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TPIHUHA 3 YACTKOBO 3ABAHTA’KEHUMU BEPEI'AMU MI'K
ABOMA IT’€30EJIEKTPUYHUMU MATEPIAJTAMHA

Pe3tome. Poszensanymo mpiwuny migc 080Ma n’€30e1eKMPUYHUMU  NIGNIOWUHAMY, Oepecu SKOI
3ABAHMANICEHT HOPMATLHUMU MA OOMUYHUMU HANPYICEHHIMU, WO 3a0e3neuyloms pOKpUMms mpiujuHu.
Beaorcacmuvces, wo yi HanpyscenHs piHOMIPHO po3noOineHi no GiOpi3Kax, wo NPUMUKAIOMb 00 GepuluH
mpiwunu. Buxopucmogylouu npedcmasienuss wyKaHux pakmopie uepe3 KOMWIEKCHI nomeHyianu, npobdiema
38e0eHa 00 3a0aui NIHIIHO20 CNPANCEHHS, PO368 A30K AKOI npedcmasienuti y suenaoi inmezpanie muny Kouti.
OcHogHa ysaza NpudineHa 3HAXO0O0JCEHHIO HOPMAIbHO20 Ma OOMUYHO20 cmpubkie nepemiujensb. Ompumano
3aMKHeHI npedcmasienHs yux axkmopis uepes cinepeeomempuuni Qynxyii. Kpim moeo, euxopucmogyouu
manicme OiMamepianvHo20 napamempa, OMpuUMaHo Habaudxiceni acumnmomuyni gopmynu. Ha konkpemmuux
MPUKTIAOAX ULISIXOM NOPIGHSHHS pe3ybmamie po3paxyHKié NOKA3aHO, WO 8KA3aHi Habaudiceni gopmynu 0ns
cmpubKie nepemiugerns Marome GUCOKY MOYHICMb 5K 071 N'E30eNeKMPUYHUX, MAK i 05 I30MPONHUX Mamepianis.

Knwuoei croea: mpiwuna misxc 06oma mamepianamu, 3a0ava Pivana, cmpubku nepemiuyens.

A. Sheveleva, V. Loboda

A CRACK WITH PARTIALLY LOADED FACES
BETWEEN TWO PIEZOELECTRIC MATERIALS

Summary. A crack between two piezoelectric half-plane loaded by normal and shear stresses is
considered. It is assumed that the stresses are uniformly distributed over the segments adjacent to the crack tips.
Using the representation of the unknown factors through the complex potentials, the problem is reduced to the
problem of linear relationship with respect to the function analytic in the whole plane except the crack region.
The solution of this problem is presented in the form of Cauchy type integrals and the stresses and the
derivatives of the displacement jumps are presented in the form of such integrals. Further, the main attention is
paid to the determination of the normal and tangent jumps of displacements over the crack region. Applying the
Sokhotski—Plemelj theorem and performing the integration the closed presentation of these factors through the
hypergeometric functions are obtained. These formulas are complicated and in many cases they are
inconvenient for numerical analysis. However the obtained solution depends on the bimaterial parameter, which
is very small for most of piezoelectric material combinations. Therefore in addition, the approximate asymptotic
formula is obtained using the smallness of the mentioned parameter. Similar analysis has been performed for a
crack between two isotropic materials as well and exact and approximate formulas for the normal and shear
displacement jumps and their derivatives are presented in this case as well. The numerical analysis has been
performed for the typical piezoelectric materials PZT-4 and PZT-5 and the normal and shear crack openings
calculated by exact and approximate formulas are presented graphically. Similar figures for a crack in the
isotropic bimaterial are presented as well. In all considered cases the comparing of the calculation results show
that the approximate formulas for jumps of displacements have high accuracy for both piezoelectric and for
isotropic materials. It means that that these approximate formulas can be used for the analysis of interface
cracks with pre-fracture zones.

Key words: crack between the two materials, the Riemann problem, displacement jumps.

