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,YDQ 3XO\XM 7HUQRSLO 6WDWH 7HFKQLFDO 8QLYHUVLW\� 7HUQRSLO� 8NUDLQH
�
7KH (�2� 3DWRQ (OHFWULF :HOGLQJ ,QVWLWXWH� 1$68� .\LY� 8NUDLQH

0HWKRG RI FDOFXODWLRQ DQG RSWLPL]LQJ ÌI SDUDPHWHUV RI LQGXFWRU IRU KDUGIDFLQJ HGJHV RI GLVFV RI DQ DUELWUDU\ GLDPHWHU

DQG ZLGWK RI WKH KDUGIDFLQJ ]RQH ZLWK DOORZDQFH IRU WKH HIIHFW RI HOHFWURPDJQHWLF DQG KHDW VFUHHQLQJ RQ WKH GLVWULEXWLRQ

RI HOHFWURPDJQHWLF ILHOG SRZHU LQ WKH KDUGIDFLQJ ]RQH ZLGWK LV SUHVHQWHG�

.H\ ZRU G V � LQGXFWLRQ KDUGIDFLQJ� VWHHO GLVFV� RSWLPL]D�
WLRQ RI SDUDPHWHUV� WZR�WXUQ ULQJ�W\SH LQGXFWRUV� SURWHFWLYH
VKLHOGV� LQYHVWLJDWLRQV� FDOFXODWLRQ

