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KOJIMBAHHSA OPTOTPOIHOI HUJITHAPUYHOI OFOJIOHKHU 3
MHOKWHOIO BKJIIOUEHB JJOBLJIbHOI KOH®IT'YPAIIII 3
HPYKHUMMHU INTPOITAPKAMMU

Peztome. B pamxax ymounenoi moodeni, saka epaxosye Oegopmayiio nonepeurHozo 3cysy, nodyoo8aHo
PO38 430K 3a0aui Npo ycmaneHi KOAUBAHHS OPMOMPONHOI 3AMKHEHOI YUNIHOPUUHOI 000IOHKU 3 OOBLILHON
KITbKICMIO aOCOIOMHO HCOPCMKUX BKIIOUEHb 008LIbHOI 2eoMempuyHoi hopmu, opienmayii ma po3mauiy8aHHs,
AKI 83a€MO0iI0mMb 3 000I0HKOI0 uepe3 MOHKI npycui npowapku muny Binkaepa. Topyi 06oiouKku € 008inbHOT
2ceomempuyHoi Kougieypayii. Pozenanymo 008inbHi 2apMOHIUHI 8 4acCi SPAHUYHI YMOBU HA 306HIWHIL PAHUYL
obonouxu. Po36’sa30x no6y006ano Ha 0CHOBI HENPAMO20 MemOOy SPAHUYHUX eNleMEHMI8 MAd CEeKGeHYIANbHO20
nioxody 0o 306padicenns pyuxyii I pina. Kpatiogy 3a0auy 36edeno 00 cucmemu JIHIUHUX al2eOpaidHux PieHsHb.

Kniouogi cnosa: opmomponna yuninopuuna 000IOHKA, KOMUSAHHA, 6KNIOYEHHS, NPYICHUL NPOUAPOK
muny Binkaepa, enacmi uacmomu, nocnioosHicHuu nioxio, @yukyis Ipina, Henpamui Memoo 2PaAHUYHUX
enemenmie, memoo KOaOKAyil.

T. Shopa

VIBRATION OF ORTHOTROPIC CYLINDRICAL SHELL WITH A
SET OF INCLUSIONS OF ARBITRARY CONFIGURATION WITH THE
ELASTIC LAYERS

Summary. Within more exact model, which takes into account the transverse shear deformation, the
solution of the problem on the steady state vibrations of the orthotropic closed cylindrical shell with the
arbitrary number of rigid inclusions of the arbitrary geometrical shape, orientation, and location is constructed.
Inclusions interact with the shell through the thin elastic layers of the Winkler type. The case of the translational
motion of the inclusions along the normal direction to the middle surface of the shell is investigated. The shell of
the uniform thickness is considered. External boundary of the shell is of the arbitrary geometrical configuration.
This object can be obtained as the result of an arbitrary cut out from the shell of the canonical shape. Arbitrary
harmonic in time boundary conditions are considered on the external boundaries of the shell. The solution of the
system of partial differential equations in the multi-connected domain with the non-homogeneous boundary
conditions of different types is built on the basis of the indirect boundary elements method. The Green’s
functions are found basing on the sequential approach to the representation of the Dirac delta function (as the
sequence of the delta-like functions) and the Fourier series method. The boundary value problem is reduced to
the system of the Fredholm type integral equations basing on the indirect boundary element method and is
solved by the collocation method. The cases of external boundaries of the shell and the contours of the inclusions
with the corner points can be analysed within the solution constructed. The solutions for arbitrary mixed cases
of the boundary conditions on the external boundaries of the shell can be obtained basing on the integral
equations constructed in the paper. Different arbitrary mixed boundary conditions on all subsections of the
external boundaries are also allowed. Some aspects of the efficient numerical schemes of the collocation
method in order to obtain the convergent solutions for the ill-posed problems, considering Fredholm integral
equations of the first kind and the cases of non-smooth boundaries, are discussed.



MEXAHIKA TA MATEPIAJIO3HABCTBO

Key words: orthotropic cylindrical shell, vibration, inclusions, elastic layer of the Winkler type, natural
frequencies, sequential approach, Green function, indirect boundary elements method, collocation method.

IlocranoBka mnpobuaemu. B cydacHomy aBia- Ta KopabieOyayBaHHI IIHPOKO
BUKOPUCTOBYIOTHCS aHI30TPOIHI OOOJOHKOBI €JIEMEHTH 3 BKIIOYECHHSMH Pi3HOI (HopMHU Ta
po3TanryBaHHS, SIKi MPAIIOIOTh 3a 3MIHHMX Yy 4aci HaBaHTaKeHb. TOMY BHHHUKAE 3pOCTaroua
notpeda JOCIiKeHHS JUHAMIYHOT ITOBEIIHKHA TaKUX CJIEMEHTIB.

