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METOAUKA HABJIMKEHOI'O PO3B’A3AHHSA PIBHSAHHSA
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Pestome. IIposedero npedcmagnenuss HAONU*CEHO20 p038’A3KY pieHAHHA Dpedzonoma nepuioco pooy y
8uenA0i noniHomMa 3a opmocoHanvHuMuy Qyuxyiamu. IIpoaHanizo8ano Moxiciugicme 3acmocy8aHHs 8apiayiiHoi
3a0ayi 3 HepYXOMUMU KIHYSAMU Ma 30044l NOMOYK0BO20 36€0CHHS. PO36 3Ky 00 CUCMEMU JIHIHUX aneeOpaiyHux
DpigHsHb 0151 GU3HAYeHHs1 Koe@iyienmis noninoma. Ompumano ymosgy 0isi 6ub0py ONMmuMaibHOI KiTbKOCMI YieHig
NONTHOMA-PO38 S13KY.

Knrwuoei cnoesa: pisusnns @pedeonvma nepuioco pooy, peeyispusayis, MHozouleH, @yukyii beccens,
cucmema JiHIHUX aneeOpaiuHux pieHsHb.

H. Habrusiev, B. Shelestovskyi

METHODS OF APPROXIMATE SOLUTION OF THE FRENDHOLM
FIRST KIND EQUATION IN SOME AXISYMMETRIC TASKS OF
FRACTURE MECHANICS

Summary. While solving many applied tasks, axisymmetric contact problems of elasticity and
thermoelasticity in particular, it arises a need to build an approximate solution of the Fredholm first kind
equations. However, the problem of finding the solution of these equations is incorrect [1], since even small
errors in the calculation of the right side of the equation or the core can result in distortion of the solution. For a
long time reasonability of solving problems of this type was under question. However, with the appearance of
various regularization methods it became possible to search approximate solutions of the Fredholm first kind
equations [2-8].

Classical the Lavrentiev and Tikhonov methods are adapted to be used for finding approximate solutions
of the Fredholm first kind equations that arise in solving of axisymmetric problems of fracture mechanics.
Desired function as a linear combination of polynom by cylindrical functions with unknown coefficients was
presented. Then the system for finding these unknown coefficients, and hence the approximation of the desired
function was obtained. Besides, the conditions for choosing the optimal number of polynom solution members
are obtained.

However, the direct use of classical methods for solving of the Fredholm first kind equations in the
applied problems of fracture mechanics becomes more complicated problem because of the necessity of finding
the regularization parameter. In many cases, while solving axisymmetric contact problems of elasticity theory in
particular [9], simpler approach can be used.

After the unknown functions in a generalized Fourier series with unknown coefficients for orthogonal
functions of a special type are presented, integrating of the left and right side of the equation are made. The
systems of linear algebraic equations for finding of these coefficients are obtained.

The characteristic feature of the obtained system is that the increase of the number of equations results in
the increase of the accuracy of the approximation solution. It makes possible to build solutions with arbitrary
predetermined accuracy.

Key words: the Frendholm first kind equation, regularization, polynom, Bessel functions, the system of
linear algebraic equations.

Beryn. Tlpu po3p’s3anHi OarathoX NPHUKIATHUX 337a4, 30KpeMa OCECHMETPHUYHUX
KOHTAKTHHUX 3aJ[a4d Teopil MPYKHOCTI Ta TEPMOIPY>KHOCTI, BUHUKAE HEOOXITHICTh MOOYI0BH
HaOJIMKEHOTO PO3B’ 13Ky piBHSHHS DperonbMa nepioro poay
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[yok@radi=fo, a<r<b. (1

IcHye Benmmka KUTbKICTh BOXKJIMBUX 1 PI3HOMAHITHUX (DI3MYHUX Ta TEXHIYHUX 3aJ]ad, 110
noTpeOYIOTh PO3B’sI3aHHS PIBHSAHBb Takoro Tumy. Jo HHX BiTHOCATBCS Taki: 3axadi
CIEKTPOCKOIIii, CHHTE3y aHTeH, PEeAYKIli CIOCTepe)KeHb MIKpOOO €KTIB, IHTepHpeTarii
KpUBHUX OJIMCKY 3aTEMHEHHUX 30pPSHUX CHUCTEM, BH3HAUeHHs (DYHKIT po3noaiay KoHpirypamii
MOTPIMHUX 31pOK, 3a/1a4i MacOBOro OOCITYTOBYBaHHS, BU3HAYCHHSI IIIBHIKOCTI 3BYKY B PiJIUHI
TOLIIO.

