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TepHoninbcokull HAYIOHATbHUL eKOHOMIYHUU YHIBepcumem

BU3HAYEHHSA TEMIIEPATYPHOTI'O ITOJIA B
CUCTEMI TLI HUWJITHAP —IHIBITPOCTIP ITPU HEIIEAJIBHOMY
TEILJIOBOMY KOHTAKTI YEPE3 IPOMI’KKOBHUH IIIAP

Pestome. [106y006ano po3g’ a30k ocecumempuyHol memnepamyproi 3a0ayi 01 cucmemu min yuniHop —
nignpocmip npu HeideanbHOMy Menjio8oMy KOHMAKMI 3 YPAXY8aAHHAM MOHKO20 NPOMINCKOBO20 ulapy y GUNAOKY
isomponnux mamepianie. Ompumano Gopmynu Onis SUHAYEHHS MeMnepamypu npu pisHuUx eapianmax
memMnepamypHux ymMo8 Ha OMHUX NOSepXHAX yuiiHOpa i nignpocmopy. Jlocnioxceno 6niug KOHMAKMHOL
npogioHocmi U KoepiyicHmie menionpogioHOCMI NPOMINCKOBO20 WAPY HA PO3NOOLT MEMNEPAmypHUX Noie y
30HI KOHMAKmy 080X M.

Knrwuoei cnoea. memnepamypa, npomisckoguil wiap, koeqiyieHm menionpogioHocmi, KOHMAKMHA
npogionicmy, i30mponni mamepianu.

B. Okrepkiy, M. Shelestovska

DETERMINATION OF THE TEMPERATURE FIELD FOR THE BODY
SYSTEM CYLINDER-SEMISPASE UNDER NON IDEAL HEAT
CONTACT THROUGH INTERMEDIATE LAYER

Summary. Solution of the axes-symmetric temperature taskilfe body system cylinder-semispase
under non-ideal heat contact taking into accourim intermediate layer in the case of isotropic miais has
been built. Circular cylinder of the finite highitivthe flat basis, which is in the non-ideal heantact through
the intermediate layer with the semispase, is baimglysed. On the free end of the cylinder the &atpre is
constant and its side surface is head-insulateegeFsurface of the semispase is kept under zercetainpe.
Heat exchange with the outside environment occrom fthe side surface of the thin intermediate layer
according to the Newton’s law.

The temperature in the cylinder area is found thy Furier's method, and in the semispase with the
help of the Hanckel's transformation to the Laplaaxuation, written in the cylinder coordenatesteyn.

Providing the boundary conditions for the temperaton the side surfases and in the contact area
body system cylinder-semispase, the task is redtdte system of integral equations relatively nown
function, due to which the temperature in the spase is found. Taking advantage of the Hanckel's
transformation and the Bessel’s function we obtein-finite system of the linear algebraic equatiosistively
constants, through which the temperature fieldshim system of two bodies are expressed. Whilengothie
system of the linear algebraic equations the reidncimethod was used. The graphs of the temperature
distribution for the cylinder and semispase in ttwntact area have been built. The effect of thetamin
conductivity and heat exchange coefficient of thie intermediate layer on the temperature distribatin the
contact area have been investigated. It was shtivat,these coefficients affect sufficiently thepgerature field
in the semispase. Decrease of the temperature enctintact area in the case of the intermediate rlage
compared with the ideal heat contact is causechbyfdct, that the heat exchange occurs througithe surface
of the intermediate layer.

Key words: temperature, intermediate layer, heat exchangeffament, contact conductivity, isotropic
materials.
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IlocraHoBKka mnpobaeMu. 3HAXO/DKEHHS TEMIIEPATYPHHX IIOJIB TpPH KOHTAKTHii
B3a€EMOJIIT TUT € HEOOXIJHMM MpH BHU3HAYCHHI KOHTAaKTHHUX JedopMalliii i HampyXeHb 3
ypaxyBaHHSIM TeMIIEpaTypHUX IIONIB, IO € BAKIMBUM HpPU JTOCII/DKEHHI MIITHOCTI JeTaieit
MaIlIFH 1 eJIeMEHTIB KOHCTPYKIIN y MICIISIX TXHBOT B3a€EMOIIT Ta NP pO3paxyHKy KOHCTPYKIIIH
Ha IPYKHil OCHOBI 3 METOIO PAIliOHAJIBPHOIO BUKOPUCTAHHS KOHCTPYKIIII 1 Hecydoi 3JaTHOCTI
OCHOBH.

