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PO PE3OJIBBEHTY JUPEPEHHIAJIBHO-TPAHUYHOI'O
OIIEPATOPA TUITY HITYPMA-JIIYBIJJIA 3 BATATOTOYKOBO-
IHTETPAJIBHUMU KPAVMTOBUMH YMOBAMMU

Pe3tome. 3acmocosyrouu memoou QYHKYIOHATbHO2O aHanizy U meopii ougepenyianvHux pieHsHb,
8CMAHOBNIEHO YMO8Y, KA 2APAHMYE NPUHANEHCHICHE OAHO20 KOMNIEKCHO20 YUCTA 00 pe30Jb8eHMHOI MHONCUHU
oughepenyianvro-epanuunoco  onepamopa muny Llmypma-Jliyginns 3 6a2amomouxkogo-inmepanbHuMu
Kpaiosumu ymosamu ma nobyoo8aHo oo pe3onveeHmy (iHuumu ciogamiu, 3Hau0eHo YMogu, 00Cmamui 04
KOPEeKMHO20 pO38°A3aHHA 8i0N0BIOHO20 ONEPAMOPHO20 DIGHAHHA Ma 3HAUOEHO 1020 po038°a30k). OnucaHo
MHOJACUHY BIIACHUX 3HAYEHb 00CTIONCYBAH020 onepamopa.

Knwuoei croea: 2inebepmis npocmip, onepamop, pe3onveeHma, 81acHe 3HAYeHH .

H. Kachurivska

ON THE RESOLVENT OF THE DIFFERENTIAL-BOUNDARY
OPERATOR OF THE STURM-LIOUVILLE TYPE WITH
MULTIPOINT-INTEGRAL BOUNDARY CONDITIONS

Summary. The problem of construction a resolvent in the theory of perturbation is of special
importance. In fact, when the relation between the resolvents of perturbed operator and non-perturbed one, as
well as the spectral properties of the first are known, one can obtain some information about the properties of
the batter (proper value asymptotics, completeness of the proper values system, spectrum nature, etc). In the
case of additive perturbations, this relation is expressed by the Weinstein—Aronszajn type formula, whereas the
Krein formula are used in the case, when both the perturbed and the non-perturbed operators are self-adjoint
extensions of this symmetric operator. However, these results were obtained under assumption that both the
perturbed and the non-perturbed operators have the same domain. Systematic studying of differential-boundary
operators with non-classical boundary conditions gave rise to new theoretical operator models in the theory of
perturbations, that change not only the operator action law, but also its domain. One of such models is the
theory of related operators introduced by V.E. Lyantse who established a connection between resolvents of the
related operators. The objective of this paper is to apply the abstract results previously obtained by the author to
the case, when the non-perturbed operator is a differential operator acting in the Hilbert space of infinite-
dimensional vector-valued functions. Using the methods of functional analysis and differential equations, the
condition ensuring that a given complex number belongs to the resolvent set of the differential-boundary Sturm—
Liouville type operator with multi-points integral boundary conditions have been established and its resolvent
has been built. That is, conditions efficient for the corresponding operator equation solution have been
established and the solution has been found. The set of proper values of the operator has been described. The
obtained results are theoretical, but they can be applied while solving the operator equations and studying the
spectral characteristics of the operators under consideration.

Key words: Hilbert space, operator, resolvent, proper value.

VYmoeni noznauenns:
D(T), R(T), kerT —BimnoBimHO 00JacTh BU3HAUEHHS, OO0JACTh 3HAYEHb Ta AAPO (JiHIAHOTO)

oneparopa T;

B(X,Y)—cykynHicTe JiHIiHUX oOMexeHux omnepatopiB 7 :X — Y takux, wmo D(T)=X;
B(X)=B(X,X);

Iy — TOTOHE NePETBOPEHHSI MPOCTOPY X

T* — oneparop, crpskeHuii 3 onepatopom T ;
p(T)— pe3onbBeHTHA MHOKHHA onepaTtopa T ;
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0, (T') — MHOXWHA BJIACHHX 3HA4YCHb L[bOTO OMEPaTopa;

@ — CHMBOJ OPTOTOHAIBHOI CYMH,
n _
HO =H0 @...@HO .
—_—

n pasis

ITocTanoBka npo6Jiemu. PezonbBeHTa onepaTopa — 0/1HE 3 HAMBAXKJIUBIIINX HOHSTH Y
(YHKIIIOHATEHOMY aHali3i. 3a JO0MOMOIOI0 PE30JIbBEHTH MOYKHA HE TUIBKH pO3B’sA3yBaTH
BIJIIOBIJIHI ONEPAaTOpHI pPIBHSHHS, B TOMY 4YHCIi pIBHSHHS MaTeMaTHuHOI (i3uKH, a i
JIOCITIJIKYBATH CIIEKTPATbHI XapaKTEPUCTHKHU PO3TISIIyBAaHOTO OTIepaTopa.