7KLQ VWHHO GLVFV RI GLIIHUHQW WKLFNQHVV ZLWK WKH HGJH

RI DQ HYHQ RU WRRWKHG VKDSH DUH XVHG LQ GLIIHUHQW

VHFWRUV RI WKH QDWLRQDO HFRQRP\� LQFOXGLQJ DJULFXO�

WXUDO PDFKLQHU\� 7R SURYLGH VHOI�VKDUSHQLQJ RI WKH

HGJHV GXULQJ WKH GLVF RSHUDWLRQ� WKHLU ZRUNLQJ VXUIDFH

LV KDUGIDFHG ZLWK HURVLRQ�UHVLVWDQW SRZGHU�OLNH KDUG

DOOR\V 3*�6�� 3*�6�� RU RI RWKHU W\SH DW KHDWLQJ E\

+) FXUUHQWV >�@� ,Q WKLV FDVH WKH VL]H DQG VKDSH RI

WKH LQGXFWRU DUH WR EH GHWHUPLQHG IRU WKH UHVSHFWLYH

GLDPHWHUV RI WKH GLVFV DQG GLIIHUHQW ZLGWK RI WKH KDUG�

IDFLQJ ]RQH� WKLV WDNLQJ WLPH DQG FRVW�

6WXG\ >�@ GHVFULEHV D SURFHGXUH DQG JLYHV WKH UH�

VXOWV RI WKHRUHWLFDO DQG H[SHULPHQWDO LQYHVWLJDWLRQV

RQ RSWLPL]DWLRQ RI WKH VWUXFWXUDO GLPHQVLRQV RI WZR�

WXUQ ULQJ�W\SH LQGXFWRUV� XVHG IRU VLPXOWDQHRXV KDUG�

IDFLQJ RI WKLQ VWHHO WRRWKHG GLVFV RYHU WKH HQWLUH ZRUN�

LQJ VXUIDFH� 7KH UHTXLUHG ZLGWK RI WKH KDUGIDFLQJ ]RQH

LV SURYLGHG� ZKLFK LV JUHDWHU WKDQ WKH WRRWK KHLJKW

�)LJXUH ��� 'HYHORSHG DOJRULWKP DOORZV GHWHUPLQD�
WLRQ RI RSWLPDO SDUDPHWHUV RI WKH LQGXFWRU GHVLJQ IRU

DUELWUDU\ GLDPHWHU RI WKH GLVF DQGZLGWK RI WKH GHSRVLW�

SURFHHGLQJ IURP WHFKQRORJ\ UHTXLUHPHQWV� :RUN >�@

SUHVHQWV WKH FDOFXODWHG JHRPHWULFDO SDUDPHWHUV RI WKH

LQGXFWRU� GHSHQGLQJ RQ WKH ZLGWK RI WKH KDUGIDFHG

]RQH DQG GLVF UDGLXV� ,W LV IRXQG WKDW LQ D QXPEHU RI

FDVHV ZLWK VXFK DQ DUUDQJHPHQW RI WKH SDUW UHODWLYH

WR WKH LQGXFWRU �VHH )LJXUH ��� WKH SRZHU RI WKH HOHF�

WURPDJQHWLF ILHOG LV QRQ�XQLIRUPO\ GLVWULEXWHG DFURVV

WKH ZLGWK RI WKH KDUGIDFHG ]RQH� WKH KLJKHVW SRZHU

LV FRQFHQWUDWHG DW WKH GLVF IDFH� 7KLV OHDGV WR QRQ�

XQLIRUP PHOWLQJ RI WKH KDUG DOOR\ RQ WKH ZRUNLQJ

HGJH RI WKH GLVF WR EH KDUGIDFHG� DQG WR RYHUKHDWLQJ

RI WKH EDVH DQG GHSRVLWHG OD\HU RI WKH PHWDO RQ LWV

IDFH�

$OO WKHVH SURFHVVHV FDQ EH H[SODLQHG DV IROORZV�

6SHFLILF SRZHU RI WKH HOHFWURPDJQHWLF ILHOG RI KHDW

VRXUFHV LQ WKH DEVHQFH RI WKH VKLHOG LV GHWHUPLQHG IURP

WKH IRUPXOD >�@�
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ZKHUH σ� ω� µ� DUH WKH HOHFWULF FRQGXFWLYLW\� FLUFXODU

IUHTXHQF\ RI FXUUHQW DQG PDJQHWLF SHUPHDELOLW\ RI
YDFXXP� UHVSHFWLYHO\� ∆ = √��(σωµ�) LV WKH GHSWK RI

FXUUHQW SHQHWUDWLRQ LQWR WKH GLVF PHWDO� ,
X
� ,

O
LV WKH

FXUUHQW LQ WKH XSSHU DQG ORZHU EUDQFK RI WKH LQGXFWRU�

UHVSHFWLYHO\� $
�
� %

�
� &

�
DUH WKH FRHIILFLHQWV �LQWHJUDOV

RI HOOLSWLFDO W\SH�� GHSHQGHQW RQ WKH LQGXFWLRQ V\VWHP

GLPHQVLRQV� WKH IRUPXODV IRU WKHLU FDOFXODWLRQ EHLQJ
JLYHQ LQ >�@� WKH RWKHU JHRPHWULFDO GLPHQVLRQV DUH

VKRZQ LQ )LJXUH ��

7KLV IRUPXOD ZDV XVHG WR SHUIRUP FDOFXODWLRQV�

LOOXVWUDWLQJ WKH GLVWULEXWLRQ RI VSHFLILF SRZHU RI WKH

HOHFWURPDJQHWLF ILHOG LQ WKH ]RQH RI GLVF KDUGIDFLQJ�

GHSHQGLQJ RQ LWV JHRPHWULFDO GLPHQVLRQV� )LJXUH �
�FXUYHV �� VKRZV FDOFXODWLRQ UHVXOWV IRU WZR FDVHV RI

KDUGIDFLQJ ZLWK ]RQH ZLGWK RI �� DQG �� PP� UHVSHF�
WLYHO\� DW GLVF UDGLXV U�  ��� PP� $FFRUGLQJ WR WKH

� 2�0� 6+$%/<� &K�9� 38/.$ DQG $�6� 3,60(11<� ����

)LJXUH �� )UDJPHQW RI WKH VWXGLHG V\VWHP �IRU GHVLJQDWLRQV VHH WKH
WH[W�
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SUHVHQWHG JUDSKV� LQ WKH GLVF IDFH WKH YDOXHV RI VSHFLILF

