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BENDING OF THE PLATE WITH A CRACK IN PRESENCE OF
PLASTIC ZONES AT ITS TOPS
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Summary. A problem of biaxial bending under distributed bending moments at infinity of isotropic plate
with the straight crack and the presence at its tops of plastic zones where Trasck’s plasticity conditions are
performed as a surface layer or plastic hinge, when the vectors of the external moments are perpendicular and
parallel to the banks of the crack has been investigated. Using the methods of complex variable theory and the
complex potentials of classic theory of plate bending, the solving of problem is reduced to the problem of linear
coupling, their analytical solution has been received in the class of functions limited in the plastic zones tops.The
length of plastic zone and divergence of crack banks at its top has been determined analytically and their numerical
analysis for various parameters of the problem has been conducted.
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Introduction. Plastic elements of structures are widely used in various industries, where
with structural considerations they may have thin straight cuts that can be simulated by cracks
and under the action of bending or any other load they are powerful stress concentrators, which
reduces their durable characteristics.

It should be noted that the crack can be seen as a split, the banks of which during the
bending load do not contact, this fact was taken into account by many researchers, as reflected
in the monographs [1, 3 -5, 7 — 9], while in [3, 4] the availability of plastic zones at its tops is
taken into account, where the general statement of problems for the shell (plate) construction
elements with such defects has been made under the influence of a specified load and the
solution of problems is reduced to a system of singular integral equations.

In this paper, using the methods of theory of complex variable and complex potentials
of the classical theory of plate bending, the problem about the biaxial bending of isotropic plate
distributed by bending moments at infinity has been investigated, the vectors of which are
parallel and perpendicular to the rectilinear crack at the tops of which plastic zones are
available, where Trasck’s plasticity conditions are performed in the form of a surface layer or
the plastic hinge [3, 4]. The analytical solution of the problem in the class of functions bounded
at the tops of plastic zones has been obtained and the corresponding dependences for the finding
of length of plastic zone and differences of the banks of the crack at its top have been recorded,
numerical analysis of the problem has been conducted.

The formulation of the problem. We will explore stress-strained state of isotropic plate
2h thick, the foundations of which are free from external load, with a through straight crack
2l length on its bilateral bending by its moments at infinity, vectors of which are parallel and
perpendicular to the banks of the crack, and at its tops there are plastic zones, where Trasck’s
plasticity conditions are carried out in the form of a condition of plasticity of the surface layer
or condition of plastic hinge and where constant bending moments operate M, [4]. The banks

of the crack are free from external load and its dimensions are such that its banks during the
bend are not in contact (see. Figure 1).
In the middle of the plate plane we choose a Cartesian coordinate system Oxyz with the

beginning in the center of the crack, by directing axis Ox on it, and the axis Oz perpendicular
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to this plane, where coordinate axis Oy is. The line of axis Ox , where a crack is placed, we
will denote by L, plastic zones by — L, their length and ends by A,—d and d in accordance.

Figure 1. Chart of plate’s load and placing of crack

According to the formulation of the problem we have the following boundary conditions

M:=0, N;=0, H, =0, xelL,
M:=M,, N:=0, H, =0, xel,, )

where by the icons «+» and «-» threshold value of corresponding value is marked at y — +0
, M, — bending moment, N - cutting force, H, — torque.

Construction of the solution of the problem. When solving the problem we will use
the classical theory of bending plates. We will introduce complex potentials ®(z) and Q(z)

and having taken into account the dependencies [8]
(My+htﬂjp@ﬁm}=mk@@)+@@)—a—zyvuﬂ, @)
0

0,u+iv)=-2[o(2) - Q@) + (- )0 ()], 3)

where P(x)=N, +0 H, — is generalized in the sense of Kirchhoff cutting force; u and v -
projections of vector of displacement on the axis Ox and Oy; c'— unknown constant;
m=-D(@1-v), #=(3+v)/1-v), D=2Eh3/(3(l—z)2)); v and E — respectively Poisson’s
ratio and Young’s modulus of the material of the plate; z=x+iy, i*=-1, u and v—
coordinates of the point; 0, = 9/0x .

Introduced complex potentials at large |z| can be represented as [8]
q)(z):f+0(1/zz),Q(z):—f—f’+0(1/zz), (4)

where
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. OMIPEMT . MP-MY
I'=- ! 1r’: ! ) (5)
4D(1+v) 2m

M7 and M7 — bending distributed moments at infinity.
On the basis of the boundary conditions (1) we can write

[My+iJX'P(g)dg] ={i/’|:/€m"”xdll (6)

If we consider (2), then out of (6) we will get

0,xelL,

7D (x) + QF (x)_iC' { i

()

From dependencies (7) we will obtain problems of linear conjugation in order to
determine complex potentials ®(z) and Q(z)

[kD(x) - Q)] —[xd(x) -Q(x)] =0, xeL+L,,

i’ + i\ O,XE I_,
(;’ECD(X)JFQ(X)—HJ +(E®(X)+Q(X)—Fj =12M, (8)
o .

having solved them in the class of functions, limited at the tops of plastic zones [6], and taking
into account the behavior of the functions ®(z) and Q(z) at the infinity (4), we will obtain

Q(2) =k ®(z) - R+ -1, 9)

ic’ M, X(2) dx
K(D(Z)-I-Q(Z)—F— N x_2) , (10)

where X (z) =+/z?-d?.
Taking into account the behavior of the potentials ®(z) and Q(z) at the infinity (4),
from (10) we obtain

—(R-)(M7 +M?)/(4DA+0))+ (M

;M )/2m '% m \/r (11)

By equating in (11) real and imaginary parts and by calculating the integral [2], we will
obtain

¢'=0, d=lIsec(zM; /(2M,)) . (12)

