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IMPOCTOPOBA 3ATAYA JOCJIKEHHSI EHEPT'Ii ®OPMO3MIHA
B IIVIMTI, AKA AE®@OPMYETHCA LITAMIIOM

Pe3tome. Pozenanymo npysxcuy Oegopmayito niumu 'y eueisaoi napaneienineda nio Oi€l0 21a0K020
wmamna, AKUl KOHMAKmye 3 NAumoio no 6cii No6epxHi 6epxHvoi ocHosu niumu. Huowcna ocnoea einvHa 6i0
HABAHMAJICEHb, 4 BEPMUKAILHI NEpeMiyeHHss MOYoK 60K060i epani dopigrioloms Hymo. ITi0 uac docniocenns
suKkopucmogyemocs Hanigobepnenuii memoo Cen-Benana. Meoicogi ymogu, sakux He sucmaiae npu nocmaHosyi
3a0ayi, 6epemo i3 npunyuerHsl, o HOPMAalbHi NepeMiujeH st MOXCyms Oymu npedcmasieni y aueisioi nOOGItHUxX
paoie @yp’e 3a cunycamu. Obyucieri koeghiyicHmu NOOGIUHUX MPULOHOMEMPUYHUX PAOI8 Ol HANPYICEeHb Mma
nepemiujeHv GUHAYAIOMb MOYHUL PO38°I30K COpMYIbo8anoi 3adaui 011 O008iIbHOI opmu umamna.
Ilocmasneno i po3s’sazano 3a0auy npo po3noodin enepeiti QopMosmMinu no 00’ MY nIUMU Y BUNAOKY, KOIU ULMAMNA
Mae noositiHy cuHycoioanvHy gopmy. Brazana gpopma wmamna 003801€ 3anumumu 8 psioax minoKu 10 0OHOMY
000aHKy ma OmpumMamu 3aMKHeHUll eupasz Os eHepeli opMosMiHu, KA 3ACMOCOBYEMbC 8 4emeepmill
(enepeemuunitr) cinomesi miynocmi. Ha ocrnoei yucenvroco ananizy 3pooineHo npoeHo3 npo HatinebesneuHiuii, 6
ceHcli MiyHocmi KOHCMPYKYIl, OLMAHKYU NIUMU 3 20PUBOHMATLHUM nepepizoM Yy euensadi keaopama. Memodom
CUpAdCEHUX  2padicHmié GCMAHOGIEHO MICYE3HAXOO0JICEeHH  2N00ANbHO20  MAaKcumMymy @QYHKYil  eHepeil
PopmMOo3MIiHU 30 3A0AHUMYU SPAHUMHUMU YMOSAMU Ma OeaKkuMu 3HavyeHHAMU Koegiyiecuma [lyaccona i
2eoMempUYHUMU NaApaMempamu NIumu.

Knrouoei cnoea: niuma, wmamn, npocmoposa degpopmayis, uemeepma 2inome3a MiyHocmi, eHepeis,
30HA NAACMUYHOCHIL.

T. Shtefan, H. Velichko

SPACE RESEARCH PROBLEM IN POWER FORMING FOR PLATE
WHICH DEFORMS STAMP

Summary. An elastic deformation of the parallelepiped shaped plate by the smooth stamp which makes
the contact with the plate on its entire upper foundation has been considered. The lower base is free of load. The
vertical displacements of the points of the lateral face are equal to zero. Saint-Venant semi-inverse method has
been used. The missing boundary conditions have been obtained considering that the normal displacements can
be represented in the form of the double sine Fourier series. The obtained coefficients of the double
trigonometric series for the stresses and displacements determine the exact solution of the problem for
arbitrarily form of the stamp. The problem connected with the distortion energy distribution over volume in the
case of the double sinusoidal shaped stamp has been posed and solved. When the stamp has such form one can
leave only one term in each series and obtain the expression of the closed form for the distortion energy which is
used in the fourth (energy) failure hypothesis. The prognosis about the safest, in the sense of the stability,
districts of the plate with the square horizontal section has been made with the help of the numerical analysis.
The location of the global maximum of the distortion energy function under given boundary conditions, some
values of the Poisson coefficient and the geometric parameters of the plate has been determined with the help of
the conjugate gradient method. Numerical research of a parallelepiped that takes area
(x, Y, z)e [0, 7] X[O, 7Z]><[O,1] was done. The stamp surface is described by the equation f(x,y)= & sin xsin y.
The plots, given in the article, illustrate the behavior of the potential-energy function in the different sections of
the body in question. The examples, which illustrate the fact that, the maximum point of the potential energy can
be situated whether in the center of the lower foundation of the plate, or in the center of the plate on the vertical
line of symmetry are presented. These examples show that, under the other equal conditions, the numerical value
of the maximum grows when the thickness of the plate becomes bigger.