AHAaJI3 0CTaHHIX JocTiKeHb. Y mparsx [1 — 3] gocmipKkeHo BILTUB TeMIepaTypHHX
(dakTopiB Ha XapakTep KOHTAaKTHOI B3aemojii Tini. Y pobortax [2, 3] po3s’'s3ano 3amadi
TEIUIONPOBITHOCTI JIUISI CHCTEMH TiJl MIJIIHIP — IBIOPOCTIP MPH HETeaTbHOMY TEIIOBOMY
KOHTaKTI JUISl 130TPOITHUX 1 TPaHCBEPCATBHO-130TPOITHUX TiJI. [[poTe HeoCcTaTHLO BUBYCHUMU
€ 3a7adi TeIUIONPOBIAHOCTI 3 BpaxyBaHHSIM YMOB HeEiJIeaJbHOTO TEIUIOBOTO KOHTAKTy TiJl
yepe3 TOHKUH MPOMIKKOBHH 11ap.

Meta poboru. [1oOyayBatu po3B’sI30K OCECHMETPHUYHOI TeMIIepaTypHOi 3ajadi Jjst
CHCTEMH TUT HWIIHJAP — MIBOPOCTIP 3 YpaxyBaHHSIM yMOB HEiJ€aIbHOTO TEIIOBOIO KOHTAKTY
yepe3 TOHKHHM MPOMDKKOBHHM Imap Jjsl 130TPONHUX MarepiaiiB. 3HaliTH ¢opMmynu Uis
BHU3HAUCHHS TEMIepaTypHUX IMOJIB y TilaX, a TaKOX JIOCHIJUTH BIUIUB KOe(illi€HTIB
TEIUIONPOBITHOCTI #  KOHTAKTHOI TPOBITHOCTI IPOMIXKKOBOTO IMapy Ha  PO3MOILT
TEMIIEPATypH B 30HI KOHTAKTY.

IMocranoBka 3amaui. Hexaif kpyroBuit mMUIIiHIp 3 TUIOCKOIO OCHOBOIO pajiyca R i
JTIOBXUHOIO L 3HAXOAUTHCS B TEIJIOBOMY KOHTAaKTi 3 MiBIPOCTOpoM. Marepiamu Tin €
i3oTponarMu. Ha BimpHOMY TOpI HWITiHApa 3aJaHa IIOCTiHHa TemmepaTtypa 1. biuni
MOBEPXHI MHJIIHApPAa W TMIBOPOCTOPY WIATPUMYIOTBCS TIPH HYJIBOBIH TeMmIieparypi ado
TEIUI0130JIbOBaHI.

TerroBuii KOHTAaKT MiXK TUIaMH 3IMCHIOETHCS Yepe3 TOHKWH IMPOMIKKOBHU Imap
[4, 5].

[Ipu 3po0neHnx MpUMYIIEHHSX HEOOX1THO BU3HAUUTH TEMIIEPaTypHi OIS B IIMIIIHAPI
it mBIpOCTOPI.

BBenemo mumiHIpuYHy cucTeMy KOOpIWHAT I ,Z, IEHTp KO JIC)KUTh HA MOBEPXHI
MiBIPOCTOPY, a BICh 0z CIpsIMOBaHa B3JIOBX OcCi IWIiHApa. Bei BennuuHY, SKi MO3HAYEHI
iHIeKCOM «1%»,BITHOCSATRCS JIO MIBIPOCTOPY, O€3 iHACKCIB — 710 MUJIIHpa.