Beryn. IlpobGnema TpimuHH MDK JBOMa 1T €30€JCKTPUYHHMH MaTepiajlaMd €
BUKJIIOYHO BaXJIMBOIO JJISl IPAKTUKH, TOMY BOHA MPUBEPTAE 3HAUHY YBary JMOCTiIHUKIB. J[s
BHITQJIKy JOii BiJJIaJICHOTO HaBaHTaXCHHS ab0 pPIBHOMIPHOTO BHYTPINTHBOIO THCKY IIf
npobinema BuBuasacs B [1,2] Ui eIEKTPUUHO-130JIbOBAHOI Ta EJIEKTPUUHO-IIPOHUKHOL
MOJIeJIe TpIIUHU BiANOBiTHO. B TOH ke wac mis BUMAAKy, KOJdW Oeperw TPIIuHU
3aBaHTa)XEH1 JIMINE YacTKOBO, IMpobiieMa crae HabaraTo CKJIAJHIIIOI 1 BOHA JO0 HHX Iip
po3risaanach jwmine HaOJMkeHo B poOoTi [3] mpu po3BuTtky Mozem [4,5] Ha BHIAIOK
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TPIIMHA MDK JBOMa II’€30€JeKTPHYHUMH MaTepiagamu. CTOCOBHO TPIIMUHU MiX JBOMA
130TPOMTHUMH MaTepianaMu OJIM3bKa MO CyTi MpodJieMa BUBYAiIach y pobotax [6,7].

B naniif cTarTi OyayeThcsl TOUHUN aHATITHYHUN PO3B’SI30K 3a1adi JIUIS TPIIIAHA MiXK
JIBOMa DPI3HUMHU I’ €30€JIEKTPUYHIMHU MaTepiajlaMH, 4acTKOBO 3aBaHTakeHoi mo ii Geperax.
[IporoHyeThCS Ta OIIHIOETHCS TaKOX HAOIMKEHUN pO3B’ 30K, KUl € HabaraTo MPOCTIIUM i
BOJ/IHOYAC MA€ JIOCUTh BUCOKUHU CTYIIHb TOUHOCTI.

MeToro pob6oTH € 3HAXO/DKCHHSI Ta aHali3 PO3KPUTTS TPIIMUHU, OCKUIBKU IIeH
dakTop € HaAWCKIATHINMM Ui aHamily W HaWBa)XJIMBIMIUM 3 TO3MINN MOMXIUBOCTI
3acTOCyBaHHS JiehopMaIliitHoOTo KpHuTepito [4,5].

ITocTranoBka 3agaui. Po3srimsiHemMo 1utocky 3amauy A €JIEKTPUYHO-IIPOHUKHOI
TPIIIMHA JIOBXWUHU 2b, PO3TAIOBaHOI Ha TPAHUIl TOJILTY |x1| <b, x,=0 nBOX

I’ €30€JICKTPUYHUX MIBIUIONIMH 3 Ppi3HUX MarepiaiiB (puc.l), MOIIPU30BaHUX MO HAIPIMKY
ocl Xx;.

| 4 |
1 _X,'3 1
: o 0 .0 |
: Ciwt> Cij» €y :
i o,—T o,T i
; 1 b .|
§ Vi I 6o
i ) 2a i
i 2b 2 @ .0 i
! Ciut» Gk » €5 |

Pucynoxk 1. TpinirHa 3 4acTKOBO 3aBaHTa)KEHUMU OeperaMmu Mix ABoma
I’ €30€JIEKTPUIHNMH MaTepiaaMu

Figure 1. A crack with partially loaded faces between two piezoelectric materials

Hexait y KiHIIEBHX 00JacTSIX TPIIHHH (a$|x1|£b,x3=0) po3mipy b-a, 1o

MPUMHUKAIOTh JI0 BEPIIUH TPILIUHMU, IIOTh MOCTIHHI HOPMalbHI O 1 JOTUYHI 7 HalpyXeHHS
Ha Oeperax TpimuHA. ToMal rpaHUYHI YMOBH 3a/1a4ul MatOTh BUTJISIT