Key words: plate, stamp, spatial deformation, fourth hypothesis strength, energy, zone of plasticity.

ITocTanoBka nmpodaemu. Teopist MPyKHOCTI € OJTHUM i3 OCHOBHUX IHCTPYMEHTIB IS
TEOPETUYHHUX PO3PAXYHKIB MPU aHAJI31 MIITHOCTI 1HXEHEPHUX KOHCTPYKINIA Ta KHTIOBHX



MEXAHIKA TA MATEPIAJIO3HABCTBO

CHOpYJZl, TpH TPOEKTYyBaHHI Ta OYyMIBHUITBI aBTO Ta 3ami3Huyamx nuiaxis [1]. [lpum
TEOPETHYHHUX pO3paxyHKax Il OaraThbOX MarepiadiB BBAXAE€ThCS, IO pyHHYBaHHS
CTPYKTYypH TOYHMHA€E BiOyBaTHCS B TUX MICHIX CHOpPYIH, J€ TOTEHIlladbHa eHepris
(hOopMO3MiHH TIEPEBHUIIIYE JesIKe KpUTHIHE 3HaUeHHS. []e TBep/KeHHsI CKITalae CyTh YeTBEpPTOi
rinoTe3u MirHocTi [2].

[Ipencrarnene AOCTiHKEHHS MIPOBEACHO B HAMPSIMKY TOIIYKY HalHeOe3neuHimux (y
CeHCl MIIHOCTI) oOyacTedl MIUTH, IO JAePOPMYETHCS ITAMIOM. 3aCTOCOBYETHCS PO3KIIAL
(GYHKIIIH IepeMillieHb Ta HAaBAaHTAXXCHb Y TPUTOHOMETPHYHI PSIH.

AHaJi3 OCTaHHIX J0CTiKeHb i myOaikamii. ABTOpaM CTaTTi He BAAJIOCS 3HANUTH B
JiTepaTypi TOYHOTO AHATNITHYHOTO JIOCHI/DKCHHS cQopMyiapoBaHoi mpobiemu. Ilpm
JOCITIJDKEHHSIX ~ 3a3BUYail  OOMEXyBaJUCS aHATITHYHUM a00 YHCENIbHUM CIIoco0aMu
BH3HAYCHHS HANPYXXEHb Ta MepeMileHb. Y poOoTi [3] as BH3HAYEHHS €JIEMEHTIB TeH30pa
HaIpy>XeHb y TUIMTI 3aCTOCOBAHO METOJ] MOYaTKOBUX (PyHKIiH. J[7s cyTTeBO OararomapoBux
TUTAT-METO/T TPUTOHOMETPHYHHX PO3KJIAJliB Ta METOJI MAaTPHIlh MIOAATIMBOCTI 3aCTOCOBYBABCS
B cTarTi [4]. BignmoBinHy MI0CKy 3a/1ady JOKIaJHO po3B’si3aHo B [5]. JlocmiKeHHs MIITHOCTI
TUTAT TIPU JEIO iHIIAX MEXKOBUX YMOBaX, HIX THX, IO PO3TIISAAETHCS Y I CTATTi, HAaBeIEHO
B [6, 7].

MeTow fgocTiKeHHS € TIOMYK HaifHEOe3MEUHIMMX MiSHOK IUIATH, IO
nedopmyerbes mramnoM. OTpuMaTy aHATITUYHI BUpa3u A7 QYHKIT, sika BU3HAYAE MILHICTh
KOHCTPYKIII 32 YEeTBEPTHM KPHUTEPIiEM MIIMHOCTI. BuainuTh HaliHeOe3MeUHiln 3 TOYKH 30pY
MIIHOCTI JiNSHKKA TUMTH. [IpoBecTH cucTeMaTWyHWid aHaii3 BIUIMBY (OpPMH IITaMIIa,
po3mipiB TmTH ¥ Koedimienta [lyaccona matepiady IUTMTH Ha TOBEMIHKY (QYHKIN, sSKa
OIUCY€E TMOTEHIIWHY eHeprito GOpMO3MiHH.

