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Gyuxyii I'pina.
R. MATSKIV

NONPOLYNOMIAL MODELS OF QUANTUM FIELD THEORY IN
THE EUCLIDEAN APPROUCH

Summary. New method of investigation of the Euclidean Green functions for the nonpolynomial models
of the quantum theory of field is proposed. The model with exponential interaction in the two-dimensional case is
analysed. The monography by B.Simon emphathises the importance of these models from the scientific and
methodical point of view. It should be noted, that at first the Wightman functions were used to state this theory.
But after K.Osterwalder had found the connection between the Wightman and the Euclidean Green functions
and the Nelson theorem of reconstruction had been proved, the construction of the relevant Euclidean model of
the quantum theory of the field was reduced to the application of the theory of relativity methods (theory of
Gaussian processes).

While constructive building of the Euclidean Green functions the notions of triviality and non-triviality of
the quantum theory of the field under removed ultra-violet and volume cut-offs, are of importance. The following
approach to the solving of this problem is proposed. Characteristic measure functions, absolutely continuous
relatively Gaussian measure are analysed. These functions are initiative ones for the Euclidean Green functions,
that is why constructive building of the characteristic functions, in fact, provides the building of the
mathematical model of the Euclidean theory of the field.

As in the Lagrangian interaction two constants, principle and auxiluary, are available, the investigation

is carried out separately for the case a’ >87 and o < Ar .

It has been found, that in the case a’ > 87 under removed ultra-violet cut-off the theory of the field is
trivial, that is, the Euclidean Green functions coinside with the relevant functions of the free quantum theory of

the field. In the case a’ <A the Euclidean theory of the field for the exponential interaction is non-trivial. In
this case the infinite system of the integral equations, which is solved in the correspondingly chosen Banach
space, has been obtained for the characteristic functions. The operator norm, which operates in this Banach
space, was found to be less than 1. Then, basing on the Banach theorem, it can be stated, that the only solution
of the equations system is available, and because of this volume and ultra-violet cut-offs can be removed. As a
result, the limitation in the form of unequality on the principle coupling constant, has been obtained.

Key words: random Gaussian field, exponential lagrangian of interaction, Euclidean Green functions.
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Beryn. Ilpu mMonentoBanHi mpoiieciB KBaHTOBOT Teopii MoJsi B MeTpuIli MiHKOBCHKOTO
BKJIMBY POJIb BiJIIFPalOTh y3arajbHeHi (QyHKIT Baiitmana [1]. AHamorom nux (QyHKIIH B
€BKJIITOBOMY (OpMYIIIOBaHHI Teopii moist € eBKIiAoBi GyHKIil ['pina. OCKiIbKH MiXK ITUMHU
(YHKIIISIMA iCHY€E TiCHHH 3B’s130K depe3 akciomm OctepBanbiepa — Illpanepa, To moOymoBa
KBAHTOBOI Teopii MOJsl B €BKJIIJOBOMY IiJXOJi Jla€ MOXIIUBICTH MOOYTyBaTH BiJMOBIIHY
PENSATUBICTCEKY KBaHTOBY TEODilO IMOJISL. 3HAaYHA YacTHHA JIOCITI/DKEHb Y IIbOMY HAIPSIMKY
IpUJIiIeHa TaK 3BaHUM IOJTIHOMIalbHUM MoJensM [2, 3], ane € J0CTaTHbO OpPUTIHAIBHUX
poOIT, TPHUCBIYCHUX HEMOJIHOMIAIEHAM MOJEISAM, Cepell SKHUX OCOOJHMBO BHIUISIOTHCS
MOJIeTIi 3 eKCITOHEHIIATbHUM JIarpaHKiaHOM B3aeMOIil [4 — 6].

[luM MomensiM TaKoX TMPUCBIYCHO PsJT aBTOPChKHX poOit [8 — 11]. Meroan,
3alpoONOHOBAaHI B IUX pOoOOTaX, MOXYThb OYyTH BHUKOPHCTAaHI B Cy4acHili KOHCTPYKTHBHIH
Teopii MOJIs, CTATUCTHYHIN (i3HII, a TAKOXK IMPU MOJICITIOBAHHI CKOJIOTIYHUX Ta CKOHOMIYHHX
nporecis [12, 13].