AHaJIi3 OCTaHHIX JoCJHiIKeHb i myOJaikaniil. 3agada 1npo nMoOyJI0BY pE30JIBBEHTH €
HaJ[3BUYAIHO aKTyaJIbHOIO, 30KpemMa y Teopii 30ypeHb. Bona mpuBeprae yBary OaraThbox
nociigaukiB. [llonpasna, nepeBakHO po3risiianacs CUTyalis, Kojqu 30ypeHuil 1 He30ypeHuit
OTIEpPAaTOpPH MAIOTh OJIHAKOBY 00JacTh Bu3HaueHHs. OJHAK, TPOTITOM OCTaHHIX JECATHIITH,
3’SIBUJIMCA TIpalli, Y SIKUX aBTOPU BIJIMOBIISIIOTHCS BiJl IbOTo mpumymieHHs (quB. [1], [2] Ta
[IUTOBaHy TaM JiTeparypy). Y crtarti aBtopa [3] pesymbTate, BukiaageHi B [1], [2],
MIEPEHECEHO Ha OLIBIII 3arajibHy CUTYallilo i YacTKOBO iX MOCHUJICHO.

Mertoro 1aHOT po0OTH € 3aCTOCYBAaHHS a0CTPAKTHHUX Pe3yJIbTaTiB, PO SIKi iie MOBa B
[3], Ha cwutyarmito, konu He30ypeHuUl omepaTtop — Ie JudepeHIiaTbHuil omeparop y
(riTr0epTOBOMY) IPOCTOPI HECKIHUCHHOBUMIPHUX BEKTOP-(PYHKIIIH.

IHocranoBka 3agaui. Hexait H,— kommiekcHuil ruiebepriB mpoctip, Vxe€ [a,b]

(~o<a<b<o) p(x)=p(x) e B(H ,)— JOJaTHO BHU3HAYEHHUH omeparop, IPUIOMY
GyHKIIS X > p(X) € CHIFHO HEMepPEepBHOIO,

yl==y"+ p(x)y (1)
(Tyt 1 mami yci moximai B (1) po3ymiemMo y KiacHm4HOMY ceHci), a L Ta L, — BIAIOBITHO
MaKCHMaJbHUH Ta MiHIMAJIGHUANA ONEpPaTOpH, IOPODKEHI B TiILO0EPTOBOMY MPOCTOPI
H =L,(H,;(a,b)) Bupazom (1) (nerani — qus. [4], [5]).

Ipunyctumo, mo a <c, <c¢, <b 1 BU3HauUUMo omeparopu L, , L . 33 JOIOMOIOO

CIBBIIHOIIIEHB
D(L,; )={ye D(L,):y(c;,)=0,i=12}, L cL;
D(L,,)={ye H :y abcomoTHo HenepepsHa Ha[a,b], ¥ abCOMOTHO HEepepBHA HA

[a,c,—0]U[c, +0,c, —0]U[c, +0,b], l[yle H},
Vye D(L,,,) L.,.y=Iyl

Jlani mpunycTumMo, 1o
b e
Vye H ®,y= Ig(x) y(x)dx,

ne s Besgkoro  xe€[a,b] ¢@(x)e B(H,), npuuomy @.€ L,(H,,(a,b)) (i=12), a
@€ B(Hy) (i, j=1,...,4), TaKi, mo onmeparopHa MaTpuis (a,); ,_, obopotua 8 B(H,).
[Toxmamemo

u,(y)= aily’(a) - aiZy,(b) +a,y(a)+a,yb) (i=1..4)

1 BU3HaUUMO onieparop 7 3a JOIMOMOTOIO CITiBBiTHOINCHB
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D(T) = {yE D(Lmax) : ui(y) = y(Ci)+cI),‘y,u,‘+2(y) = y'(ci +O)_ y,(C,‘ _0),i = 1’2} (2)