IlocranoBka 3amaui. BubOepemo cuctemy KoopawmHAT Tak, IO0 I1X MOYATOK
3HAXOJIMBCS B OJIHIN 3 BEPINUH MPSMOKYTHOTO Tapaleerine/a, 0ci HalpaBieHi B3JOBX HOTro
pebep. Ilepeiinemo 10 Ge3po3MipHHX BEJIMYMH TaKUM YHMHOM, 10O cMmyra 3aiimarna o0iacTh

T T
0<x<=,0<y<=,0<z<h
a b

Ha BepxHIO MEXy CMyrd THCHE TJaJKHM aOCONIOTHO J>KOPCTKHM INTAMII, SIKHM

MEePEMIIYEThCS BEPTUKATBHO 1 KOHTAaKTye 3 TIOBEPXHEIO CMYrd Ha BCId  JIUIAHIT

T T . .. .
0<x<—,0<y< B BianosinHi rpaHUYHI YMOBH MalOTh BUTIIS

a
u(x,y,O)zO (1)
v(x, ,0)=0, )
w(x, y,O) =f(x,y). (3)

Tyt z= f(x,y) — piBHSHHS MOBepXHi, KA CHIiBNANAE 3 HEKHHOIO MEKEIO IITAMIA B

KiHIIEBOMY ITOJIO)KEHHI.
Hwxusa Mexa BijbHA BiJl HABaHTAXXEHb, TOOTO

Tyz (x, y,h): 0 (4)
7. (x,y,h)=0 (5)
o, (x, y,h) =0. (6)

3a ananoriero 3 [3] OyaemMo BBakaTH, IO Ha OOKOBHX MeKax BHKOHYIOTBCS Taki
YMOBH
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w(0,y,2)=w(x,0,2) =0, (7
T T
w(;, Y, zj = W(O’Z’ 7)=0. (8)

Taxkum umHOM, HaM MOTPIOHO 3HAWTH PO3B’S30K 3ajadi Teopil MPYKHOCTI B 001acTi
/4 /4 . .
(x, y,z)e [0,—]X%[O, Z]X[O, h] 3 MexxoBuMH ymoBaMm (1) — (8). Ilix wac gocmimxeHHs OyaemMo
a

BUKOpUCTOBYBaTH HamiBoOepHeHuit MeTos; CeH-Benana. MexoBi yMOBH, SKMX HE BUCTayae
IIPH TIOCTAHOBII 3a/1a4i, OepeMo i3 IPHITYIIEHHS, [0 HOPMAaJIbHI TIEpEeMIMCHHS MOXKYTh OYTH
MIpEJICTaBIICH] y BUIIISA NOABIHHUX psaiB Dyp’e 3a cHHycaMu.

Metoa poss’sanns. Oymkmio w(x,y,z) 6yaeMo NIyKaTH y BHIJISAI MOABIiHHOTO
TPUTOHOMETPUYHOTO DSy 3a CHHYCaMH, OCKUIBKM B IIbOMY BHIIQJIKy BOHA 3aJ0BOJIBHSE
ymoBH (7) — (8)

w(x, y,z)= iWnk (z)sin(kax)sin(nby) . 9)

Yy IbOMY BUIIAJIKY PO3BHHCHHS cbyHKuifI u(x, v, z) , v(x, v, z),
o, (X, Y, Z), o, (x, Y, Z) o, (x, Yy, Z) > Ty (x, Y, z) s Ty, (x, Y, z), T, (x, v, z) MarOTh BUTJISA]

ii z)cos(kax)sin(nby), ii )sin(kax)cos(nby),

k=1 n=

S,, (c)sin(akx)sin(nby), o, = iiRnk (c)sin(kax)sin(nby).

k=1 n=1

Q
Il
Mg I
Mg ||

~
1]
—
=
]
UN

0. =330, (2)sin(kax)sin(nby), 7, =3 ST, (c)cos(kax)cos(uby).  (10)
k=1 n=1 k=1 n=1
T, = iiM”k (z)cos(kax)sin(nby), © = iiNnk (z)sin(kax)cos(nby).