In order to find M, we will use Trasck’s plasticity condition in the form of a surface
layer [3, 4] based on the lower plate
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2
M, = ﬂa\( ) (13)
3
or the condition of a plastic hinge
M, = hzO_Y ) (14)

where o, — is the border of fluidity of the material of the plate.
On the basis of the formulas (9) and (10) we will find

1],. ~ -~ M,X(2) dx
O(z)=— nr+r1' 0 .
2) 2K (ED I I mi 'L[X+(x)(x—z) (15)
If we consider (9), then based on (3), we will have
o, [(+iv) —(u+ iv)’]zzh = —h@+R)( @' (x) - D (x)), xeL,. (16)
By substituting (15) in (16) and taking into account [10], we will get
6.0 v, = w.[p(d,x,z) —I'(d,x,-D)], xel, (17)
z=h 27Km
where
2 g 2 2\(q42 _ g2
Idox &)= —% VX - &) (18)
d% —xE+4/(d? —x?)(d? - &%)
Divergence of crack banks at its top we find by means of the formula
|
s(l)=5, =£8X (v* -v7) dx. (19)
After substituting (17) to (19) and calculating of the corresponding integral [10] we will
have
2M, (1+&
5 = Mo (ArR)AL 1 (20)
KM d

Numerical analysis. Taking into account (12) — (14), (20), for the numerical analysis
of the problem we will submit consolidated length of plastic zone &= A/l and consolidated

divergence of the banks of the crack on the lower base, at the top of the crack 5= (8.E) / (o))

, so using Trasck’s plasticity condition as the condition of plasticity of the surface layer [4]

e =sec(z6)/2)-1, 5 =2y, (21)
or the condition of plastic hinge [4]
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& =sec(z5)/3)—1, 6 =3y, (22)
where
& =3M7/(2h’oy), y =4(L+v)In(L+&)/(7(3+D)).

Numerical analysis of the problem has been performed, which is shown in fig. 2 and
3, where the solid lines on the basis of Trasck’s plasticity condition in a form of a surface layer,
and dashed lines — by using the condition of plastic hinge.

Fig. 2 shows graphical dependence of consolidated length of plastic zone & on
consolidated bending stress & at infinity. As can be seen from this figure at & < 0,5 we observe
a slight increase of consolidated length of plastic zones regardless of the conditions of
plasticity. At the time when & is close to 1, the length of the consolidated plastic zone increases
significantly, heading toward the infinity by using Trasck’s plasticity condition as a surface
layer, which we do not observe when using the condition of a plastic hinge, where the
consolidated length & is always finite.

E A

5+

Figure 2. Graphic dependencies of the plastic Figure 3. Graphic dependencies of the divergence
zone length on the & of the crack banks on lower plate basis on &

Fig. 3 shows a graphical dependence of consolidated divergence of the crack banks on
the lower base in the top of the crack from & . As we can see from this figure at small values

of the external load M divergence of the crack banks 5 is insignificant, at growth M7 5

grows, moreover, it is greater with the usage of Trasck’s plasticity conditions in a form of a
surface layer, than when using plastic hinge condition.

Conclusions. Numerical analysis has shown that the length of plastic zone and the
divergence of crack banks on the bottom base plate is greater when using Trasck’s plasticity
condition in a form of a surface layer than when using the condition of plasticity in a form of
plastic hinge with the same values & . By increasing the value of the external load the length of
plastic zone and the divergence of the crack banks increases. In addition, the bending moment
at infinity A7 has no effect neither on the length of plastic zone nor on the disclosure at the

top of the crack when using such conditions of plasticity. It should be noted that based on &, —

the model [4, 7] the limit load can be determined at which the plate with the crack will be
destroyed.
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YK 539.3

3I'H NIJIACTUHMA 31 IIJIMHOIO 3A HASIBHOCTI
IMJIACTUYHHNX 30H V Ii BEPHHLINHAX

Oxcana binam

Hayionanvna axademis cyxonymuux siticok imeni cemovmana [lempa
Caceaiioaunoeo, Jlveis, Ykpaina

Peztome. Jlocniosiceno 3adayy npo 080GICHUU 32UH PO3NOOINEHUMU 3SUHATLHUMU MOMEHMAMU HA
HEeCKIHYeHHOCMI I30MmpPONHOT NIACMUHY 3 NPIMOIIHIUHOIO WITUHOIO 3a HASABHOCMI Y iT ePUIUHAX NAACMUYHUX 30H,
Oe BUKOHYIOmMbCs ymosu naacmuunocmi Tpecka y uensaoi nosepxHeso2o wapy 4u niacmuyHo20 WapHipa, Koau
BEKMOPU 306HIUUHIX MOMEHMI6 NAPAebHi U NepneHOUKYIApHI 00 bepecie winunu. I3 BUKOPUCTNIAHHAM Memodid
meopii YyHKYill KOMNIEKCHOI 3MIHHOL Ma KOMIIEKCHUX NOMEHYIANI6 KIACUYHOI meopii 32UuHy NAACTUH, PO38 130K
3a0aui 36e0eH0 00 3a0ay NIHIUHO20 CAPAJICEHHS, OMPUMAHO IX AHATIMUYHUL PO36 30K y KIaci QyHxyii
0OMEIICEHUX Y 8EPUIUHAX NAACTUYHUX 30H. BUSHAUeHO aHanimuuHo 008ICUHY NIACMUYHOL 30HU MA PO3X0O0NCEHHS
bepecie winunu y ii 6epuiuni, npogedeHo ix YUcI08ull aHaiiz 3a PisHuUX napamempis 3a0a4i.

Knruosi cnosa: niacmuna, 3eun, winuna, nAacmuyHi 301U, ymosa niacmuunocmi Tpecka (niacmuunozo

wapmipa).
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