[Ipore 3amaya 3HAXOKEHHS po3B’s3Ky (1) € HeKOpeKTHOIO [1], OCKIJIBKH HABITH MaJli
BiXwiieHHs mpaBoi yactuHu f(r) um siapa K(t,r) MOXYTh NPH3BOAUTH IO HACTiIBKH
BEJIMKUAX TOXUOOK, IO OTPHMaHWi pO3B’S30K Oyne MJajdekuid BiJg IIyKaHoi (YHKIII.
Hampukoian, skmo po3B’si3yBaTd piBHSHHS (1) 32 JOIMTOMOTOIO METOTY KBaJApaTypHUX (GOpMyIT
[2], 3aminuBIIHM iHTEerpali B (1) CKiHYEHOIO CyMOIO 3a (OPMYJIOI0 Tparelliid 31 cTajauM KPOKOM
h 1 po3B’s3aBIIM OTpPUMAaHy CUCTEMY JIHIHHUX ainreOpaidyHUX pPIBHSHb BIJIHOCHO 3HA4Y€Hb
y(a), y(a+h), ..., y(b), To 3aMicTh HIyKaHOTO PO3B’s3KY (1), SIK MpaBUIIO, OTPUMYETHCS TaK

3BaHa 3HAKO3MIHHA BEIHMKOAMILIITYIHA «IMWiIKa». lIpH mboMy 3MeHIIEHHS KpPOKy h, sKe
31aBajiocss O Majio 30UTBIIYBAaTH TOYHICTH alPOKCHMAIlil, HABITAKK 301JIBIIYE aMILTITyIy Ta
YaCTOTY II€T «ITHITKH».

TpuBanmuit yac B3arajii craBujacs ITiJ CYMHIB JIOIUIBHICT PO3B’s3aHHS 3a7a4 TaKOTo
tuny. llpore i3 mMOsABOIO PpI3HOMAHITHUX METOMIB peryispuzamii piBHsHHS (1) cTano
MOJKJIMBHM IITYKAaTH HaAOJVKEHI PO3B’S3KH IHTErpallbHUX piBHSHH DpenroipbMa IMepiioro
poxy. Y cydacHiil jiTepaTypi MOKHA 3HAlUTH 0arato 4YMCIOBHUX METOJIIB, Cepe] HUX: METOJ
perymsipusamii TwxonoBa [1], Merom momipHoro mcyBaHHs JlaBpeHTheBa [3], MeToam
CTaTUCTHYHOI perynsipusauii [4, 5], MeTon iTepariiit [6], MeTO] YaCTUHHOTO 1HTErpyBaHHS [7]
TOIIIO.

Metoro poboTH € po3poOJieHHS METOAVKH BiAIIyKaHHS HAOIMKEHUX PO3B’SI3KiB
iHTerpalbHUX piBHSIHb ®pearonsma meprmoro poay (1), Mo BHHUKAIOTH MPH PO3B’s3aHHI
OCECUMETPUYHHX 3ajlad MEXaHiKH J1Ie()OpMiBHOTO TBEPAOTO Tija.

PesyabTaTn nocaimkenns. [IpoBiBmu perymsipu3arito piBasHHES (1) 32 MeTogoM JlaB-
peHTheBa [3] (METOIOM «IIOMIPHOTO TICYBaHHS»), OTPUMY€EMO piBHSIHHS DpenropMa Jpyroro

poxny

,By(r)+Iy(t)K(t,r)dt:f(r), asr<b, >0. 2)

HecrilikicTe po3B’si3Ky piBHSHHS (1) 3yMOBJICHaA THM, IO CIEKTP BJIACHUX 3HAYCHBb
omeparopa A (Ax= f) 3rylyeTbcs 10 HyJs, B pe3ylbTaTi 4oro obepHeHuit omeparop A~
abo HeoOMexeHul, abo He icuye. Jlomanok [y, 3cyBaroud Iieil CIEKTp Ha BeIUYUHY [,

«IOKpaIrye» o0epHEHHUH onepaTop, MiIBUILYIOUM CTIHKICTh po3B’si3Ky. [loTpiGHO nuie, 1mo6
1eit 3CyB OYB «ITOMipHHM».
Jlnist BiAmIyKyBaHHS HAONM)KEHUX DO3B’SI3KIB IHTErpajbHOTO PiBHSHHS (2) IIyKaHy

dynkuio 5(r) momamo y Burmsai nomimoma 3a  ymkuismug, (1)=~r-L(t,7,), xe

L, (t’yn):NO(;/n)]O(Lyn)_JO(yn)NO(Lynj' B ocrannboMy cmiBBimHomenui J,(7) Ta
a a
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N,(t) - ¢yskuii Beccens ta HeiimaHa BimmoBimHo, a ¥, — JoJaTHi KOpeHi piBHSHHS
b