['parryHi YMOBH /ISl TEMIIEPATYPH MATUMYTh BHUTJISIT

T=T, (z= L 0] r<R. 1)
11]1:_0 (=R, 0 z< L). @
T'=0, (z=0;, R r<I). 3)
1 11TT1 1Ty o
| ,D(T + T)+ 2% , ﬂzgj_ 0, (z=0; 0J r<R). (4)
: 111T1 T .
D(T- T 4 12h(T*- T)=C
(- T)+ 64 . Zﬂzgl h(T- T)=C (5)

254



MATEMATUYHE MOAEJIIOBAHHA. MATEMATUKA. ®ISUKA

T'+T t
1ﬂ( ) a*>KI'+T Tgl 0, (z= 0;r= R). (6)
2 A I 0
1T(-T), a /- T Tc*gf 0
2 | % 2
Tyr | i . , —Koe]iLieHTH TEIIONPOBIAHOCTI MBIPOCTOPY Ta LIapy;,
7 .11 15 3 °
= ;T = T°d T = T dg,
TR 20T 0 e T e TIE

o’ao_

. . o — 0 . - .
2d— ToBmmma mpomixkosoro mapy; |, =2 d, h= E' a,= 2a,d; |
Koe(iIi€eHTH TEIUTOMPOBIAHOCTI ¥ TEIT0O0OMIHY MPOMIXKKOBOTO IHapy; ho— KOHTaKTHa

. . 0 .
npoBinHicTs; T —TeMIeparypa 30BHILIHBOTO CePeIOBHIIA.

Po3B’' s3yBaHHs KpaiioBoi 3a1a4i JJIA piBHSHHS TENJIONPOBIIHOCTI.
Bigomo (6), mo B ocecHMETpHYHOMY BHIIQJKy TeMIeparypHe moje [ s
130TPOIHOTO Tijla BU3BHAYAETHCS 13 PIBHSHHS

0°T =0. (8)
3a momomororo Metonay Dyp’e 3aranbHuil po3B’ 130K piBHSMHHS (8) MUTA MHTIHAPHIHOT
00J1acTI MAaTUME BUTIIA

T(r.2)= Az+ B+ Q(F- 22)+e I, N Ash, z Bdy )z

)
+e I, (@ )C,sing,z+ D, cosg,z) ,
k=1

e A,B,C,D, (k =0T ) — noineai moctiimi; Jo(B,r) — dynxmis Beccens meproro

poxy niiicHoro aprymenry; | (g kl’) — yHkIis beccenst mepioro poy ySBHOTO apryMeHTY;
By Vi —BlacHi 3HaUYCHHS, SIKi BU3HAYAIOTHCS 13 TPAHUYHAX YMOB.

3actocyBaBmm J0 (8) iHTerpajgpHE TIepeTBOpPeHHs [aHKems, TeMmmeparypy B
MiBIPOCTOPI MTOJIAMO Y BUTJISIL

T 2)= 1 € ()3, (hr)h, (10)

r
— J10Bi g, = —,z= —,h= xR.
ne ¢(/7) JIOBiTbHA (PYHKIIiS R R

YmoBa (2) 6yae 3a10BOJBHITUCS, SIKIIO MTOKJIACTH
D,=0,D,=0,C = O(k: I ); By :’U—F:,z[e Uy —KOpeHi piBHSHHS Jl(,u):O.
I'parmuna ymosa (1), 3 ypaxXyBaHHSIM OpTOTOHATBHOCTI (GyHKIIT beccenst, mpu3BoaUTh

zo criBBigHOIEHs Mixk noctiitanmu By, B 1 A, A (k: 1r )
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L
BozTo' AblR Pa:' An‘tml lzﬁ (11)
3a/10BOJILHUBIIHK TpaHUuHY YMOBY (3), 3 ypaxyBanHusMm (10), oTpumaemo iHTerpaibHe

PiBHAHHS BiTHOCHO (yHKIIT | (h)

T
i ()3, (hr)dh=0 (r> 1), (12)

Jlns BusHaueHHs QYHKIT | (h) nponoBkuMo piBHsHHS (12) Ha Bech iHTepBa

©Jr<r)

r
i (), (hr)dh=J3@- r)X(r) (@I r<1). (13)
0
Tyt J (X) — (ynxkuis Iepicaiina; X (I’) — HeBijioMa (YHKIis, Ky MPEICTABUMO
CHIBBITHOIIIEHHSIM
X(r)=a+e admr) 0Ir<i, (14)
k=1

e ak(k= OI ) — HeBiJIoMi Koe(]iIlieHTH, SKi HEOOXiTHO BU3HAUWTH, 3Ha4eHHS N

BUOHMPAETHCS 3 YMOBH 3a0€e3MeYeHHs1 He0OX1JHOT TOUHOCTI PO3B’ 3Ky 3a7aui.
3acTocyBaBimu 10 000X yactuH piBHAHHS (13) popmyny oOepHEHHS iHTETrpaIbHOTO