Metoro po6oTn € MoOyJ0Ba XapaKTEePUCTUYHUX (DYHKINH IS €BKIIJIOBUX (YHKITii
I'pina B JBOBHMIPHOMY MpOCTOpi HpHU YCYHYTUX YibTpadioieroBoMy Ta 00 €MHOMY
o0Opi3aHHSAX, a TaKOoX NHUTAaHHS MPO TPHUBIATBHICTE a00 HETPUBIATBHICTH BiJIMTOBIIHOL
KBaHTOBOI TeOPii MoJIst 17151 €KCIIOHEHIIaTbHOT MOJIENI €BKJIiZI0BOT Teopii MOJIL.

006’ exToM mociimkeHns € eBkIia0B1 yHkmii ['pina (pynkmii I1IBiHrepa) s Moaei 3
€KCIOHEHITIaJIbHUM JIarpaHKiaHOM B3a€MOIii BUITY

L(&)=g:e ),
UL SKOTO 1OOYZOBaHO XapakTepucTuuHi ¢yHKmii X, ({t, x}n) BIIIIOBITHOL

KOHCTPYKTUBHOI ~€BKJiZIOBOI Teopil IOJis, BCTAHOBJIEHO YMOBH TPHUBIAIBHOCTI Ta
HETPHBIAIBHOCTI JBOBHUMIPHOI ©KCIIOHEHITIaJbHOI MOJENIl INpU IEBHUX OOMEXKEHHSX Ha
KOHCTaHTH 3B’SI3KY.

HaBenemMo OCHOBHI MOHATTS Ta (aKTH, SKi BHKOPHUCTOBYIOTBCS B JIaHIH CTaTTi.
Po3rnsimaemo Mojieni eBKIIiI0BOI Teopii MOoJIs 3 HEMOJIHOMIAIBHUM JIarpaHKiaHOM B3aeMOJIl
€KCIIOHEHITIAJIBHOTO BHTY.

Crnin Bi3HAUMTH, IO MOJENI 3 JarpaHKiaHOM B3aEMOJIii €KCIMOHEHIIATLHOTO THITY
BHBYAJIMCH paHime B podorax AirdeBepio, ["amaBorti, Xoer-Kpona [4], Poruku [5], Ocimosa
[6]. 3HauHMii BKJIaX y po3poOJIeHHS METOIy BHBYEHHS piBHsIHB IIIBiHrepa aisi eBKIIiJOBUX
¢yukuii 'pina BHeceHO pobotoro ['oHuapa [7]. Biabmn JeTalbHAN 1 MTOCITIIOBHHA PO3BUTOK
3alpONOHOBAHOTO METOJy JO JOCHiKEeHHS eBKIoBHX (yHKIii ['pinHa BuUKiIazgeHO B
aBTOPCHKUX poboTax [8 — 11].

PosristHemMo eBKITiZIOBY TEOPIto MOJIs 3 eKCIIOHEHITIAIbHUM JIarpaHkKiaHOM B3aeMO/Ti1

L(&)=g:e®V, (1)

ne &(x) — BUIAAKOBE OAHOPI/HE rayCiBChKE MOJE 3 KOPEISAUIHHOK QyHKIIEO BILY

1 ei(k,x—y)
K(x—y)= dk , 2
( y) (27[)2 R2k2+m2 ( )
2
o’ K(0
a e = %™ -exp ——2( )

BBememo st miei Mozeni Tak 3BaHi 06’emHe V' Ta yibrpadioneroBe [ obpizaHHs. 3
II€I0 METOIO PO3TJITHEMO JIOMOMIKHE TayCiBChKe BHITQJIKOBE ITOJIC fﬂ (x) i3 xopensuiiisoro

(GYHKITIETO

AR m?) i(ka-y)
1 e e
K —y)= dk 3
p(x=7) (27[)2,!; kX +m? ©)
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1 TarpaHXiaHOM B3aEMO/IiT
L’g(f)zg-[:eafﬁ(x) :dx, ne Vc R,
Vv

VYV 1mpoMy BHIIQAKY BCi BEJIMYMHHU, $SKIi MM BHBYAEMO, MAlOTh UiTKHH MaTeMaTHIHO
ocMuUcIieHU# 3MicT. Y MaiiOyTHboMy Hac Oyne IIKaBUTH €BKJiJIoBa Teopis MOJisL MHpU