-0, a<|x [£b,

(m) 0)= 1
O3 (xl) ) 0, |x|<a, (1

7, a<x <b,
o (x,0)=1 0, |x|<a, )

—7,-b<x |<-a,

I:u1 (xl)]=0, [u3 (xl):le,

o) (x,0)=0% (x,0), o (x,0) = (x,,0), b<|x| <+, 3)
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[(/)(xl)]:()’ I:D3(x1):|=0> —oo<|x1|<+oo “4)

e [u_/ (x)] = u_ﬁl) (x.0)- ugz) (x,0) — crpubku mepemimens, j=1,2.

3arajJbHUil po3B’A30K OCHOBHHMX piBHsIHb. CHcTeMa pIiBHSHD JUIA JIIHIAHOTO
'€30€JIeKTPUYHOTO MaTepiany y BIICYTHOCTI 00'€MHHX CHJI 1 BUIBHUX 3apsi/liB MOXYTh OyTH
npecTaBieHi y BUTIA [1]

Oy = Culu ~ Ly » ©)

D, =eyyy + &L (0)
0,,=0,D,=0, (7)

Yy = O.S(ui,j + ”],,)a E=-¢,, (8)

ne u, ¢, 0,, ¥, 1 D, — nepeMilenns, eIeKTPHYHAHA MOTEHIIIAN, HAPYXKEHHS, nedopmartii
Ta eJIEKTPUYHE 3MIIEHHS BINOBIHO; €,y €, 1 &; — MOJIJIi NPYXKHOCTI, IT'€30€EKTPHYHI Ta
JienekTpuyHi cram BimnoBiaHO. IHmekcw B (5)—(8) 3MmiHIOIOTECS y Mexax Big 1 go 3 Tta

Ma€TbCA Ha YBaBI HiI[C}’MOByBaHHH 3a iHI[eKcaMI/I, 10 IMTOBTOPKOKOTHCH.

Y pobGoti [8] aHanoriyHo 10 po3B’s3Ky [2] Oyiau oTpuMaHi Taki IMOJAHHS IS
1'€30€JIeKTPUYHOT OiMaTepialibHOT IIOMIKUHU:

[V/(x.0)]=W" (x,)- W (x,). )
t¥(x,0)=GW" (x,)-GW~(x,), (10)

IS
[V'(xl,O):I =y'¥d (xl,O)—V'm (xl,O), (11)

G=B"D" D=A“)—K(2>(1§(2>)_1B<“, W (x,)=W(x +i0), W (x)=W(x—-i0); A",

B" — Bijtomi MaTpuii [2] ais BepxHBOi (7 =1) 1 HIOKHBOT (72 = 2 ) TIBIUIONTNH BiIOBIIHO;
T . T
V=[u1,u2,u3,go] 1 t=[0'13,0'23,0' Da] .

332773

Bapto BiJI3HAYUTH, 1o HEeBiJIoMa BEeKTOP-PyHKITisS
r : . - .
W(z)= {Wl (2).W,(2).W,(2). W, (z)} € aHaliTHYHOIO (YHKIi€IO B ycilf mommuHi,
BKJIFOUAIOYU CKJICEHI YACTUHU 1HTepdelicy marepiamiB (z =x, +ix,, i =+v—-1).

st npuitHsTOro BUy nosispu3aiii MaTpuist G Mae Taky CTpyKTypy:

g 0 813 &us
0 i 0 0

G- gz T T (12)
831 0 igy igy

8n 0 igy iguy

A€ BC1 g, € NUCHUMU 1 &3 =~ &3, 41 = ~ 814> 843 = 834

Amnami3z marpuni (12) mokasye, 10 HampyXeHO-Te()OPMIBHHN CTaH MOXe OyTH
3HaliIeHuii OKpeMo IS TUIOCKOT 1 JUIS aHTHIUIOCKOI 3aiad. OCKiNBKHM aHTHIUIOCKA 3ajada €
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BiJIHOCHO ITPOCTOI0, OCHOBHA yBara OyJie TpH/IiIeHa IUIOCKIN 3aadi, sika XapaKTepH3y€eThCs
HEPEMIIIEHHSIMH U, ; 1 €JIeKTPUYHUM HoTeHuianoM ¢@. IIpu po3risini miel 3agaui apyruit
PSIOK Ta CTOBIEIh MaTpuili G HE BPaxOBYIOTHCS.