N,(x)J, (S x) —-Jy(x)N, (; xj =0.Tobro y(r) Oynemo BUOHpaTH y BHTIISII

5=y a L (7). ®

1€ a, — HeB11oMi Koe]IillieHTH.
Bpaxosytoun (3), iHTerpaibHe piBHSIHHS (2) 3alUIIEMO y BUTJISII

,B\/;ianLn(r,}/n)+ﬁ:anj.xﬁLn(t,}/n)K(t,r)dt:f(r), a<r<b,

abo

ﬁ:an[ﬁ\/;L(r,%,)‘i‘Kn(r)}:f(r), a<r<b, (4)

n=1

ne K, (1= [Nt L6y, K(t.r)dt.

Y npukiagHUX 3amadax Teopii mpyxkHOCTI Ta TepmonpyxHocti ¢yukuii K, (r) Ta f(r)
IIePETBOPIOIOTBCS B HYIIb IIPH r =a Ta r =b 1 € KyCKOBO HEIlepePBHUMH Ha POMIXKY [a;b].

Tomy KOXHY 3 HMX MOXHA NPEJICTABUTH Y BHUIJILIL MOJIHOMIB 32 QyHKUisMH @, (r) 13
(n)

HEBIJIOMHMH KoedilieHTaMu ¢ ; Tab, BiJIITOBITHO

Kn(r):ﬁzji:cﬁn)L(r,yj), f(r)zﬁibjL(r,yj). 5)

[Tepenuimemo criBBiAHOIICHHS (4) 13 ypaxyBaHHIM BHPa3iB (5)

n=1

N N N
Zan [,BLn(r, ;/n)+2c;">Ln(r, ;/j)} :ijLn(r, 7)., a<r<b. (6)
j=1 j=1

[loMHOXUBIIM JIiBYy 1 HpaBy YacTHHM OCTaHHBOI PIBHOCTI Ha Jr L(r,y,) Ta

MPOIHTETPyBaBIIN OTPUMaHy PiBHICTh IO ¥ BiJl a 110 b , OTPAMAEMO
S [0
>a,[d"+88,]=b, q=1....N, (7)
n=1

ne o, — cumBon Kponekkepa.

AHAJIOTIYHO, TOMHOKUBIINA Ha \/;L(r, ¥,) JiBY i npaBy 4acTHHHM piBHOCTEH (5) Ta
MPOIHTETPYBaBIIA OTPHUMAHy pIBHICTH 1O F Big a A0 b, OTPEMaEMO BHUpa3W IS
(n

q

b
c[(ln) :MLJ.\/;KH (r)L(r, y/q)dr,
q a

KOeiIi€HTIB ¢ ) Ta b,
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b, :Miqlx/?f(r)L(r,yq)dr, ®)

b 2
b 1 b 4
Mq:J-rLi(r’yq)dr:? b 2|:R2(;7qj_?:|'
y b, j
CriBBinHomenHs (8) BHM3Hauae cucreMy N piBHSHb BIJIHOCHO HEBIJJOMUX
a,, n=1,...,N. OueBugHo, mo ii piBHSIHHS, a, oTXe, 1 (QyHKUiA y(r) 3amexars BiA

mapaMmeTpa peryispusarii 3 .
3riTHO 3 METOJOM «HEB’S3KH», 3alpoloHOBaHMM JlaBpeHTheBUM [2], 3HAYCHHS
KoedimienTa perymsipusariii f motpibHO BUOHpATH i3 yMOBH

|A5=r]=6.

ne 8= F(r-f ) H=\/T[f(r)—f<r)f dr.

OcCKiTbKM TIpH YMCIIOBHX PO3PAaXyHKAaX OCTaHHS PIBHICTb MOXKE€ HE BHKOHYBATHUChH
TOYHO, JIOIJILHO MiHIMi3yBaTu (yHKIIIOHAI

\/I{IK(r,t)j)(t)dt—f(r)} dr—§

a

‘P<y>=‘ﬁ1/hzdr—6

¥(y)=

abo

. 9)
Bpaxysapmu criBBinHomeHHs (3) Ta (8), i3 (9) orpumaemo
73 (r)= r( ianLn(r,yn)J( ﬁ:ajLn(r, 7/})) = ﬁ:ianaern(r, YL, (r.7,).
OTtxe, " " m
b N N N
() =‘ ﬁJ!r;;an“ern(r, YL, (r.y)dr =6 =‘ B ;ann —5‘- (10)