SRZHU RI WKH HOHFWURPDJQHWLF ILHOG DUH � WLPHV JUHDWHU

WKDQ LQ WKH PDLQ SDUW RI WKH KDUGIDFLQJ ]RQH� ,Q SUDF�

WLFH WKLV RIWHQ OHDGV WR VXUIDFH PHOWLQJ RI WKH GLVF

IDFH�

,W LV NQRZQ WKDW VKLHOGV RI HOHFWURPDJQHWLF DQG

WKHUPDO ILHOGV DUH XVHG IRU UHGLVWULEXWLRQ DQG FRQFHQ�

WUDWLRQ RI WKH SRZHU RI HOHFWURPDJQHWLF ILHOG RI KHDW

VRXUFHV LQ WKH ZRUNLQJ UHJLRQ RI LQGXFWLRQ KHDWLQJ RI

WKH SDUWV >�@� 7KH VDPH WHFKQLTXH ZDV XVHG LQ WKLV

ZRUN WR SURYLGH WKH UHTXLUHG SRZHU GLVWULEXWLRQ RI

WKH HOHFWURPDJQHWLF ILHOG RI KHDW VRXUFHV DFURVV WKH

KDUGIDFHG ]RQH ZLGWK� ,Q WKLV FDVH LW ZDV QHFHVVDU\

WR RSWLPL]H WKH GLPHQVLRQV RI WZR�WXUQ ULQJ�W\SH LQ�

GXFWRU� DOORZLQJ IRU WKH SUHVHQFH RI VXFK VKLHOGV� 7KLV

LV SUHFLVHO\ WKH VXEMHFW RI WKLV VWXG\�

)LJXUH � JLYHV WKH VFKHPDWLF RI D SDUW DUUDQJHPHQW

LQ WKH LQGXFWRU ZLWK D VKLHOG DQG ZLWKRXW LW� ,Q WKH

FDVH VWXGLHG E\ XV WKH VKLHOG HQFORVHG WKH GLVF EHLQJ

KHDWHG IURP WKH VLGH RI RXWHU SHULPHWHU DORQJ LWV VLGH

�HQG� VXUIDFH� 6XFK D IDFH VKLHOG GULYHV D YDULDEOH

PDJQHWLF ILHOG� JHQHUDWHG E\ WKH LQGXFWRU� RXW RI WKH

]RQH RI VLGH VXUIDFH RI WKH GLVF� 7KH LQWHQVLW\ RI HOHF�

WURPDJQHWLF ILHOG RI WKH KHDW VRXUFH GHFUHDVHV QHDU

WKH GLVF IDFH� DQG WKH VXUIDFH WR EH KDUGIDFHG LV H[�

SRVHG WR D PRUH LQWHQVLYH LPSDFW RI WKH HOHFWURPDJ�

QHWLF ILHOG� $QRWKHU SXUSRVH RI WKH VKLHOG LV WKHUPDO

LQVXODWLRQ RI WKH GLVF IDFH IURP WKH HQYLURQPHQW DQG

WKXV UHGXFWLRQ RI KHDW ORVVHV LQ WKH KDUGIDFLQJ ]RQH�

/HW XV WDNH WKH GHJUHH RI VFUHHQLQJ LQWR DFFRXQW�

XVLQJ VFUHHQLQJ FRHIILFLHQW .� ZKLFK ZH ZLOO LQFRU�

SRUDWH LQWR IRUPXOD ��� LQ GHWHUPLQDWLRQ RI VSHFLILF

SRZHU RI HOHFWURPDJQHWLF ILHOG RI KHDW VRXUFHV LQ WKH

GLVF� ,Q WKLV FDVH� WKH IRUPXOD EHFRPHV
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,Q IRUPXOD ��� VFUHHQLQJ FRHIILFLHQW . YDULHV LQ