Buxopucrosytoun mnonanus (10), BpaxoByloud, mo [¢]=0 mma —o<x <o, i

BHKOHYIOUM aHai3, MOIiIOHMIA 10 [8], MpUX0IiuMOo 0 HACTYITHUX PiBHSHb

0'§13)(x1,0)+imj0'g)(x1,0)=tj[F;(x1)+7/j}7;(xl)]+0'0, (13)
[ (x,.0) ] +is; [uf(%.0)]=F (x)-F; (x,) (14)
ae
Fj(z)zWi(z)+ist3(z), j=L2, (15)
833t ;g3
S; = 7, =& +m,;g )/ 1, (16)
’ 8317 M ;8 ’ (31 ’ 11) ’

= &8
[, =831 ~Mm;8> m1,2:+1f_ﬂa (17)
81813

-1
Oy =—8u A ( 8430 — 833 d) o A = 83384 — 843834
3 piusns (16), (17) Bummusae, mo s,, =—m,,, , =1/ y, 1 3Ha4eHns m,, JUIS HHOTO
TUIY ToJsipu3aliii € aiicaumu. CIiJl TakoXK BiJ3HAYUTH, 10 QYHKITIT F, (z) € aHAJITHYHUMHA

y BCi# IIOMIKHI, BKIIOYAIOYH CKJICEHI YaCTUHU iHTep(elicy.
BuxopucTtoBytoun criBigHomeHHs (7) 1 cTpyKTypy MaTpulli G, eIeKTPHYHUN TOTIK
JUTst Oy Tb-SIKO1 TOUKH iHTepdelicy MOXKHA 3HANTH SIK

Dél) (xv O) = g3_31 {g430'§? (xv O) _(g31g43 _g41g33) [24 (xp O)] —g436+g33d} . (18)

I3 BBeieHHsIM HOBUX (PyHKITiH

@ (z)=F (z)+ 0, 0" =—1

J

m,(j=l,2), (19)

SAKI MAKOTh TaKi JK BJIACTUBOCTI 5K 1 F,(z), piBHsHHs (13), (14) HaOyBatOTh BUTIISLY
cl) (xl,O) + imjoﬂ) (xl, 0) =t [d);’ (xl) +7,®; (xl):l , (20)

I:ul’(xl,O):|+isj [u; (xl,O)] = (x,)-D;(x,). (21)

Po3B’si3anns mocraBieHoi 3aga4i. 3 rpannyHux yMoB (1), (2) Ha Geperax TpillMHU
3 BuKopucTaHHsaM (20) orpumaemo 3anady Pimana

X,
®;(xl)+7l®;(x1):#’|xl <b, (22)

1
J€
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—-o+imr, —-b<x |<-a,
p(xl) =3 0, | x, [<a, (23)
-0 —im, as<x <bh.