Bceranosumo 38’30k mik ¢pynkuismu W, .V, U ,..S,. R, .0, . T, M, 1a N, . [l

BOr0 Micys MifcTaHOBKU po3BuHEHb (9) — (10) y piBHsiHHS Jlame 1 po3/iieHHS TapMOHIK
MaTHMEMO CUCTEMY

-2 —((2-2v)ak> + (1= 20)b°n> U, +akW’, — abknV =0,
1-2v " —((2=2v)p?n> + (1-2v)a’k> WV, +bnW/, — abknU =0, (1)
2-2vW’ —(1-2v)\a’k> +b°n* W, —akU’, —bnV/, =0.

nk nk nk

3aranbHuii po3B’s30k (11) mae BUTIST
p°U,, =((ak(A,, + zpB,, )ch(pz) + ak(C,, + zpD,, )sh(pz) + bnE, , ch( pz) +bnF, sh(pz)),

V.. =(bn(A,, + zpB,, )ch(pz) +bn(C,, + zpD,, )sh( pz) — akE, ,ch( pz) — ak F,, sh( pz)),
p*W, = (A, psh(pz) + B, p(4v = 3)ch(pz) + pzsh(pz)) + C,, pzch(pz) +
+ D, p((4v = 3)sh(pz) + pzch(pz))).
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Tyr A,.B,,.C,,D,.E,,F, — noBinbHi Kouctantu, p’ =a’k’+b’n’ Ta BpaxoBaHo

nk

CHiBBiIHOIIICHHS =2v, ge v — xoedimient Ilyaccona.

A+u
Ilicns susnavenns U, .V, ta W, moxemo 3Haiite Qynkuii S, ,R,,.Q,..T, M, Ta

N,, , BUKOpHCTaBIIHA 00epHEeHHH 3aKoH ['yka

Sy = AW, —(A+2ukU,, —nV,, . R, =AW, —(A+2uhV, - AU,
Oy =A+2W, — AU, —nV,, T, = ;U(”Unk +kV,, )’ (12)

n

Mnk :Il'l(U;k +kWnk )’ Nnk = ﬂ(v,k +ank )

n

3 ypaxyBauasM ¢opmyn (12) ta po3BuHeHb (9-10), i3 MexoBux ymoB (1-6)
OTPUMAEMO CHCTEMY JUIsSi BU3HAYCHHS JIOBIJIBHUX KOHCTAHT

Bnk (4V—3)+an = pfnk’ Ank :Enk :Fnk :O’

B, (2v =Dch(ph) + phsh(ph)) + C,.ch(ph) + D, ((2v —=1D)sh(ph) + phch(ph)) =0,
B, (2=2v)sh(ph) — phch(ph)) = C,; sh(ph) + D, (2 = 2v)ch(ph) — phsh(ph)) = 0.

Ii O3B’ 30K Ma€ BUTIISL]L
ch*(ph)+1-2v
(4v =3)ch®(ph)— p*h® —4v* + 4y -1

_ pfa@—vi2-pih?) b - Plu(ph=sh(ph)ch(ph))
(v =3)ch>(ph)— p*h* — v +av—1" " (v =3)ch>(kh)—k>h* —4v? +4v -1

Ank:Enk:FnkZO’ Bnk:pfnk

nk

OTixe, MiJICTaBUBIIYM 3Hai/eHI Koe(ilieHTH B pSAM Ui HOPMAIBHUX Ta JOTHUYHHX
HampyXeHb, MAaTHMEMO IITyKaHi pO3BHHEHHS BKa3aHWX (DYHKIIH y TPUTOHOMETPHUYHI PSIIH.
3acTocyeMO OTpHUMaHI pe3yJbTaTh JJI1 3HAXOJKEHHS AUISHOK, SIKi € KPUTHYHUMHU B CEHCI
MIITHOCT1 PO3TJITHYTOT KOHCTPYKITii.

PesyabraTnn pociaimkeHHss (yHknii nmoreHmiagabHoi  eHeprii  popmo3miHu.
EnepreTrdna rimoTte3a MIITHOCTI BUXOIHWTH 13 MPHITYIICHHS, IO KiJIBKICTh TMOTEHITIATBHOI
eHeprii popMo3MiHH, sIKa HAKOIMYEHA O MOMEHTY HacTaHHS HeOe3[EeYHOro CTaHy, OJJHAKOBA
SIK TIPY CKJIQJITHOMY HaIpYKEeHHI, TaK 1 PH IPOCTOMY PO3TATYBaHHI. YMOBa MIITHOCTI 3TiTHO 3
YETBEPTOIO TIMOTE3010 MIITHOCTI [2]

o' :%J(al—@)z +(070,)" +(0,705)" (13)

[leit BUpa3 MOXKHA 3aMucaTy Yepe3 KOMIIOHEHTH TeH30pa HaIPYKEeHb

I 2 2 2 2
o =F(x,y,2)= \/(ax+ay +0,) —3(0x0'y +0,0,+0,0, -7, —T,, —T), ) (14)

OCKIJTbKH MA€eMO sIBHI BHPA3H JUISI BCIX KOMIIOHEHT TEH30pa HalpyXeHb, TO MOYKEMO
nociiaut Qyskiito (14) Ha eKkcTpeMyM.