Bemuuuay N — KUTBKICTh WICHIB YaCTUHHOT CyMH (3), a 3HAYUTBH 1 KUTBKICTh PIBHSIHB Y
cucteMi (7) BUOUpaeMo i3 yMOBH, 100 BijHOCHA mMoxuOKa BukoHaHHs piBHocTi (1) €(N, f)

He MepeBUIIyBaa 3aJaHoil &,:

E(N,pB)= max f;r) ( !&(I)K(t, rydt— f(r)j 100 < g, .
A0o0, BpaxoBytouH (3), B pO3TOPHEHOMY BUTJISIL
(N, ) = max I ﬁ:a jxﬁL (t, 7y )K(t,r)dt— f(r)|-100< g, . (11
T man fy T ’

Jlemo iHMMM TiAXOJOM JO BiAITYKYBaHHS HAOMMKCHHX PO3B’SI3KIB 1HTETPAIbHOTO
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piBHsHHS DpearosbMa NepIioro poay € MeToJ| peryJsipu3alii HyJIb0Boro nopsiiky TuxoHnosa
[8].

Hexait d > 0 - noxu0ka 3agaansst f (r), mpasoi yactuau (1).
Onepatop R ( f.p ) , BaJeKHUM BiJl mapaMeTpa peryispusanii f, Ha3MBalOTh
peryisipu3yrodnM 1ist piBasHHS (1) B okoxi f (r), sKIno:

1) R(f,p) usHauenwuit juis noinerHEX f(r)e F ta £>0;

2) icHye Taxa ¢yHkuis S = (), wo s Ve >0 3naiigersest uncio J(€) Take, mo y

BUIIA/KY Hf (r)-f (r)” <6(¢) BUKOHYBaTHMETBCSI Hyﬁ (r)- y(r)” <e, ne
vs(r)=R(f.B(5)).

[Ipu oMy 3 ymoBu O — 0 BuIHBae € — 0.
VY wmertoxdi perynspuzaiii HyTbOBOTO MOPSAKY THXOHOBa BBOAMUTHCS 3IIIAJKYIOUUH

dyHKIiona M'B[yﬂ ]—HA)’ £ )HZ"‘ﬂ”)’M

omeparop R(f,f). Poss’s3ox piBusHHs (1) mrykarote y mpocropi L, i3 HOpMOO

, MiHIMI3aIlisg SKOTO 1 Ja€ ImyKaHWi

Hy(t)”2 = j y*(t)dt . Orxe, Bupa3s ms Qpynkuionana M” [yﬁ (r)] HaOy/ie BUIIISLY

a

Mﬂ[yﬁ ] J‘|:J‘yﬁ (t,r)dt—f(r )} dr+ﬂ’iy/§(t)dt. (12)

Bubupaemo yﬂ(t) y BUIJISAL y3aralibHeHOTo psanxy Dyp’e 3a OpTOroHaIbHUMH B

npocropi L, ¢pyskuismu @, (), a HabImKeHHI pO3B’sI30K, 10 BiANOBiae mapamerpy S, —y

pursiai (3).
Bpaxosytoun (3), Bupa3 (12) npeactaBUMoO y BUTIISIAIL

M*[5,(r)]= j[za (r):|2 dr+,8;i-t(nzli:anLn(t, ;/n)j2 dr . (13)

abn=l

llykatouu a,n=1,N 3 ymoBu Minimizanii dyskmionana M7 [jzﬂ(r)], TOOTO
oM

a— =0, oTpuMaemMo

a,

i[iaK (r)-f (r)}Kq (r)dr+ﬁit(ga"L” (1, y/n)j L, (t.7,)dt=0. (14)

n=1

[onamo dyrkuii K, (r) ta f(r)y Burasai (5). Toxi i3 (14) orpumaemo

([ o[ Sernra) | e (o e St

al| n=1 s=1
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+ﬁ} t [ﬁan% (t,n)jLn (r.7,)ar=0.

