/\ BicHuk TepHONiIbCHKOI0 HALIOHAJIBLHOIO TEXHIYHOT0 YHIBEPCHTETY
Scientific Journal of the Ternopil National Technical University
@ 2016, N2 4 (84)
ISSN 1727-7108. Web: visnyk.tntu.edu.ua

UDC 539.3

TRANSMISSION OF TORQUE FROM THE SYSTEM OF A HARD
STAMPS TO THE CONTOUR OF A CIRCULAR HOLE IN AN
INFINITE PLATE

Volodymyr Siaskyi
Rivne State University of Humanities, Rivne, Ukraine

Summary. Contact interaction of hard stamps with angular points and massive elastic bodies with
circular cylindrical holes is investigated in this article. Refined interaction model considers the initial difference
of curvature of contacting surfaces and features the transfer of torque from stamps to an elastic body by friction
forces, which are set by Kulon’s law. Based on the expressions for displacement of contour points of elastic body,
the system of singular integral equations with logarithmic kernels was created. Solution of the equation system
allows to determine the position and size of the contact zone, stress-strain state on the border of elastic body and
value of clamping force in the system of stamps, which ensures the maximum torque transmission and ensures
minimum crushing of material. Depending on the ratio between the curvature surfaces of contacting bodies,
different options of interaction are analyzed.
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Introduction and problem setting. Calculating friction gears, brake systems for
transport and lifting equipment, developing devices for fixing work pieces and cutting tools in
manufacturing machine tools and fixing geophysical instruments and equipment in wells are
widely used solutions of the pressure of a hard stamps with angular points on the circular surface
a cylindrical hole in the massive body or on the lateral surface of the circular disk or shaft. The
contact between the body and stamp is provided by the system of the balanced forces applied
along the axes of the symmetry stamps, and the moment of the forces couple evenly distributed
along all stamps. The torque transfer from the system stamps to the body is performed by the
friction forces in the contact zone. It is crucial to research dependence of the stress-strain state
of the elastic body on the geometrical parameters of friction in the contact zone. Determining
of the distribution of contact stresses is vital to solve problems of the co-tangent bodies strength,
their durability, thermal calculation of the rubbing surfaces and etc.

Analysis of recent research and publications. Smooth stamps indentation without
angular points on the cylindrical surface of the elastic bodies when contacting curvature
contours are close and with a solid contact zone are investigated in [1, 2]. The interaction of
two rigid stamps with corner points of the elastic round disk or elastic plate with a circular
cylindrical hole with equal contacting surfaces curvature radius are considered in [3]. Further
research in this area involved the use of any number of identical symmetrical stamps with corner
points [4]. These are the idealized objectives. In most technical applications there is stamps
pressure on the bodies’ surface with curvature radii which exceed any elastic deformation. In
this case it is possible to consider the contacting surfaces as the ones devoid of roughness, and
their curvatures are constant. An example of such technical problem is fixing of cutting tools
(drills, mills) or blanks in the clamping chucks of the processing machines. A chuck with one
set of clamping stamps is used for fixing tools or work pieces of different diameters. In this
case it is crucial to establish the magnitude of clamping force in the chucks, which ensures
maximum torque transmission and ensures minimum material crushing.
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Transmission of torque from the system of a hard stamps to the contour of a circular hole in an infinite plate

The purpose of the study is to build an improved model of the torque transfer system
of hard stamps with angular points to a massive isotropic body with a circular cylindrical hole
by frictional forces in general, when the radii of the curvature of the contacting surfaces differ
by finite value.

Setting objectives. This is the case of massive elastic body, which is considered as an
infinite isotropic plate with thickness of 2h. In a circular cylindrical hole of the plate with
radius R =1 evenly distributed N identical symmetric hard stamps with angular points
supported by system of parallel rails (Figure 1). The shape and size of the stamps are
characterized by the radius r of the contacting surface and the distance between the corner
points 2d . Generating surfaces of the interacting bodies are parallel, and the radii of curvature
differ in a finite value that is of the order of elastic displacement. The contact between the plate
and stamps is supported by the equilibrium forces P, acting along the axes of symmetry

stamps. Progressive radial displacement of stamps is provided by a pair of parallel rails. There
is no friction between the parallel rails and stamps side surfaces. All rails form a single rigid
system, in the center of which some forces with moment M, are applied. The torque to the

plate is transmitted through the stamps due to friction forces.