Ha ocHoBI [9] po3B’si30k 3amadi (22) — (23) Ma€e BHTIIS

. =X(z) t p(0)d .
)i S ) 9

-0,5-if8

ne X (z)=(z+b6) """ (z=5)""", ﬁ=zn27_l.
T

Tax stk 3rigHO 3 (22)

& () =L () + 22,

7 7
TO
+ - 1+ + p\x
O (x)-D; (%) =—L @] (x,)- (x).
1 Nk
CTpuOKH IMOX1THOT BiJ] IIEPEMIIIIeHb 3aIMIIEeMO Y BUTIISII
' . ' _ p(xl)
[ul(xl,O)]Hsl [u3(x1,0)]————
Vi
1+y, X (x) o \f dr N dr
-————2o—-imT +(o+imtT .
nt, 2mi ( ‘ )_Ib(r—()clJrz'O))))(+ () ( ‘ )'[(t—(xl +i0)) X" (1)
3 ypaxyBanusim Gopmynu Coxorpkoro-ILnemerns, Mmaemo
. l+y, ie ™™ iR e gy
(x,,0 "(x,,0) | = L _
[“1 (x, )]+zs1 [u3 (x, )] 2oy o=y {(0' zmlz')_[) x +
b [ iall) ~ o—imr, —-b<x <-a,
(o +imr) [YLLE d’}+12 oo, nka (25)
! = 7 oc+imr, b<x |<a,
b—x
=pI .
ne a(x)=p no—
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[Ticns oGumcneHHs iHTerpaiiB B (25) oTpuMyeMO

i(1+7,) - , .
[ul'(xl,O):|+iS1 [u; (xl,O)] = —(2+1;1/)X(x)((O'—zmlr)J1 (x)—(0'+zmlz'),]2 (x)), (26)
e
I+c 2if —x
R(x,—,ﬂj— e<x<l],
Jl(x)= 1-¢ C'h(ﬂ'ﬂ) Jz (x)=R[x,l_—c,ﬂj, (27)
1-c¢ 1+c¢
R(—x,—,—ﬂj, O<x<e,
l1+c¢
R(x,».8)= 21 (1-2ip)+(2iB—x), K LL1L5-ig—2 ||~
T m(1-2ip) |1+ U Ty
. . 1 - ~ —0,5-i —0,5+i
_(1—x)2Fl(l,O,S—zﬁ;l,S—zﬂ;ﬁyJ},X(x):(b—x) P(b+x)",
o

a . . . e
P c= E F (a, bc; z) — rinepreoMeTpuyHa QyHKIs ['aycca KOMITJIEKCHOT 3MiHHOI Z .
3HaiiIeMO KOMIIOHEHTH BEKTOPa PO3KPHUTTSI OeperiB TPILIHMHHU 32 (OPMYIIOI0

X

[14,(x,0) | +i5, [y (x,0) | = [ ([ (x.0) ] +is, [, (x,0) ]) .. (28)

-1

Tomi g ¢ <x <1 maemo
[ul (x, 0)] +is, [u3 (x,O)] =
) v (o im e 1 () ereime) 7
_27ltlch(ﬂ'ﬁ)( )X( )(( ) 4 (%) + ( )L ( ))> (29)

ama 0<x<c

[ul (x,O)] +1is, [”3 (x,O)] =
i1+ (1-47) X (x)

i l-c¢ . 1-c¢
- 2}/1tlch(7l',5) ((a+zmlr)S(—x,m,—ﬂ)+(0'—zmlr)S(x,m,,BD , (30)

Jc

I, (x)=1—S(x,i+—c,,b’j A (x)=S(x,l_—C,ﬂ) )
—c

1+c¢

B 2ch(ﬂ'ﬂ)y0’5_'ﬂ e a Y |
S(X)y’ﬁ)_7r(1—2iﬂ)(l+y)[F(Ll’L5 2/3,1+y (31)

_F(l, 1:1,5-iB; (l_a(cl);i)(ir x)]] .