YCYHYTHX yIbTpadioneToBoMy it 06’eMHOMY 06pi3aHHsX, To6To IpH V — R*, 2 8 — 0.
OcHOBHMM 00’€KTOM BHBYCHHS JaHOI CTaTTi € XapaKTepuUCTH4HI (YHKIIT MipH,
abCOTFOTHO-HETIepePBHOI BIJIHOCHO TayCiBChKOI Mipu dP

M 2 M) ) :exp{—g[: e :dx}
\4

M exp {—gJ-: e :dx}
\%4

ne M — 3HaK MaTeMaTHYHOTO CIOJIIBAaHHS BiTHOCHO Ili€l rayciBchKkoi Mipu dP . [IpomoBxuMo
XapakTepucTdHi (QYHKIi (4) aHANTHYHO HA YMCTO YSBHI 3HAYEHHS 7, NPHHHABIIM

X/ ({r.x} )= . @

T, =—it;, j=1,n. Toxi OTpAUMaEMO HOBi XapakTepUCTHIHI YYHKIIi, SIKI MATHMYTb BUTJISL

J
M et et :exp{—gj.:eaf/‘(x) :dx}
\4

M exp {—g[: e dx}
14

EBkminmoBi  ¢ynkuii I'pina (¢pynkmii  IlIBiHrepa) oOTpUMYIOTH  MOCIIJOBHUM

X7 ({t.x} )= (5)

TU(EpeHIIIIOBaHHSAM XapaKTepUCTHUHUX (QYHKIIH X f ({t, x}n) 1O 3MIHHUX [,l,,...,!, TIpH

t,=t,=..=t,=0. BaxiuBuM NUTaHHSIM TNPH BHUBYCHHI IMX QYHKIi{l € NHUTaHHS, YU €
oTpuMaHi (YHKIIT (YHKIIIMHU BiIOBITHOT TPUBiaIbHOI 200 HETPHUBIAIBHOI €BKIIIIOBOI TeOPii
nons. Ilpu IbOMy BakIMBe 3HAUEHHS Mae pO3MipHICTH mpocTopy RY, B sxomy
PO3TIIAIAIOTEHCS 11 PYHKIIIT, 1 3HAUEeHHS KOHCTAaHT ¢ 1 g . L1i Mojeni y)xe BUBYAJIMCh paHillie B

pobotax [4 — 6] mist mpocTopy-4acy po3MipHOCTI d =3 1 JOBeleHO, IO BiJMOBiIHA TEOpis
0N € TPHBiaNbHOIO, TOOTO eBKIioBi (yHKIii I'pina mpm V =R*> i =0 chiBmagarors 3
BinnmoBigHuME E®I BinbHOT kBaHTOBOI Teopil moyst. Tomy ocHOBHa yBara Oyjie mpuiieHa
BuBYeHHIO EDI" ipu d =2 1 B 1bOMY BHIIaIKy BUHHUKAIOTH MIEBHI OOMEKEHHS Ha KOHCTAHTH
3B’SI3KY g 1 .
JL1st 3py9HOCTI BUKJIQTy MaTepiaxy BBEJEMO JOIMOMIXHI XapaKTepUCTHYIHI PYHKIIIT
2 ({14} )= X7 (1.1}, exp{_z K, (x—x, )it } ©
i<j

Tenep po3riasHEMO J1Ba BHIIAIKU JUIS PI3HUX 3HAYCHH JIOTIOMIKHOI KOHCTAHTH 3B SI3KY

1. TpuBiaabHicTh eBKJIi10BOT Teopii mois npu &’ > 87 .
Teopema 1. Ilpu @’ >87 i JOCTaTHRO MaUX 3HAYEHHSX I,,l,,...,I, 1 YCYHyTOMY
yIbTpadioieToBOMY 00pi3aHHI Ma€ MicIle PiBHICTb
i Y A —
};IL%X" ({t.x} )=1.
Jlnst noBeneHHsT 1mBboro ¢akty B [8] oTpHMaHO iHINE MpeacTaBiICHHS Ui (QYHKITIT

X7 ({t,x}n)