Figure 1. Scheme of the stamps and plate interaction

Since the radii of the stamps surfaces and the hole are different, the sizes of pre-contact
sites are unknown and should be defined. The interaction of stamps and plates in the contact
are normal T, and tangential forces S ,, must be determined. The ring tension T, on the

contour of the hole y should be determined as well. Of special interest is the limit value of
moment M, that can be transmitted to the plate without sliding at a given force P, and value

of the forward stamps displacement.

It is believed that the system of the stamps plate is under generalized plane stress. This
section examines the middle of interacting bodies. Depending on the ratio between the
contacting surfaces radii there are two possibilities of plate and stamps interaction. The first
option is when the radius of the stamps surfaces curvature is smaller than the radius of the
elastic body surface curvature. In this case there is one contact area with the unknown
boundaries in the vicinity of the stamp middle point. The second option is when the radius of
curvature of the stamps surfaces is bigger than the radius of the curvature surface of the elastic
body. In this case there will be two areas of contact with unknown internal limits that will apply
from external corner points towards each other. Since the interaction of bodies is a torque
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transmission by frictional forces, in both cases the contact areas are asymmetric in relation to
the stamps symmetry axes.

Defining the system of equations of the mathematical model of the problem.

Firstly, we consider the case r <R. If the force P, does not provide full surfaces
contact, we can talk about the contact problem for the stamps without corner points [1, 2].

The system of the rectangular and polar coordinates is entered so that its beginning O,
coincides with the hole center in the plate, and the axis Ox coincides with the symmetry axis
of the one of the stamps (Figure 2). Unsymmetrical contact zone of the single stamp is
characterized by arc coordinates g,, 3,. The full contact zone follows
R Y e |

Ls[ﬂl:ﬂz]U{ N N

Figure 2. Calculation model for a single stamp

The torque transfer from the guides system to the stamp is performed by the reaction
force F; at the point of the one of the guides which is in contact with the angular stamp point

after its shift as a hard whole and the moment M, of a couple of forces. The force F, and the
moment M, are unknown and to be defined.

The terms of the contact of the interacting bodies are elected as equity of the normal
displacement of common points of the contacting surfaces. It is assumed that the contour plate
points that are not in contact with stamps remain motionless. Due to the contact area geometry,
and the friction forces according to Coulomb's law, boundary conditions of the problem can be
defined as [3]

u()+tga-ov(1)=Ug +Vr2 —R?sin? 1 —RcosA+R—-r, Ael; (1)
S,u(4)=1-T,(21), 2eL. (2)

Here u(1), »(4) — the projection of the displacement vector of the contour points on the axes
coordinate; f — Coefficient of sliding friction; U, — dimension of the stamp displacement as
a hard whole.
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The components of the vector displacement of plate contour points for a given load are
determined by the formulas [3]

u(h) = — (1—v)fl(/”t)+i;f f(t)ctg %aucl

2Eh
v(z)zi_(l_v)f ~L§ 1,0 ctg—dt+C i ©)
2Eh T
where f,(1 = |j )+ iS,, e"dt ; E, v —Young's modulus and Poisson's ratio of

the plate material; C,, 02 are steel actuals.
Considering functions properties f,(1) and f,(1) and terms of the problem frequency
[4], equation (3) can be written as

u(ﬂ):%{(l—v)j (dt+—jf t)In

sin —‘dt +

. (ﬂ—t kﬂj
sin| —— — —
2 N

QNI v 2ak 27k
t— I(fl (t)smW+ f, (t)cosvjln

dt+C1];
o(2)=——| ( {1 v[f dt——jf' In
hi 4)
2R 27K A-t krx
;;/}[( sm——f (t)cosTJln SIn(T_Wjdt+C }

where C, :_@'(fl(ﬂz)_ fz(ﬁz)Ctg %j’ C, :_@’(fz(ﬂz)"" fl(ﬂz)Ctg %)

Substitution (4) into the boundary conditions (1), (2) results in a system of two singular

sin E‘dt +
2

integral equations with logarithmic kernels to determine the functions f, (1) and f, (2). In
this system limit equilibrium conditions of each stamp must be followed

ENJri—d2+M, 77 M
f =—P: f =—F; -t L—|S (t)dt=-——2L 5
(B)=-Ri 1(8)=-F : [8, 0t =— (5)

which are used to determine the unknown quantities U,, F,, M,.