WKH UDQJH RI >�� �@� $W .  � IRUPXOD ��� GHVFULEHV

DQ LGHDO FDVH RI FRPSOHWH VFUHHQLQJ RI WKH IDFH� DQG

DW .  � WKH VFUHHQLQJ HIIHFW LV DEVHQW� DQG IRUPXOD

��� ZLOO IXOO\ FRUUHVSRQG WR IRUPXOD ��� IURP >�@�

1RZ LQ UHDOLW\ . ≠ �� DQG FDOFXODWLRQ RI WKLV TXDQWLW\
LQYROYHV FHUWDLQ GLIILFXOWLHV RI FRPSXWDWLRQDO QDWXUH�

DV LQ WKLV FDVH LW FRPELQHV WKH HOHFWURPDJQHWLF DQG

WKHUPDO HIIHFWV� 0HWKRG RI FDOFXODWLRQ RI WKH VFUHHQ�

LQJ HIIHFW ZLOO EH WKH VXEMHFW RI D VHSDUDWH SXEOLFDWLRQ�

,Q WKLV SDSHU LW LV DVVXPHG WR EH HTXDO WR �� ���� DQG

��

'HWHUPLQDWLRQ RI LQGXFWRU SDUDPHWHUV PD\ EH SHU�

IRUPHG ZLWK WKH UHTXLUHG DFFXUDF\ DW WKH DVVLJQHG

VFUHHQLQJ FRHIILFLHQW� XVLQJ D SURFHGXUH� GHVFULEHG LQ

>�@� 7KH GHSHQGHQFH IURP >�@

:VHW =
7VHWFDγP
VK(DPτ) H

DPW

���

ZDV XVHG LQ FDOFXODWLRQV DV WKH DVVLJQHG PRGH RI VXS�

SO\LQJ WKH VSHFLILF SRZHU :VHW WR D SDUW� RSWLPDO IRU

LQGXFWLRQ KDUGIDFLQJ� +HUH� 7VHW LV WKH VHW WHPSHUDWXUH

RI KHDWLQJ RI WKH KDUGIDFLQJ ]RQH� DW ZKLFK VRXQG

KDUGIDFLQJ LV HQVXUHG GXULQJ WLPH τ� F� D� γ DUH WKH
VSHFLILF KHDW FDSDFLW\� WHPSHUDWXUH FRQGXFWLYLW\ DQG

GHQVLW\ RI GLVF PDWHULDO� UHVSHFWLYHO\� P  %L��K
�
�

%L  �Kα�λ� �K LV WKH GLVF WKLFNQHVV� α LV WKH KHDW

UHPRYDO FRHIILFLHQW� λ LV KHDW FRQGXFWLYLW\ RI GLVF

PDWHULDO� W LV WKH FXUUHQW YDOXH RI SURFHVV WLPH�

2SWLPLVDWLRQ RI GLPHQVLRQV DQG GHWHUPLQDWLRQ RI

LQGXFWRU FXUUHQW ZHUH SHUIRUPHG E\ PLQLPL]LQJ WKH

IROORZLQJ IXQFWLRQDO >�@�
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ZKHUH U LV WKH FXUUHQW YDOXH RI WKH UDGLDO FR�RUGLQDWH�

&DOFXODWLRQV GHPRQVWUDWHG WKDW WKH KLJKHVW XQL�

IRUPLW\ RI GLVWULEXWLRQ RI HOHFWURPDJQHWLF ILHOG SRZHU

DFURVV WKH ZLGWK RI WKH KDUGIDFLQJ ]RQH LV DFKLHYHG

LQ WKH LGHDO FDVH DW FRPSOHWH VFUHHQLQJ RI WKH GLVF

IDFH� 'HYLDWLRQ IURP WKH VSHFLILHG SRZHU RI WKH HOHF�

)LJXUH ��'LVWULEXWLRQ RI SRZHU: RI HOHFWURPDJQHWLF ILHOG RI KHDW
VRXUFHV DFURVV WKH ZLGWK RI WKH KDUGIDFLQJ ]RQH 6� Dx 6  �� PP�
E x 6  �� PP DW GLIIHUHQW VFUHHQLQJ RI GLVF IDFH� � x .  �
�ZLWKRXW VFUHHQLQJ�� � x .  ����� � x .  � �IXOO VFUHHQLQJ��
� x DVVLJQHG GLVWULEXWLRQ RI HOHFWURPDJQHWLF ILHOG SRZHU

)LJXUH ��'LVF ZLWK LQGXFWRU ZLWKRXW D VKLHOG �D� DQG ZLWK D VKLHOG
�E�� � x SDUW� � x FKDUJH� � x ULQJ�W\SH LQGXFWRU ZLWK WZR
WXUQV� � x VKLHOG
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WURPDJQHWLF ILHOG LV HTXDO WR �w� �� GHSHQGLQJ RQ WKH