262



MATEMATUYHE MOAEJIIOBAHHA. MATEMATUKA. ®ISUKA

az[( )t
e =l

-1 :eafﬁ(‘v):dy exp{—gj.:ea‘fﬁ(v):dy}
%

M exp {—gj: e :dx}
Vv

Buxopucrasmm npecrasieHHs (7) 3a aHajoriero 3 [8], oTpuMaeMo Taki HEpiBHOCTI:

0!21(/, X;— )

_gj

(7

X7 ({t,x}n ) =

1 )?f({a’,y})dy Sff({t,x}n)ﬁ

ne X/ ({a, y}) oTpuMyeThes 13 popmyiu (7) mpu n=1.
Jani nosenemo, mo npu & >87x i f—0 icHye rpanuus
thﬁ({t x} )—1

S0
[ToBHE noBeieHHS TeopeMu | MPOBOIUTHCS AaHATIOTIYHO JOBEJCHHIO B [8].
I3 Teopemu 1, BpaxoByroun ¢popmyry (6), BUILTABAE

X, ({t,x}n):lﬂiEXf ({t,x}n):exp{zn:K(xi—xj)titj}

i<j

1 BIIIOBITHO 7151 €BKJILI0BUX QYHKIIIH [ pina OTpI/IMyeMO MpeACTaBICHHS

o a X, ({ra3,)]

3 SIKUX BUIUIMBAE TPUBIATBHICTh BiIMOBIAHOT eBKm;[OBo'f Teopii MmoJist. BibI MiKaBUM 3 TOUKH

S (X, Xy5e X, ) = hmmt =0

30py M06YI0BK HETPHUBIiaIbHOI €BKIII0BOT TEOPii MO € BUMAIOK, KO & < 47T .
2. PiBHSIHHSA /IS XapaKTepUCTHIHUX QYHKII i iX po3B’sisyBanns npu a” <47 .
Y po6oti [9] ams DOMOMIKHEX XapaKTepuCTHUHHX (yHKmi# X7 ({t, x}n ) BHBEJIEHO

PIBHSIHHS
_ azn:K (x—2)t;
Xf({t,x}n):gzazexp —gI e - ’ —1|dz X
\4
a K/,x z a
exp g-[ 14z IKﬂ(xn—y .”Kﬂ y—y)X
Vv oV
xexp o) Ky(x t+0{ZK -y )t +arK (y—yl)}x
i &)

<X/, ({62}, {zs 0 e yl})dyldf} dydt, +
oL () e s 2

+0, exp{ gJ-[ Kyl '—1}dz}

Po3B’spkemMo cucteMy piBHSIHB (8) y OaHAXOBOMY MPOCTOPI B;‘ , SIKUJ BU3HAYMMO TakK:

[eaKﬁ(x,,—z)tn _1j|dZ +

BEKTOp BHAY b { ({tl,xl}) n({tl,xl},...,{tn,xn}),...} HAJIeXKUTh IIPOCTOPY B . AKIIO
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P . . . . k
b, ({t,x}k),kzl,oo — HemepepBHi KoMIUIeKCHO3HauHI QyHKuii B obmactiT} =[LxV], ne
L —xoMmmakT i3 R,V C R’ i ckinyena HOpMa

e

O<np<l.

_ n
4 =Sup7 sup
n nx1

S b, ({r.x} ).

Bukonaemo momepenHbO Take NMEpPEeTBOPEHHS CUCTEMH PiBHSIHB (8), BBIBIIM e OJHE
MIO3HAYEHHS

)Zf({t,x}) X7 ({t, x} exp ‘9_[ —1 dz ¢ . 9)

VY pe3ynbTaTi OTpUMaEMO CUCTEMY PiBHSHB

X! ({t.},) =expi~(g~¢) | CF s

1%

ngaztj:ll(ﬁ(xn—y)exp{alZ::Kﬁ(xi— } |:J-IKﬁ y=3)x

ov

xX? ({t;x}n Ay e, yl})exp{ag Ky(x,—y)t,+arK,(y- yl)}x

aZKﬂx -2y +arKg(y-z)+&*Kg(y—2)
Xexp —SI —1|dz (10)
ai:Kﬁ(xi_Z)t:
Xexp gJ- e —1|dzpdydrt |dydt, +
Vv
~ a”Z_I:K (x=2)
X0, ({1, Jexp~(g =) fe T [t 1]z e
Vv

+3, exp{ g—¢€ I[ Kol —l}dz}.
\%4

3a ananorieto 3 [9, 10] BBenemo onepatopu R i P Ta 3anuiiemMo cucteMmy piBHsHb (10)

y BUIUISLII OIIEPaTOPHOTO PIBHSHHS JUISl BEKTOpa X = {X ., ({t, x} )};

X=(g’R+P)X+F, (11)

e F —3amanuit MOYaTKOBUN BEKTOP, SIKUN Mae BUTJIS

Fz{exp{—(g—g)j[ “Kalsi=2)y l]dz} 0,0,...}.

