formulas of this method for singular and regular integrals and those
with the variable upper level are presented in the papers [2, 3, 4].

Results and their discussions. For the plate with the egg-like hole (¢, =0.2; ¢, =0.1;
g5 =0; v=0.3; h=0.1R;) and reinforcing rod of such parameters hy=h; E,=E; v, =0.3;
30y =-m; 3By == the impact on the strain state of the plate and reinforcement of its relative
width n/h, have been investigated. The results of numerical calculation of equivalent efforts

2 .
T= \/(Tk —Tp) +T,T, +3ng on the contour I' of the plate according to the energy theory of

strength [9] and strains (@, () in the reinforcing rod are presented in Fig. 2 — 3. The full
lines are for the case n =h,; dot — n=0.5h,; dot-and-dash — n=0.25h;.
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Figure 2. Distribution of normal stresses ¢ 2h,R, / N, in the external
extreme () and in the internal extreme (b ) fibers of the rod

Figure 3. Distribution of tangential stresses &), 2hR, / N, in the axial fiber of the rod ()
and equivalent efforts TR, / N, on the contour of the hole in the plate (b )

Conclusions. As the result of the obtained numerical calculations it has been found that:
— normal stresses in the extreme longitudinal fibers of the rod increase sharply at the end
tip, to which the external force is applied, but they are unsufficient at the end itself;
— the impact of transverse forces on the strain state of long curved bars of constant cross-
section is unsufficient, which confirms the known fact in the course of strength of materials;

— the plate stress state components at the ends of the reinforcing area are unlimited values,
which is caused by the initiation of plastic deformations in these areas;

— the prosed method of solving the task can be generalised for the case of the system of
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similar rods, through which the moment load is transmitted to the hole contour in the plate.
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VJIK 539.3

IHHEPEJAYA 30CEPEJ’)KEHOI CUJIU UEPE3 POSIMKE—IEHHPI
HPYXKHUU CTPUKEHD 1O KOHTYPY KPUBOJIHIMHOI'O
OTBOPY HECKIHUEHHOI IIJIACTUHKHA

Anapiit Csacbkuii; Bononumup Cscokuii; Hatasnis LHllesunosa

Pignencoruii deporcasnuil cymanimapHutl ynieepcumem, Piene, Ykpaina

Pe3tome. 3anpononosano Hosuli nioxio 00 po38 a3ans 3a0ayi npo nepeoaiy 00 KOHmypy KpUGOIHIIHO20
OmMBOpYy HeCKIHYeHHOI i30MPONHOI NIACMUHKU 30CepeOHCeHOl CUNU, NPUKIAOeHOi 00 MOpYs DO3IMKHEHO20
APYACHO20 CMPUIICHSL CMANI020 NPAMOKYMHO20 Nnonepeyno2o nepepizy. Kpatiosi ymoeu 3adaui na Oinsinyi
CHONYYEHHS CIMPUNCHS 3 KOHMYPOM OMB0pPY NIACMUHKU CHOPMYIbO8AHO Y 6u2nadi pigHocmi ix Oeghopmayiil.
Mamemamuyny moodensb 3a0ayi n06y008aHO Y 8USNAL CUCTEMU CUHSYIAPHUX THMe2PANbHUX | OuepeHyiarbHUx
PIBHAHb OISl GUSHAYEHHS. KOHMAKMHUX 3YCUL MIJIC NAACMUHKOIO MA CIPUNICHEM, d MAKONC GHYMPIWHIX CUL |
MomeHmie y niOcunenHi. Bcmanosneno cmpykmypy wiykanux yHKYil HAQ KIiHYAX OLIAHKU NIOCUTEHHS.
Habnusicenuii po3e’s30k 3a0aui 3HaAUOEHO MeMOOOM MEXAHIYHUX KEAOPAMYP i KOIOKAYL.

Knrouosi cnosa: niocunosanvie pebpo, HeCKiHueHHA NIACMUHKA, IHMe2PaibHi PIGHAHHS, KDUSOIIHIUHUU
OMBIp, HANPYICEHUT CIAH.
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