SIk mpuKiIaz, posrisiHeMo TedopMarito mapareremninena (x, y,z)e [0,7]x[0, 7]x [0,1]
IITAMIIOM, TIOBEPXHS SIKOTO OMHUCYETHCS PIBHSHHAM f(x,y) = @ sin xsin y. 3ayBaXUMO, IO
151 3371a9a CAMETPUYHA BiJTHOCHO 3MiHHHX X Ta y .
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Ha puc.1-3 nHaBegeno rpadiku ¢yHkmii F(x,y,z) BiamoBimHo mms rimbmH =0,
z=0,7, z=1.
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Pucynok 1. F(x,y,z) nns rmuounu 7 =0. Pucynok 2. F(x,y,z) ms rmmbunn Z = 0,7

Figure 1. F(x,y,z) fordepth z=0. Figure 2. F'(x,y,z) fordepth z=0,7
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Pucynok 3. F(x,y,z) s rmbunn Z =1
Figure 3. F'(x,y,z) fordepth z=1
MeTtogoM CHpsDKEHHX TPaieHTIB OyJ0 BCTAHOBJIEHO, IO TIOOATBHUA MaKCHMYM

¢bynkuii F(x,y,z) OpU 33JaHUAX MapaMeTpax 3HAXOAMUTHCS B TOUIl 3 KOOpJMHATAMH X = PX

y= % , z =1, a came Ha HIKHIH MEXi B LIEHTP1 IUIUTH, 1 JopiBHIOE F =1,324534844 . [Ipu

THX JK€ IapaMeTpax ISl IUIUTH TOBHIMHOKO /i =3 MAaKCHMYM 3HAaXOAMTBCS Ha BEPTHKAIbHIN
oci cumeTpii Ha mbuH1 z = 0,316 1 gopiBHIOE F,  =1,446718336.

Hasenemo rpadiku 1miei GpyHKITIT B3OBXK BiIpi3KiB {X’E’ zk} npu ¢ikcoBanux z, =0,
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z, =0,6905, z, =0,75, z, =1, npu BapitoBaHHI Xx€ [0,7[] (puc.4) Ta B3IOBX BIIPI3KiB

[71',7'[,Z], {%,z,z}, [E,%,Z},HKH-IO Z€ [0,1] (puc.5).
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PucyHok 4. F(X,E, zkj npu ZE€ [0,1] Pucynok 5. F(xk ,E,z) npu X € |:Z,7L'j|
T T T
Figure 4. F(X’E, zkj for € [O,l] Figure 5. F(xk ,E, z) for X€ |:Z,7Z':|

Otpumanuii cnoci® 103BOJISiE BU3HAUUTH KPUTHYHI TOYKH (YHKIII MOTEHIIHHOI
eHeprii (opMO3MiHH pHU HPOCTOPOBiH nedopmanii. B moganeimomy minanye aetaibHimne
JOCTIPKEHHS TTOJIOKEHHSI KpUTHYHUX TOYOK BKa3zaHOT PyHKIIIT.

BucnoBku. PO3rIIIHYTO TUINTY, SIKa 3HAXOUTHCS B YMOBAX MPOCTOPOBOI JaedopMartii
mig giero mramma. OTpUMaHO aHATITHYHI BUPa3W IS (QYHKINI, SKa BH3HAYA€ MIIHICTh
KOHCTPYKIII 32 YETBEPTUM KPHUTEpieM MiIIHOCTI. BumineHi HaifHeOe3MmeuHilm 3 TOYKH 30py
MIITHOCTI JUITHKA TUIMTH. B MMomaibImioMy IUIAaHYEThCS MPOBECTH CHUCTEMATHYHHUN aHai3
BILTUBY (OPMHU INTaMIIa, po3MipiB IUIUTH Ta Koedimienta IlyaccoHa maTepialy IUIMTH Ha
MOBEIIHKY (DYHKIIIT, IKa ONUCYE MOTEHIIIHHY eHeprito (OpMO3MiHH.

Conclusions. In the article the plate, which is located in a spatial deformation under
the action of a stamp is analysed. The analytical expressions for the function that defines the
structural strength for the fourth criterion of strength have been presented. The most
dangerous in terms of strength plate areas are highlighted. Further systematic analysis of the
influence of the shape stamp sized plates and Poisson's ratio of the material slab on the
behavior of the function that describes the potential energy of forming is planned to be

coaried out.
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