Vye D(T) Ty=I[yl+@Ous(y)+@,u,(y). 3)

PesyabraTn pocaimkennsi. s moOymoBu pesonbBeHTH omeparopa (2)—(3)
posriusHeMo  cmovarky — piBHsHHA < —Y + p(x)Y =AY =0 i nosHaunMo  dYepes

{Y,(x,A),Y,(x,A)} dynnameHtanpHy cucreMy #oro B(H,)-3Ha4HUX pO3B’SI3KiB, SKi
3aJI0BOJILHSIOTh YMOBH

V(@) =1,, %@)=0, Y,(b0)=0, Y,(b0)=1,.

Binomo (mmB. [4], [5]), mo Taka cuctema iCHYE€ 1 IO 3arajbHUK PO3B’ 30K PIBHSHHS
[[y]= Ay mae Burmsag

y(x,A) =Y, (x, Dk, + Y, (x, Dk,,

ne k,,k,e H,, aonepaTopHa MaTpUIs

W)= (Yl(x, ) Yy(x, z))

Y(x,A) Y)(x,A)

obopotHa B B(H,® H,) nipu noBinbHUX x€ [a,b], A€ C.
BBeneMo mo3zHaueHHs

S :[Yn(x,ﬂ) Yl(x,ﬂ)}

Y, (x, ) Y(x,A)

g(x,& ) = %[m, DEED+Y,(x DT,E D).

OpHYOMY 3HAK «+» GepeMo mpu x > &, a «—» mpu x< &

FD=[gEDfdE, fe H; @)
(5, A) =[x &, D, §)dS, i=12; (5)
6,06, 2) = [ 8(x, & D (H)dE, (©6)

Pi(S

5 - |
¢[(x):{Yz()c,O)Yz(cl,O), a<x<c, =12,

— Y (x,0)Y,(c.,0), ¢, <x<bh,
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IToBroproroun, six i B [6], MipkyBaHHs, HaBeleHi B [4] ans Bunmaaky dimH, < oo,
HEPEKOHYEMOCS, 10

y(x,A) = in(x,/l)k,. +f(x,A) (feH,k,k,eH,) (7)

i=1

— 3arajbHAMN po3B’ 130K piBHAHHS [[y]— Ay = f. Kpim mporo,

Up1-Ap =9, lgl-A4=¢, i=12. (8)

Big3Haunmo, 1110 KoxeH po3B’si30K piBHSHHS Ty — Ay = f € po3B’SI3KOM piBHSHHS

Ly + Qus(y) + Qu, (V)] + @us(y) + @u, (y) -dy=f. )

VY cBoro dyepry, y 3aJ0BOJbHSE PIiBHSHHSA (9) TOMi 1 TIMBKH TOMI, KOJHM iCHYIOTBH
k,,k, € H, Taxi, 1mo

Iy — gk, — ok, 1— ok, — .k, — Ay = f, (10)
uy(y) ==k, u,(y)=-k,. (11)

PipasaHs (10) eKBiBaJICHTHE TAKOMY:
Ly — ok, — 9k, 1- Ay - gk, — k)= f + @k + @k, + 1(¢1k3 +0.k,).

BpaxoByroun (4)—(8), 6aunmo, 110 IIe PiBHSIHHS Ma€ PO3B’S30K TOJI 1 TUIBKH TO,
KOJIM ICHYIOT k,,k, € H|, Taxi, mo

Y6, A) = £, A) + Y (x, Dk, + Y, (x, Ak, +[6,(0) + A6, (x, ) + @, (x, D)k, +
+[@,(x) + A8, (x, 1) + @, (x, D)k, .

Iammu cnoBamu,

ynA) = SV (n Ak, + Fx ), (12)

i=1
e
Y, () =3(x)+ A0 (x, )+ @.(x, A), i=12.