Bupasu mist nepemitens i x < 0 BUILTUBAIOTH 3 (29), (30) 3 yMOB cuMeTpii.
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Posnopin HanmpykeHb Ha MPOJIOBkKEHHI TpimwHHA (x >1) Ha ocHOBI (opmyn (20),
(24) mae BurIISAI

o (x) +im,oy, (x) = ich(ﬂﬁ)X(x) |:(G —imlz') R(—x,:—c,—ﬂj -
c
_(o=+hmr)R(%;%£§3ﬁj}. (32)

Ha6mmxenuil miaxix no 3Haxo[keHHA mnepemimens. OTpuMani (opMyian ajs
PO3KPHUTTS TPIITUHK Yepe3 TinmepreoMeTpuuHi QyHKIIT € JOCHTh CKIATHUMK. BoHouac s
OimpIIOCTI KOMOIHAIil MaTepiadiB, 30KpeMa NPAaKTUYHO JUISI BCIX ' €30€JIeKTPHUYHUX
MarepiaiiB, BequdnHa £ € JOCUTh Maoo. BUKOPHUCTOBYIOUH IF0 0OCTaBUHY, PO3TIITHEMO
HaOMMKEHU MeTo/ OOYMCIeHHs iHTerpaiiB, sKi BXoAsTh y ¢opmyny (25). Li inTerpamu
MaroTh BUIJIST

—c 2 2 b 2 2
Jl(xl):J‘ b™—t ;a(t)dt’ Jz(xl):J‘Vb —t ia(

-b t_xl c

Vdr . (33)

1—x

Sxmio B 1ux Gpopmysax noknacta f =0, To OTpUMaEMO iHTerpain jl (xl) Ta J, (x1 ) ,

SIKi OOYHCITIOIOTHCS aHATITHYHO Y BUTIISL (opmyIT

—-a 2 2 ’
jl(xl):v[idt:\/bz—a —X, - arccos( ) xl a,b),

t-x

b 2 2 '
J, (x1)=v[gdt=—\/b2—a -X arccos( j I'(x,,a,b), (34)

r—x

b -3+ (0 - ) (b2 =)

I (x,t,b)=1 .
e ) —r)

[Ipu 3Hax0pKeHH] CTPUOKIB MOX1AHOT BiJ MEPEMIIIEHb Y MHOKHHUKY et bopmyn
(25) rtakox BizekMemo S =0, a B ocraHHbOMY JnojaHKy wuiel popmymn — ¥, =1. Toxi
HaOMKeHy (GOpMYITy JJisl CTPUOKIB MOX1THOT BiJl MEpEeMillleHb 3alUIlIeMO y BUTIISI

[M(%JD]+i%[%(MiU]=

| . _
=2;}th1 o {(a imt)J, (x,)+ (o +imz)J, (xl)}. (35)

Bukonapmm iHTerpyBaHHs 3a Gopmyioro (28), MaeMo Taki BHpazH JUIS CTPHOKIB
HepeMileHb:

[ul (xl,O)]+iSj [u3 (x,.0) ] 21;}2 \/bzi {(0' imz) L, (x,)+ (o +imt) L, (xl)}, (36)

Jc
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L(x) I Jl( ) =b’ —x; arccos(%)—xl;af(xl,—a,b),

L(x)= j Jz( ) dx1 b’ —x; arccos(%)+ :

a,b). (37)

Bunagok i3oTponmHux MaTtepiajiB. SIKII0 BepXHsI Ta HUKHS MIBIUIOIIMHU € PI3HUMHU
I30TPOIIHMMH MaTepiajlaMd 3 MEXaHIYHUMM XapaKTepPUCTHKAMU [, K, Ta [,,K,, TO

(dbopMmyIOIOYM 3a7a4y JHIHHOTO CIpsDKEHHS, aHajoriuny jao (22) i Oyayroun ii po3B’s30K,
otpumyeMo Gopmynu (26), (29), (30) y Burasai

[ul' (xl,O)] + i[ug (xl, O)] = MX(X)((O‘ + iz‘)J1 (x) —(G —iz') J, (x)) ., (38

278

st c<x<1: [ul(x,())]+i[u3(x,0)]=

A=Y (i () (o —ie) (1), (39)

2y,gch(7p)
st 0<x<c: [ul(x,O)]+i[u3( : )]:

x,0
_ i(1+71)(1—x2))~((X)((G_IT)S(_X’l—_C,_ﬂjJr(G+,-,)S(x,1‘_",ﬂjj’ (40)