nepeTBopeHHs ["aHkens, mojamo QyHKIIO | (h) gepe3 HeBiJIoMI KoedirienTn 8,

. NaJd
j ()= a2, () (e 2 as
k=1 N - r‘rj
3acrocyBaBinu nepeTBopeHHs [ ankens 1o piBasHb (4) 1 (5), oTpumaemo
1 T1 =
T(X)- 4 - le _ ﬂT(X)_ 2 . 2' z . ﬂT(X)_
|, (x*+0,5%) 1z |, (x*+ 0,55°) 1z )
6h, T'() _
- — = 0.
|, x*+0,5?

0

6l ! ﬂfl(x)+ d T () _

z

|, +a%) 1z |2+ a) Tz

e azzllzf‘o, TO)= T(x0). T'()= T(60), T(x)= 3 rd, (xr )T (r)dr,

0 0

T (X)- T(X)+

0, (17)

T'(r)= 1 XT*(x)J,(xr)d x,%z(x): T rJo(Xr)%S)dr |

%Z(r): TXJO(Xr)%S()dX, T rJO(Xr)DTl(r)dI’ - Xz_l_—l(x)
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r

T rJ,(xr)DT (r)dr = - xT (X),
ﬂTl l T

()= TJ CXbr)ch, o= r i (W), (hr)dh. (18)

BuxopucrtoBytoun q)opMyJIy JUTSL IeNbTa- (byHKuu I[lpaKa

d(a- b)= ap ¥ (ad.(byd :

OTpI/IMa€M0
T (X)= T rJ (xr)Tl(r)dr— T rJ (xr)drTJ (hy gfh—gfl h= —T J(h) (gx- l—hﬁf h
ﬂ-:] (X)— T) (h)j —- xqdh, Ez A)+T??=1 Ak”lJoglnﬂ—Fg'

ﬂ':]ix) A)XlDlggd(x D)+e Acgm >§ (19)

3actocyBaBimu (GopMyiH OOCpHEHHS IHTErPabHOTO MEepeTBOpeHHS [ aHKens 10
piBHocTeii (16), (17),0Tpumaemo

T( ) 4'2 ' hJ (h)‘] (hr) 2 I;%+ . Jo(“ﬂ")”ﬂ AE
: h2+05a2R2 Sl K& amP+ 05R &

(20)
CBhR | ()3, (r)dh
1 T he+ 0.5°R° C°|°§[f g\ 0 <Y
1T
. T h2+ a’R’ I, K& @ mi+ &R B (21)

+C1I0(aRr)= 0 (<9,
. .. .., XaR : .
ne C; C, — meBinomi mocriitni; Iogﬁgi IO(aRr) — YacTMHHI PO3B’A3KH piBHAHL (4) Ta

(5).

JlonaBiy i BiHSABINYM piBHOCTI (7), 0TpUMaEMo

fﬂr +?_?(Tl‘ T-T)=0, (z=0,r=R;
; (22)
32—:+ ?—S(T- T+ TC): 0, (z: 0, r= ®

Toni cucrema piBHsiHB (22),3 ypaxyBanusam (9), (11), (10), (15)yatume BUrIsia
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H a+e alm)=T+T,

EA)RH e J(m)tmIEA= T+ T- T

TemneparypHe 1moJie B 30HI KOHTAKTy OOUHCIIOETHCS 3a (POpMyJIaMHU:

(23)

a) JUIs NWTiHApa
r
T(,0=T,- AR ¢ J(mr)tm HA, (r<D; (24)
k=1
0) [ MBIPOCTOPY

T(0=a+e adr). (< @5

BukopucroByroun ¢dopmyau (15), (24), (25)i obumcnuBIIKM HEBJIACHI iHTErpanu
3rifHo 3 [7], cucrema piBusab (20), (21)Ha0y e BUTISTY

BhO1Lal (r b)+ 42 (r b+
D +e alieflal(rh) 4R b1+ %mgfsb R+ (26)
re J,mrPUmBA+ Gt )= T, (r<D.
O (r)+ 6l22(r b,)a, + e ap(r)+ 6lal(r b

2) (27)