ZLGWK RI WKH KDUGIDFLQJ ]RQH DQG GLVF UDGLXV �VHH

)LJXUH �� FXUYHV �� ��� 7KLV SURFHGXUH ZDV WKH EDVLV

WR GHULYH FDOFXODWHG GHSHQGHQFLHV RI JHRPHWULFDO SD�

UDPHWHUV D
X
� D

O
� K

X
� K

O
�VHH )LJXUH �� DQG LQGXFWRU

FXUUHQW ,� GHSHQGLQJ RQ VFUHHQLQJ FRHIILFLHQW . DQG

GLVF UDGLXV U
�
� 6LPLODU WR )LJXUH �� WKH ZLGWK RI KDUG�

IDFLQJ ]RQH 6 ZDV WDNHQ WR EH �� DQG �� PP �7DEOH��

$QDO\VLV RI FRPSXWDWLRQ UHVXOWV� JLYHQ LQ WKH 7D�

EOH� VKRZV WKDW LQWURGXFWLRQ RI D VKLHOG LQWR WKH WHFK�

QRORJLFDO VHTXHQFH RI LQGXFWLRQ KDUGIDFLQJ RQO\

VOLJKWO\ LQIOXHQFHV GLPHQVLRQV D
X
� D

O
� K

O
DQG LQWHJUDO

HQHUJ\ SDUDPHWHUV RI WKH LQGXFWLRQ V\VWHP �ZKLFK

LQIOXHQFHV WKH YDOXHV RI LQGXFWRU FXUUHQW ,�� +RZHYHU�

SUHVHQFH RI D VKLHOGZLWK D FHUWDLQ VFUHHQLQJ FRHIILFLHQW

OHDGV WR D PDUNHG FKDQJH RI DLU JDS K
X
EHWZHHQ WKH

LQGXFWRU XSSHU EUDQFK DQG GLVF VXUIDFH� 7KLV LV DW�

WULEXWDEOH WR VWURQJ HOHFWURPDJQHWLF FRXSOLQJ RI WKH

VKLHOG DQG WKH LQGXFWRU XSSHU EUDQFK GXH WR WKHLU

FORVH ORFDWLRQ �)LJXUH ��� 2EVHUYHG QDUURZLQJ RI JDS

K
X
DW GHFUHDVH RI VFUHHQLQJ FRHIILFLHQW . LV QHFHVVDU\

WR HQVXUH WKH UHTXLUHG SRZHU LQ WKH GLVF EHLQJ KDUG�

IDFHG�

7KXV� XVH RI HOHFWURPDJQHWLF DQG WKHUPDO VKLHOGV

DOORZV FRQWUROOLQJ SRZHU GLVWULEXWLRQ RI WKH HOHFWUR�

PDJQHWLF ILHOG RI KHDW VRXUFHV DFURVV WKH KDUGIDFLQJ

]RQH ZLGWK� 7KH UHTXLUHG ODZ RI GLVWULEXWLRQ RI HOHF�

WURPDJQHWLF ILHOG SRZHU PD\ EH GHULYHG IRU DUELWUDU\

GLPHQVLRQV RI WKH GLVFV DQG ZLGWK RI KDUGIDFLQJ ]RQH�

,WV PRVW XQLIRUP GLVWULEXWLRQ DFURVV WKH KDUGIDFLQJ

]RQH ZLGWK LV DFKLHYHG LQ WKH LGHDO FDVH DW FRPSOHWH

VFUHHQLQJ RI WKH GLVF IDFH� 'HVFULEHG FDOFXODWLRQ SUR�

FHGXUH HQDEOHV GHWHUPLQDWLRQ ZLWK WKH DVVLJQHG DFFX�

UDF\ RI WKH GHVLJQ SDUDPHWHUV RI WKH LQGXFWRU IRU DU�

ELWUDU\ GLDPHWHUV RI GLVFV DQG ZLGWK RI KDUGIDFLQJ

]RQH� DOORZLQJ IRU VFUHHQLQJ HIIHFW�

�� 7NDFKHY� 9�1� ������ :HDU DQG LQFUHDVH RI VHUYLFH OLIH RI
DJULFXOWXUDO PDFKLQHU\� 0RVFRZ� 0DVKLQRVWURHQLH�

�� 6KDEO\� 2�0�� 3XOND� &K�9�� 3LVPHQQ\� $�6� ������ 2SWL�
PLVDWLRQ RI GHVLJQ SDUDPHWHUV RI LQGXFWRU IRU LQGXFWLRQ KDU�
GIDFLQJ RI WKLQ VWHHO GLVFV� $YWRPDWLFK� 6YDUND� �� ��w���

�� /R]LQVN\� 0�*� ������ ,QGXVWULDO DSSOLFDWLRQ RI LQGXFWLRQ
KHDWLQJ� 0RVFRZ� $1 6665�

�� 6KDEO\� 2�0�� 3XOND� &K�9�� %XG]DQ� %�3� ������ 2SWLPL�
VDWLRQ RI SRZHU LQSXWV GXULQJ LQGXFWLRQ KDUGIDFLQJ RI WKLQ�
ZDOOHG VKDSHG GLVFV� $YWRPDWLFK� 6YDUND� �� ��w���

'HSHQGHQFH RI JHRPHWULFDO GLPHQVLRQV RI LQGXFWLRQ V\VWHP RQ VFUHHQLQJ FRHIILFLHQW . DQG GLVF UDGLXV U�

¨ U�� PP

6� PP

�� ��

DX� PP DO� PP KX� PP KO� PP ,� � DX� PP DO� PP KX� PP KO� PP ,� �

� ��� ��� �� � ���� ����� ��� ��� � ���� �����

� ��� ��� ��� � ���� ����� ��� ��� � ���� �����

� ��� ��� ��� � ���� ����� ��� ��� � ���� �����

� ��� ��� ��� � ���� ����� ��� ��� � ���� �����

� ��� ��� ��� � ���� ����� ��� ��� � ���� �����
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���� ��� ��� ��� �� ���� ����� ��� ��� �� ���� �����

���� ��� ��� ��� �� ���� ����� ��� ��� �� ���� �����

���� ��� ��� ��� �� ���� ����� ��� ��� �� ���� �����

���� ��� ��� ��� �� ���� ����� ��� ��� �� ���� �����
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