IToxmagemo

u,(Y)— j @.(x)Y(X)dx-Y(c), i=12, ' a3)

v,(Y) =
u,(Y), i=34

BpaxoByroun (11) ta (13), moxoauMo BHCHOBKY, 10 (YHKIisS (12) € po3B’s3KoM
piBustaas Ty — Ay = f Tomi i TUTBKH TO, KOJIH
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vi(¥) =1, () =0, vi(y) +ky =v,(y) +k, =0. (14)
[Tincrapmsroun B (14) 3aMicTh y TIpaBy YacTHHY PiBHOCTI (12), OTpPEMYEMO CHUCTEMY
YOTHPHOX JIHIHHUX PIBHSHB BIIHOCHO HEBIOMEX k..., Kk,

Ak =—v(f),
IS
v () v (Y,) v(,) ~
Ay =| 2 ) v () k : ) "
= , = : | v = .
3(Y1) 3(Y3)+IH 3(Y4) —_
’ " ' ; k4 v, (f)

v, (1) v, (Y;) V4(Y4)+IH0

BpaxoByroun (12) i TOTOKHOCTI

b

v(f)= v{ | g(-,f,ﬂ)f(f)dfj = [vgEDFEEE, i=1..4,

a

6aunMo, IO Mae MicIe
Teopema: Hexait A(4)™' =(5;(1)); ., € B(Hy).
Toni A€ p(T) i

Ve H ((T-,)"Hx)=[GxéDf(de,
e

G(x.&,A) = g(x,5,4) = D Y, (x, )5, (A, (8 (£, A).

i,j=1

Hacmigok: J{ns Toro, mo6 KoMmIUleKCHe dYuciio A Oyjd0 BIACHUM 3HAYEHHSIM
omepatopa T , HeoOXiJHO i JOCTaTHRO, OO CIIpaBIKyBaIacs yMOBa

ker A(A) #{0}. (15)

4
Cnpasgi, Ty = Ay TOAi i TiJIBKH TOIi, KOJIH y = ZYi(x,/l)k[ ,
i=1

e

Ak =0. (16)
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Tomy, skmo Ae o, (T), To icHywOTb ki ,....k, € H, (He BCl IOpIBHIOIOTH HYIIO) TaKi,

10 cTpaB/KyeThes (16).
HeoOximnicTh yMOBH (15) 10BeIcHO.
JlocTaTHICTB 11 BUILTUBAE 3 TOTO, IO SKITO

Y (e Ak, =0, (17)

T0 k, =...=k, =0. Cnopasai, Hexail cupaBaxyeTbest (17). [loaisBmuy Ha 0OUABI YaCTUHM ITi€l
piBHOCTI omeparopom L — Al,, , 6aunmo, 1o

@, (ks + @,(x)k, =0,

a, OTXKe,
[ 25,8 (@ (S, + 9, (K, )dE =0,

Buxonsun 3Bigacu 13 (17), orpumyemo
Y, (x, Ak, + Y, (x, D)k, + (8,(x) + A8, (x, A)k; + (6, (x) + A, (x, D)k, =0,
260, 110 KBIBATCHTHO
3, (X)k, + ¢, (X)k, =—(Y,(x, Dk, +Y,(x, Dk, + 16, (x, Dk, + A, (x, Dk,).

3Bigcu 1 3 pe3ynabTaTiB mpari [7] Oaunmmo, IO 1€ € MOXJIMBUM TiJIbKU TIpU
k, =...=k, =0. Hacniok noBeseHo.

BucHoBku. BcranoBieHo JOCTaTHI yMOBU HAJICKHOCTI JIESIKOTO KOMILJIEKCHOTO YHCIIa
JI0 Ppe30JBBEHTHOI MHOXHWHU omeparopa tumy Ilrypma-JliyBumis 3 06araToTo4koBO-
iHTerpaJbHUMHU KpaioBUMH yMmoBaMH. ONHCAaHO MHOXHMHY BJIACHMX 3HA4Y€Hb BKa3aHOTO
omneparopa. OTpuMaHi pe3yiabTaTH MalOTh TEOPETHYHUU XapakTep, MPOTe MOXKYTh OyTH
3aCTOCOBaHI MpPHU PO3B’S3yBaHHI ONEPATOPHUX PIBHSIHb Ta JOCTIKEHHI CHEKTpalbHUX
XapaKTEPUCTHK PO3TIISTHYTHX OMEPATOPIB.

Conclusions. Sufficient conditions of a complex number relation to resolvent set
operator of the Sturm-Liouville type with multipoint-integral boundary conditions are
established. The set of eigenvalues of proper values of this operator is described. These results
are theoretical in nature, but can be used for solving operator equations and investigation of
the spectral characteristics of these operators.
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