The construction of the resulting system of integral equations to the standard period of
integration [-1;1] is done by substitution of variables

+ b2+b1 : l _ b2_b1 S+ b2+b1 :
2 2 2 2 2
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b, _tg(ﬂlj, b, _tg(ﬂzj, atelpsp] xsel-11], (6)

which leads to new unknown functions ®,(x) and @,(x) and related to functions fl'(/1) and

le(/l) relationships

R 4(b2 _bl)
)= ) by rm )

(i=12). (7)

As aresult, a system of singular integral equations with logarithmic kernels to determine
the functions @,(x) and @,(x) has been constructed

X

(b,-b) 2
1-v)|® d d) | — d
( v)J'l (s)ds+= J' )Inj(x—s) > 00520032 s+
N-11
+E I[ sm—+® (s )cos%jlnsn(—}L t—k—”jds+
T3 N 2 N
+1tga- (1—v)_jcl>2 j@ s)in|(x—s) (b ;b)cosgcoszdSJr (8)
N-11
2 I(@z(s)sin%—d)l( )cos%jlnsm(u—k—”)ds =
T k=1 1 N N 2 N

=2Eh(Uo+ rz—stinzﬂ—RcosA+R—r)—Cl—C2-tg/”t;

(1 f-tg2)0y(x)+(tg2 + F)Do(x)=0, 2e[B;p], xe[-11]; 9)

1 1 2 2 B2
I@z(s)ds=—PO; J@l(s)ds=—Fl; Ry —d +M1=J'Spi(t)dt=—%, (10)

1-v 1-v
where Clzy-(Fl—Poctg%j; szy-(ﬁﬁﬁctgﬁj.

If the solution of the problem (8), (9), (10) becomes known, the components of the stress
state on a path are determined by formulas [4]

2
Tp(l) = (Dz(x)- 4_((b2 _bl)x+ b, + bl) —CD1(X)- (bZ _btl))x_ijbz +b |
b =5

4(b2_b1)
$,(1)=1-T,(A), 2elg:p] xel-11];

T.(4)=T,(1)- %TTp(t)dt j T ( ))dt Aelo;27]. (11)

Now we will consider the case r >R. If the force P, provides full contact of the
surfaces, then we can talk about the contact problem for symmetric single tied stamps with
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corner points [3, 4].

The system of the rectangular and polar coordinates is introduced as in the previous case
(Figure 3). Internal limits of the asymmetrical contact zones are characterized arc coordinates
B., B,. Then the complete contact zone can be defined as the following

L=[ aO'ﬂl]U[ﬂZ’aO]U[N Ay, N +ﬂl}U{N + By N +0!0}U---U

U[ZE(N 1) _2ﬂ(m —1)+ﬂl}u{27z(N —1)+ﬁ2; 27(N -1)+a0]

N N N

Here o, = arcsin(d/R) is the dimension of the polar angle point of the plate, which coincides
with the corner point of the stamp.

Figure 3. Calculation model for a single stamp

Transfer of the torque from the system is performed by the power of reaction F; in the
extreme point of one of the guides corresponding to the outer limits of the contact «,, and

moment M, of a force couple.

As in the previous case, the conditions of contact interacting bodies are elected as equity
normal displacement of the common points of the contacting surfaces. Because of the
assumption of real points » of the circuit, which is not in contact with stamps, boundary

condition (1) will look like
u(A)+tgd-v(1)=U, +vr*~R?sin? A —Rcos1+Rcosa, —vr’—d*, A1elL. (12)

Taking into account the nature of the contact the expressions for the components of the
vector displacement of the plate contour points will have the same structure as the ratio (4).
Substituting them into boundary conditions (12) considering (2) leads to a system of two

singular integral equations with logarithmic kernels to determine the functions f, (1) and

fz'(/l). Except for the system, limit equilibrium conditions of each stamp must be the following

B4 .ot s ISSN 1727-7108. Scientific Journal of the TNTU, No 4 (84), 2016



Volodymyr Siaskyi

jf dt+jf =-P; jf dt+jf )dt = —F;;
—Qo B2 —& P2
rodt+M, js dt+0j98pl(t)dt=—%, (13)
—Q B

which are used to determine the unknown quantities U, F, M;