2,8 ch(7p)

2pp, y= Kty + 1y )

e g= 5
Kty + 1 K0+ 1,

Hab6nmxena x ¢popmyina (36) HaOyBae y IbOMY BHIIQJIKY BUTJISITY

[ul(xl,O)]+i[u3(xl,O):|=;;;?g\/Z)Zi?{(a+ir)Ll(x1)+(0'—ir)L2(xl)}. (41)

YuceabHi pe3yasTtatu. bynmun mpoBeneHi oO4MCIeHHS Ta TOPIBHSHHS CTPUOKIB
mepeMilneHb, 3HaiiaeHi 3a ¢opmyinamu (29)—30) Ta (36). YucenbHe TOCITIKEHHS
MIPOBOIMIIOCS JUTS OIMaTepisly, CKJIaJIEHOTO 3 IT"€30eJIeKTpUYHNX MarepiaiiB PZT4 (BepxHiii
Matepian) Ta PZTS (awkHii). @i3nyHi XapaKTepUCTHKH IMX MarepialiB HaBenxeHi B [1]. 3a

dopmynamu (16), (17), (24) 6yau obuucneni napamerpu s, =0,91795, 1 =2,71757-10",
7, =0,883773, f=-0,0196644.

Ha puc.1,2 mnpencraBneni rpadika cTpUOKiB HOPMATBHOIO Ta JIOTHYHOTO
MepeMileHb Ha BiIPi3Ky [O,b] IUist b =1 cm Ta pi3HUX 3HAUY€Hb HOPMAJILHOTO 1 JOTHYHOTO
Hanpy’keHb Ha Oeperax TpimHuA o 1 7. CyIiIbHI JiHIT BiANOBIAaI0Th TOUHUM PO3B’sI3KaM, a
IyHKTHpHI — HaGmmkenuM. | 'padiku mobymnosani npu ¢=0,7cv ta o =10° [Ta, 7=10" Ila
(xpuBi I), 0 =1,5-10° Ila, 7 =10’ Ila (xpusi II).
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Pucynok 1. Crpubku HOpManbHOTO mepemimenHs PucyHok 2. CTpuOKM AOTHYHOTO MEepeMillleHHS s
UIT TPIMHA Yy T €30€IEeKTPUIHOMY TPILIMHY y T’ €30€JIeKTpUIHOMY OiMaTepiai
GimaTepiani

Figure 2. Jumps of the shear displacement for an

Figure 1. Jumps of the normal displacement for an interface crack in a piezoelectric bimaterial

interface crack in a piezoelectric bimaterial

Puc.3 i1 4 imocTpyIoTh HOBEIIHKY CTPUOKIB HOPMAIBHOTO Ta JIOTUYHOTO IIepeMillleHb
Ha BIJpPi3Ky [O,b] y BUIAJAKY 130TponmHUX MarepiamiB npu b=1cu, a=c=0,5 cm.
Posrnsanacss mapa marepianiB cranb — tatan 3 E, =2-10° MIla, v,=0,28 (Bepxuiii
marepian), E, =1-10° Mlla, v, =0,32 (awxkuiit). V upomy Bumanky S =-0,0227214. Ha
rpadikax noznaueno: [ — o =10" Ila, =10’ Ia, II— o =1,5-10° IIa, 7=0,5-10° Ila.
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Pucynok 3. Poskpurra TpimmHm Ha Mexi mnominy Pucynok 4. CTpuOKM AOTHYHOTO TEpeMIllleHHS IUIs
JIBOX i30TPOMHNX MaTepialiB TPILIMHYU MK ABOMA i30TPOITHUMY MaTepiaamMu

Figure 3. Crack opening on the interface of two Figure 4. Jumps of the shear displacement for an
isotropic materials interface crack between two isotropic materials