YV npoctopi B;' 1St Hopmu omepatopa g R+ P B [9, 10] oTpuMaHO OIIHKY NIpH £ =§,

V=R, =0

Hg2R+P

Brlsiz { gj[” 1}dz}+7]. (12)
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Teopema 2. PiBuasinsg (11) oHO3HAYHO O3B’ si3yBaHe BIIHOCHO BeKTOopa X Y MPOCTOPi
B;' B HecKiHYeHOMY 00’eMi i 3HATOMy Y®-00pizaHHIO mpm @’ <47, SKIO 3HAYCHHS

T'OJIOBHOI KOHCTAHTH 3B SI3KYy g 3aJI0OBOJIbHSIE HEPIBHICTD

S . S (13)

m* N n°(1-7)
) 1 ei(k~Y)
e N = [e“K‘(y)—l}dy, K(y)=—=|5—
! Oy L
JloBeneHHs: TeopemMu 2 mosisirae B TOMY, 110 HAa HOpMY oreparopa (12) Hakiagaemo
YMOBY, [0 TIOBUHHA BUKOHYBAaTUCh HEPIBHICTH

Hg2R+P

B;1<1‘

Toni mHa ocHOBI TeopemMu banaxa icHye e€nWHWN pPO3B’s30K piBHSHHA (11), a JuIs
3HAYEHHS TOJIOBHOI KOHCTAHTH g OTPUMAaEMO HepiBHICTH (13).

[ITo6 orpumarm eBKIi0BI PyHKIIT ['piHa MOTPIOHO 3HAWTH XapaKTEPUCTUYHI (YHKITT
srigHo 3 Qopmyramu (6) i (9) Ta ckopucrarucs Qopmynoo 3B’s3Ky MiK S, (X,,...,X, )1

X, ({t,x}n). Ha ocnoBi Teopemu pekonctpykiii OctepBanpaepa-IlIpanepa eBKIiI0OBUM

¢ysKIisM ['piHa OJHO3HAYHO BIAMOBIAIOTE (GyHKIII BalitMaHa i eKCIIOHEHIiaTbHOI
MOJIeJli KBaHTOBOI TE€OPii MOJIsL.

BucnoBkn. B pamkax akcioMaTHYHOI €BKJIJOBOI KBAHTOBOI  Teopil  TOJs
KOHCTPYKTUBHO MOOYJOBAHO XapaKTepUCTHUHI (DYHKIII Ui MOZEN 3 €KCHOHEHIIaIbHOO
B3aEMOJIIEI0 B JIBOBHMIpHOMY TIpocTOpi Oe3 yibTpadioneToBoro i 00’e€MHOro oOpi3aHb.
3HaiifieHo 0OOME)XEHHSI Ha TOJOBHY 1 JONOMDKHY KOHCTaHTHU 3B’SI3KY, NPH SKHUX BIJIOBITHA
KBaHTOBA TEOPisl MOJISI € TPHBIAIBHOIO a00 HETPUBIATBHOI. MeToj, pO3BUHEHUH y JaHii
po6OTI, sBJIsIE OO0 HAYKOBUH Ta METOAMYHHM arnapar JUisi BAKOPUCTAHHS B 1HIIUX Taiy3six
Haykwu [12, 13].

Conclusions. Within the axiomatic Euclidean quantum theory of the field characteristic
functions for the model with the exponential interaction in the two-dimension space without
ultra-violet and spacious cut-offs have been built constructively. The limitation on the
principle and auxiluary connection constants, under which the corresponding quantum theory
of the field is either trivial or non-trivial, has been found. The method, developed in this
paper, is of great scientific and methodical value for application in other branches of science.
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