The construction of the resulting system of integral equations to the standard period of
integration [-1;1] is realized through the substitution of variables

ig % _b,+a, i+ b,—a, . ¢ t_b+a, - b,—a,

2 2 927 2 2
tg;:aogbz)? ao;rb21 tthaO;b2~ aO;Lb 1
ol a2 w2
atelanpls 2t elfra)i x8,%§e[-11], (14)

which leads to new unknown functions @,(x), ®,(x), E)l( ), @2(~) These functions are

X
defined in different parts of the contact area and relate to f; ( )

and f, (1) by the relationships
and

®;(x)= f,.'(z)“((bljg;ogl_ao)z C(j=12), Ael-ag ) xel-11];

& (%)= f.(7) 4(ag —b,)
%) /4+((a0—b2)i+a0+b2)2

. (i=12), Ze[ﬂg;ao], Xel[-11. (15)

As a result, a system of singular integral equations with logarithmic kernels has been
created to determine functions @;(x), @,(x), ®,(X), ®,(X)

(s)In|(x - s)—(b1 ;a")

A
COS— 5 COS— ds +

. -
ICDZ('S“)In [b1+a0 x+ 2% Dz 3t jcosﬂ cos—|ds +
71 2 2 2 2 272

2;sz
In
N

1
j[cf)l(§)sin 2K, E)z(§)cos%j In
) N N

d

(/I t kﬂ]

sin| —— — — ||ds +

2 N

(A=t krx

Sin -
2 N

+
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=2
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A
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>
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ds +
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ds—

+tg/1-{(1—v)_|.d)2( ds——j(l) s)Inj(x - s)(b ;b)

A
cos—cos
2

. -
—EJ‘®1(§)In [b1+a0 8 Dz 3 +b2jCOSiCOSt—d§+
7 2 2 2 2 22
N-11
+ 2 J.(d)z(s)sin%—d)l( )cos%jlnsm[g—k—ﬂjds+
5 N N 2 N
2N~ 27k~ oy 27k, | (A-T kz )~
+— D, (s )sin — —d. (s Jcos— |In{sin ——|ds |=
256100 2 - F)cos i 2T -1 |

:2Eh(U0+ r2—stinz/l—Rcos/‘L+Rc03a0—\/rz—dz)—Cl—Cz-tgl;

(1 ftg/’t)d)l() (tg/1+f)<l>2(x):0, ﬂ’e[_ao;ﬂl]’ XE[_l;l];

ds +

. -

(a,=b,) 4
1- o d D, d D, - 02 —C0S—
@-v J; . s+j SJ+ j )n|(X-%3) 5 C0Sc0s

-1

1 ~
+£J.(D2(S)|n (ao b, 5, Bty Dyt o bl_a(’jcosicos ds +
7 2 2
N-11 ral
+2 j <I)1(s)sin%Hbz(s)cos%}nsin At KT s+
T k=1 1 N N 2 N
N1/ - T T
2 J. q)1(§)Sin%Jr(bz(g)cos%]msin A-t _kz ds
& N N 2 N
+ (1-v jCD ds+jq3 $)ds ——I@ (~—§)—(a°_b2)cos£cos£d§—
2 2 2

—EIQ)l(s)In (a" D, 5, 2 thy Bitdy o bi-a, Jcosicos ds +
72 2 2 2 2 22

2\t 27k 27k -t kzx

— d,(s)sin ——d,(s)cos— |Injsin| ———— |ds
] et
2\t~ 27k~ 27k \, | (A-T ka) <], >
Sl 1) -/ _ — |l ds |-tgd =
+7ka;J1 ,(8)sin N .(8)cos N jnsm( > Nj s} 9

EhlU, +Vr2—R?sin?4 —Rcos A + Rcosa, —Vri—d? ) C,-C,-tga ;
(1— f -tg/f)rfl(i)+(tgﬂr+ f)i)z(i): 0, ZelBia], Xel-11];

N

Jl.q)z(S)ds + jéz(g)d§ =-PR,; jdbl(s)ds + j(fl(g)cg -

(16)

(17)

(18)

(19)
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r’—d*+M, ¢ M
S dt S (t)dt =-——2, 20
j e IS0 =~ (20)
1-v 1-v
where C, = %-[Fl —Pyctg %) C, = %-(Po + Fctg %j .