I+ AR ¢ 2@ (D) A GL(BN)= T (<D,

LR o liR po_ BR *_a

ne |, = IZ* : IZ* : | 6hVL,
a® — ' J1(h)‘]o(hr)dh _ o(br)K1(b).
(r b) o (h2+ bz) b !

a(l)(r b) 3 (In)f ?th_'_(Ez;ag]_r):g: ~:%(+mt?_ b'o((;? l;)(b)Jo(m), (28)

N (h)JO(hr)dh 2% (r )= JO(m{)rT . h*J, (h)J, (hr)

al?(r,b)= 1

T+ h*- nf)(F+ b?)
62 (1) 1 2,0r 0 ()cn= 160 ()= 2, ) " DD (),
D®(m,b)= thml + 5 ;mnf D@ (m,b,)= thml+ 6l sznf
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[TomuoxuBIH piBHOCTI (26), (27)Ha I',T J, (WLF) i mpoinTerpyBaBmu ix mo I B

mexxkax Bim O mo 1, 3 ypaxyBaHHSM opToroHajdpHOCTI (yHKIi# beccenst i piBusHb (23),
OTPUMAEMO  CHCTEMY  JIHIHHMX  anreOpaiyHuX  piBHSHH  BITHOCHO  HEBIJIOMHX,

X, (k=1N). ¥ Y
e AUX,+ BN+ EIY= @ (0, N,
k=0

N (29)
e N?XU'33%= O? (r=0,D),
rea=XT (k=0,N), G= YT G= Y
p: )41 11
AR= '+?§, TA- 2 o) -—Il(h)YB,
! L), 6)., o
2T, 1 m
A=- : e X, + Y
3 (rn)D”(rm n)??-o he g
(1()) - _ (1)e(1) + d(l) A(l) - d(l)_ r(l)e(l)

ﬂ:mﬂﬁﬁmd”Q<ONn—om

z nk

(1) — b(l) + 6l (1)a(2) r 1) =

e 2ho 3h§§1

B;%;=-érgm(b1) 0= 1 0). DY= 5 1),

D (m,b
= oni.al+ 4%, A= dY- Do
D% (m.h)

B(ll)_ ) Jo(m,)b2|1(b2) (n= l,_N) (1) — b(l) + 6l a(z) (k ON:n= 0, N)
’ nt + bf

BY = - D™ (nl bz)

2= o)

f thm | e —
2= _ 213 + — (1) k= 0,N),
'k %* % % 3 myoe oY)

O(nm)il(bl)z, DY = 0(n=1,N),

B = - L1 thm|
%‘ hﬁ' . 3,Gm)D ™ (m, B+ rf)El )
D= "§+3m§
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AL(Z)_J' AEE)_ ‘Jo(m<) Bf)_ 0 D(z) T TTc 1 a(()1’()):_ |1(bi)K1(b|)'

l)IZ
1 — |1(bi)K1(b|) @ = |1(bi)K1(b|) .
Aoy = - WJO(W)’ A= - WJO(”J)’
H | &, kNen
A= H o, Jom) | _ (31)
oy "
pw = TL@KEO)ILM) () e I ()dh
S CET ) CEY) I R
@ : h?37(h)dh @ = : h?37(h)dh
Qo = Jo(nl)"l; (h*- nf)(rE+b?)’ a®=J,(m)r L+ ) (- nf)’
@ ! h*3?(h)dh
= MM ey A (v b))

0, kNen
”l) k= n.

b&==; bY=0; b= 0, b= EJ

N[~
l\)/\

TemrmeparypHe 1moJie B 30HI KOHTAKTY JIBOX TiJI 3HAX0AUMO 3a (hOpMYJIaMHu:
a) JUIS AT HAPUIHOT 00J1acTi

= B{— >K+i-l + + + o(mwr)e(l) thmnl 1
o ki / 3h;§,' 2 ﬁgll Fégx s Jz(rm)D‘z’(mn h);

. K oyt
2,600 r@i' RO G A

0) JIst MBIPOCTOPY
T'(r,0)=T, ﬁ .+ e J (mr))@, (r <2 (33)

SIkmo Koe(ilieHTH TEIIONpPOBIAHOCTI # TerooOMiHy mpomikkosoro mapy | .8,

TeMIIepaTypa 30BHIIIHBOTO CepelOBMITA 1. Bi/IIOBITHO JOPIBHIOTH HYJO, TO OTPHMAEMO
PO3B’ 130K 3a1aui [2]

PO3rISHYTO uMCIOBHH NpUKIAL I 3HAXOMKEHHS TeMIepaTrypd B LHIHApI #
miBrpocTopi 3rimHo 3 hopmyoro (32, 33)mpu | =1, a,= 0, T’ = C.