BpaxyBaBIIi OpTOroHAIBHICTb CHCTeMH QYHKIIH @, (r), OTpEMaeMo

N N N -
> a, [Zc‘(‘_")c‘(‘_q)MX +,3Mn5nq} = ZM‘X_b“_c‘(‘_q), g=1N. (15)
s=1 s=1

n=1

[MTapametp perymnspusarii f OymemMo BH3HAYATH 3TiAHO i3 MNPUHIMIOM Yy3arajibHEHOI
2
HEB’S3KM 3 pIBHAHHS p(,B):HAyﬂ—fHZ—(§+§Hyﬂu), ne & — TOUHICTH 3a/aBaHHs

omeparopa A. JlaHe pIBHSHHS, MICJ NPEICTAaBICHHA Yy, 4epe3 KoediuieHTn a,, Haby1e

n?o

BUTIJA LY
P(B)=(1-) By oM, -5

Bemuuuay N , KUTBKICTh WIEHIB YaCTHHHOT cyMH (3), @ 3HAYHTH 1 KiJIBKICTh PIBHSIHB Y
cuctemi (15), BuOmpaemMo 3 ymMOBH, OO BiJJHOCHA MOXMOKa BHUKOHAHHS piBHOCTI (1) He
nepesulyBaia 3aaasoi (11).

be3nocepeiHe BHKOPUCTaHHS KJIACHYHUX METOIB PO3B’sI3yBaHHS piBHSAHL (1) y
NPUKIIAHUAX 33/a4ax MeXaHiKd J1e(OpMiBHOTO TBEPAOIo Tila YTPYIHIOETHCS HEOOXITHICTIO
BINIIYKYBaHHS IapamMeTpa peryispusamii f. V 0aratboX BHIAIKaX, 30KpeMa IIpH

PO3B’sI3yBaHHI KOHTaKTHHX 3a/la4 Teopii MpyXHOCTI [9], MomijbHiNIE 3BECTH iHTErpaibHe
piBHsHHS (1) 70 HecKiHUYeHOi cUCTeMHM JiHIMHUX anreOpaiyHuX piBHSAHB. J1s 1BOTO

IIPeCTaBUMO LIyKaHy (yHKIiI0 y BHIIsLAL y3aransHeHoro psxy Dyp’e 3a Gpynkuismu ¢, (1),

T06TO y BurIsimi y (1) = \/;i a,L (1,7,).
n=l1

BpaxoByroun Bupas juis GyHkuii y(r), iHTerpansHe piBHsHHs (1) mpencraBEMO Y

BUTJISIAL

ZanKn(r):f(r),aSer, (16)

ne K, (r):IJ;L(t, 7,) K (t,r)dt . Tlogamo ¢yukuii K, (r) ta f(r) y Burmsiai

K () =NrydL(ry). £(r)=Vr¥pL(ry,). (7

Jlns BiamykyBaHHsT KoedilieHTiB po3kiany (17) BUKOpHCTAaEMO CHiBBiAHOIIEHHS (8).
[Ticnsa 3acTocyBanns (17) cucrema (16) HaOyBae BUTIISITY

o

S S r) |- So ). s
P =
[ToMHOXUBIIH JTiBY 1 TIpaBy YaCTHHH IOIEPEIHBOTO CITiBBIIHOIICHHS Ha \/7Ln (r,;/q)

Ta MPOIHTErPyBaBIIIK 110 7' HA IPOMIXKKY [a,b], oTpuMaemo piBHIiCTB
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> anc{(]") =b,, (19)
n=1

SKa € HECKIHYEHOI0 CHUCTEMOIO JiHIHHMX aureOpaiuHUX pIBHSHb BIIHOCHO HEBLIOMUX 4, ,

n=1,00. N — KIIBKICTh JIOJIaHKIB YacCTHHHOI cyMH (3) MOXHa BHOWpATH JOBLIBHO.

Oco0uBicTIO oTpuMaHoi cucteMu (3) € Te, Mo 30UTBIIEHHS KITBKOCTI 11 PIBHSIHB IPU3BOIUTH
70 30UIbILIeHHsT TOYHOCTI HaOmmkeHHs po3B’s3Ky (1). Lle mo3Bosisie OynyBaTtu po3B’sI3KH
MIPUKJIAIHAX 33124 13 JOBUILHOIO, HAIlepe T 3aJIaHOK0 TOYHICTIO.

Bucnosok. [IpoBeneno aganrarito kmacuuHux MeToiB JIaBpeHTheBa Ta TuxoHOBa /11
iX BUKOPHCTAHHS B OCECHMETPHUYHHX 3aJadax MeXaHiKH Je(GOpMiBHOIO TBEpAOrO Tija.
Taxox 3ampornoHOBaHO BIACHUH MiJIX1]1 HAOIMKEHOTo po3B’si3aHHs piBHSAHHS (1).

Conclusions. Classical the Lavrentiev and Tikhonov methods for their use in solving
axisymmetric problems of fracture mechanics are adapted in the paper. Besides the own
approach of the approximate solution of equation (1) is proposed.
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