The components of the stress state of the hole contour through functions @ (x), @,(x),
®,(X), @,(X) are determined by formulas

T (/1): (Dz(x)' 4_((b1 +ao)x+b1_ao)2 _(Dl(x)' (bl +a0)x+b1 o

4(b, +a,) b, +a, o Aekasal;

=\ = oy d=((ag-by)R+ag+by)f < o\ (ag-by)X+ag+h, = R
Tp(i)—q)z(x)‘ 4(aq—by) - ®y(X): 29 —b, . AelBaiaol;

Spﬂ,(ﬂ’)z f .Tp(ﬂ')’ 16[—0!0;,31]U[ﬂ2;a0];

T,(2)=T,(2) —ﬁ( [T, dt+jT dtj

+ NTf[ /j T,(t)ctg (Wjdt + :J'ij (t)etg (N(;LT_t)Jdtj

, Ael02z]. (21)

—a,

Conclusions and recommendations for further research:

e the proposed model allows to solve practical problems for optimizing technical
systems, which provide friction torque transfer from the system of hard stamps to elastic bodies
of circular cylindrical surfaces;

e to clarify the boundary conditions of contact interacting bodies considers possible
differences in curves of contacting surfaces and features of torque transfer;

e the constructed system of singular integral equations with logarithmic kernels can be
solved by numerical and analytical methods, including the combined method of mechanical
quadrature and collocation boundary;

¢ the implementation of numerical equations system allows to define: the position and
size of the contact areas; components of the stress condition in the contour of the elastic body;
limit value of torque transmitted by the friction without slippage for a given value clamping
force; the value of the progressive stamps displacement.
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VJIK 539.3

HEPEJAYA OBEPTAJIBHOI'O MOMEHTY BIJI CUCTEMUA
AKOPCTKHUX HITAMIIIB 10 KOHTYPY KPYI'OBOI'O OTBOPY B
HECKIHYEHHIM IIVTACTHUHII

Boaoaumup Csacbkuii

Pignencoruii deporcasnuil cymanimapHuti ynieepcumem, Piene, Ykpaina

Pe3tome. [{ocniodcerno KoHmMakmmy 63aemMo0ito CUCEMU HCOPCMKUX WMAMNIG i3 KYMOSUM MouKamu ma
MACUBHUX RPYHCHUX MIN i3 KPY2OBUMU YUNTHOPUYHUMU OMEOpamu. YmouHneHa MOOelb 83aEMO0ii 8paxosye
nOYamMKO8Y PISHUYIO KPUBUH KOHMAKMYIOUUX NOBEPXOHb MaA 0COOIUBOCII NEPeda8aHHsi 00epmaibH020 MOMEHNY
8I0 wmamnie 00 NPYNHCHO2O MINA 3d PAXYHOK cull mepms, 3a0anux 3axonom Kyrowa. Ha ocnosi eupasie 0ns
SMIWEHHs. KOHMYPHUX TOYOK HPYIHCHO20 MINd NOOYOOBAHO CUCMEMY CUHZYIAPHUX I[HMESPATbHUX DIGHSAHL 3
noeapupmivnumu aopamu. Po3e’s30k cucmemu pigHsaHb 00380J8€ GCMAHOBUMU NOJOJNCEHHS | PO3MID 30HU
KOHMAKMY, HANPYHCeHO-0epOpMOBAHULI CIAH HA KOHMYPI NPYAHCHO2O0 MINA MA 8eIUYUHY NPUMUCKHO20 3YCUILIA Y
cucmemi Wmamnis, sxe 3abe3neuye MaKCUMAibHe nepeodeants 00epmaibHO20 MOMEHMY | 2apaHmMye MiHIMAlbHe
smunanns mamepiany. Posensnymo pisHi eapianmu KOHMAKMYBAHHS MIL 3AAEHCHO 8I0 CNIBBIOHOWEHHA MIdIC
paodiycamu Kpusun ix nogepxoHb.

Kniouogi cnoea: sicopcmxuil wmamn 3 KymosuMu MoOuYKaAMU, CUIU mepms, 00epmanbHuti MOMEeHM,
KOHMAKMHI HANPYHCEHHSL, CUHSYJIAPHI IHMeSPANbHI PIGHAHHS 3 102APUDGMIYHUMU AOPAMU.
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