Po3B’si3yBanachk cucteMa JTiHIMHUX anredpaiunux piBHsSHb (29) 3 20-Ma HEBIZOMUMH,
o 3abe3neuye JOCUTh BUCOKY TOUHICTh 3a/JI0BOJIEHHs rpaHM4HuX ymoB. Ha puc. 11 puc. 2
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)

HaBeJIeHO TIpadiku pO3MOALTYy TeMIeparypd Iid LWIiHApa a, =

_T()

’ T

0

1 miBIpocTOpy

a y310BX Oe3po3MipHOi KoopAauHATH [ MpH PI3HUX 3HAUYEHHSX KOHTAKTHOI

hR IR ,_I'R

nposirocti by = e i mapamerpis | = |

*
z 0

T'(r)

T

0

ITynkTupHOIO NiHi€0 300paXkeH0 rpadiky Uit Temreparypu a, =

o

[0

I

0 02 04 06 08 P

. . . . _1 . 1 _1.
Pucynok 1. Posnoin TemnepaTypu s pisunx 3uakis napametpis |, =| npu pikcoanomy Ny =1: kpusa

1-1,=05 2-1,=1,3-1,=5 4-1 =, 5-1}!=0.5 6-1'=1, 7-1'!=5 8-} =c0

Figure 1. Temperature distribution for differentgaeters|, =|i under fixedhé =1 curve
1-1,=0.52-1,=1,3-1,=5,4-1,=0,5-1;=0.56-11=1, 7-11 =5, 8-} =0

A

oo

1,0
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. . " . ] 11—
PucyHok 2. Po3roziil TeMnepaTypy /Ul pi3sHUX 3HaueHb KOHTakTHOT nposianocti Ny mpu |, =1, =00

kpuea 1-hy =1, 2—-hy =5, 3-hy =, 4-hy =1, 5-hy =0

Figure 1. Temperature distribution for differentuer of contact conductivit)hé, whenl, =1 i =00 curve
1-hy=1,2-h=53-f=o, 4-K =1 5-h =
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BucnoBknu. 3actocoByroun iHTeTrpaibHe THepeTBopeHHs [ankens ta meton Dyp'e,
PO3B’SI30K TeMmIepaTypHOI 3a7adi 3BEJACHO 10 BH3HAUYEHHS JCSIKAX TOCTIMHHUX 13 CHCTEMH
JTHIMHUX anreOpaiuHuX pIBHSIHB, 4epe3 sIKi 3HAXOJUMO TeMIIepaTypHi Mo B OyAb-sKii
TOYI[l CUCTEMH IMIIIHJP — HiBIOPOCTIp.

JlocmiJukeHHsT MOKa3yloTh, IO HYJbOBAa TeMmIlepaTypa Ha OiuHId MOBEpXHI
MPOMIXKKOBOTO MIapy MPH3BOAUTH 10 3MEHIICHHS TeMIepaTypu B 30HI KOHTakTy Tii. lLle
MOSICHIOETBCSI TUM, IO YacTHHA Tella BUXOJIUTH yepe3 OiuHy MOBEPXHIO MPOMIKKOBOTO

mapy.
. . 1 .
KonTtaktHa mpoBinmicts I} Takok 3HAYHO BIUIMBAE HA PO3MOALT TEMIEPATYPHHX

II0JI1B.

Conclusions. Taking advantage of the Hanckel's integral tramsédron and the
Furier's method, the solution of the temperatusk ta reduced to finding some constants
from the system of linear algebraic equations duehich temperature fields in any point of
the cylinder-semispase system is found.

Investigations testify that zero temperature on gl surface of the intermediate
layer results in the decrease of temperature irbttly contact area. It is caused by the fact,
that some portion of heat comes through the sidaiof the intermediate layer.

Contact conductivityy sufficiently affects the destribution of temperattields.
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