3 pe3ynbTaTiB, HaBEJACHUX Ha pUCYHKaX 1—4, 6aunMo 1110 SK IS I’ €30€IeKTPHIHOTO,
TaK 1 JUI 130TPOIHOro OiMaTepiaaiB MaKCUMaJIbHI 3a MOYJIeM HOPMaJIbHI Ta TaHTCHINATbHI
CTpUOKM TepeMillleHb BHUHUKAIOTh Yy 30HAX MPHUKIAJCHHS HaBaHTaxeHHs. [Ipum 1pomy
pe3yIbTaTd pPO3paxyHKiB, NMPOBEICHUX 3a TOYHAMHU Ta HAOIMKEHHUMH (OpMYITaMu Jo0pe
y3roukytotbess.  Cnii TakoXk BiA3HAYWTH, 10 JUIsi KoMOiHamid MarepiaiiB, —sKi
XapaKTePU3YIOThCS OTBIIAMH 3HAYCHHSIMHU OeTa, OXHOKa HaOMMKEeHUX (HOpMYJT HE3HAYHO
3pocTae, a Uil MEHINUX 3HaueHb OeTa —3MeHImyeTbes. lle BKasye Ha MOXKIUBICT
3acTocyBaHHsS HaOmmxkeHHX Gopmyn (36) Ta (41) mnsd 3HAXOKEHHS CTPHOKIB IEepEeMillleHb,
0 € BAXIUBAM IMPH 3aCTOCYBaHHI Mmojem [4,5] mo aHamizy TpIMHA MiX JBOMA
Marepiajamu.

BucnoBkn. Po3risiHyTa  eeKTpUYHO-IPOHUKHA  TpIUHA  MDK ~ JIBOMA
T €30€JIEKTPUIHAMHA MaTepiajaMHu IIiJ] JII€X0 MOCTIMHUX HOPMAJBHUX Ta 3CYBHHX HAIpPy>KEeHb
y KIHIIEBUX OOJIACTSIX TPIIIMHU. 3 BUKOPUCTAHHSIM TIPEICTaBJICHb MEPEMIIIeHb Ta HAIPY>KeHb
yepe3 OJHY KYCKOBO-aHANITHUHY (YHKIIIIO ITOCTaBJIeHa IMpoOjiemMa 3BeJieHa 0 KpaioBoi
3amayi Pimana, 11 sIKO1 BHUOMCAHO TOYHUN aHANITUYHUA PO3B’S30K. 3 IBOTO PO3B’SI3KY
OTPUMaHO BHUPA3W JUII HANPYXEHb Ta CTPUOKIB MEpeMillleHh Ha JIHIT MOJUTy MaTepiaiiB.
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Takosx moOy/TI0BaHO HAOIMKEHUH pO3B’SA30K 3ajadi, SKUH € 3HAYHO MPOCTIIIAM 1 3pyUHIIITHAM
JUIs1 OOUYMCIICHb.

[IpoBeneHo umcenpHUIA aHAIi3 Ta MOPIBHSHHS OTPUMAHHUX TOYHOTO W HAOIMIKEHOTO
po3B’s3KiB. BusiBlieHa iX Xopola y3ro/pKeHICTh, IO BKa3y€ Ha MOXIIUBICTh 3aCTOCYBaHHS
OTpUMaHUX BHIINE HAOIMKEHUX (GOPMYJT JIJIS JTOCITIDKESHHS TPIIH MiXK JJBOMA MaTepiajlaMHu.

Conclusions. An electrically permeable crack between two piezoelectric materials
under constant normal and shear stresses in the end regions of the crack is considered. Using
representations of displacements and stresses via piecewise analytic functions, the problem is
reduced to a Riemann boundary value problem which is solved analytically. Using this
solution, the expressions for the stress and displacement jumps at the interface are derived.
The approximate solution of the problem, which is much easier and more convenient for
computation, is present. Numerical analysis and comparison of the exact and approximate
solutions are fulfilled. Their good consistency was revealed. It indicates the possibility of
using of approximate formulas derived above for analysis of cracks between two materials.
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