AHaJ3 BiTOMHX pe3yJbTaTiB A0CHiIKeHb. KOMMBaHHAM CYIUIBHMX TOHKOCTIHHHX
€JIEMEHTIB KOHCTPYKIiil ©0araro yBarm NpHIULIIOTh YuMaio (axiBIiB 3 MeXaHIKH
nedopmiBHoro tBepaoro Tina [1 — 3]. OgHak HEIOCTaTHBO € OMyOJIiKOBaHUX MaTepialiB, sKi
CTOCYIOTHCSI IMHAMIYHOI MOBEAIHKH OPTOTPOMHHUX TOHKOCTIHHHX €JIEMEHTIB KOHCTPYKIIH 3
BKJIIOUEHHSIMH, 30KpeMa IIMTIHIPUYHUX 000JI0HOK. B maniit pobOTi y3araibHeHO pe3yibTaTu,
OTpuUMaHi B poborax [4, 5].

Meta po6oTn — o0y IyBaTH PO3B’SA30K y3arajabHEHOI 3a/1a4i Mpo yCTaJeHI KOJMBAaHHS
OPTOTPOITHOT 3aMKHEHOT IMIIHAPUIHOT 0OOJIOHKH 3 MHOYKHHOO BKIIFOUCHB JIOBUIHHOI (hOpMU
Opi€HTaIlil Ta pO3TallyBaHHs, SKi B3a€MOJIIOTh 3 00OJIOHKOIO Yepe3 MPY>KHI MPOLIapKU TUITY
Binkiiepa, 3 JOBUIBHMMH TapMOHIYHMMH B 4Yaci I'paHUYHUMH yMOBaMH Ha 30BHIIIHIN
JOBUIBHOT OpMH TpaHUIll 000710HKH €(EeKTUBHUM METOOM Y paMKax YTOYHEHOI Teopii, ska
BpaxoBYe€ MOMEpPEYHi 3CYyBH U yci iHEPIiiiHI KOMIIOHEHTH.

IMocTranoBka 3amgaui. Po3misHyTH 3amady Hpo YCTajCHI KOJWUBAHHS OPTOTPOIHOT
3aMKHEHOI IUIIHAPHIHOT 00010HKH. O00I0HKa MICTHTh N aOCOTIOTHO KOPCTKUX BKJIIOUYEHB
JOBUTBHOT (hOpMH Ta pO3TAIllyBaHHS, SKi B3a€MOJIIOTH 3 OOOJIOHKOIO Yepe3 TOHKI MPYXKHi

npomiapku Ty Binkiepa 3 koedimieHTaMu MKOPCTKOCTI Y )(a). KoedimieHT k0pcTKOCTI

POIIApKy MOXE OyTH Pi3HUM I KOXKHOTO BKIIFOUCHHS, a TaKOXX MOXKe OyTH 3MIHHUM
Y370BXK KOXKHOTO 3 KOHTYpPIB BKJIFOYCHb. TOBIIMHOI MPYXKHUX MPOIMIAPKIB HEXTYEMO.

KonTypamu BKItOUEHb € KPUBI v ), j =1,N . Hexaii Ha BKJIFOUEHHS Macu i) TUIOTH CUJIH 3

J

TOJIOBHUM BEKTOPOM pV) :R.( )sin((ot), KUl € HOPMaJlbHUM [0 CepelIMHHOI MOBEpXHi

00OJIOHKHM 1 Ji€ B TOYINl LIEHTpa Mac BKJIIOUCHHS. BBakaeMo, 110 BKJIIOUYEHHS 3IIMCHIOE
NOCTYNAIBHUN PyX Y3[0BX HOPMAJIBHOTO HAMPSMKY OO CEPEeIMHHOI MOBEPXHI OOOJIOHKH.
30BHIIIHS IPAHAI OOOIOHKH € TAKOX JOBUMBHOI (popmu, a ii kouTypamu — kpusi L” Ta
LV Moxma ySIBUTH TaKy OOOJIOHKY, fIka B TEpMiHaX CEpeIWHHOI TOBEpXHi 3aiMae
0araTto3B’si3HY 007acTh (), K pe3yabTaT AOBIIBHOTO BHPI3Y 3 CYIUIbHOI 000IIOHKH, JOBKHHA
[ Ta pamiyca R, ska B TepMiHAaX CEpEIUHHOI MOBEPXHI 3aiiMae OJHO3B’SI3HY oOmacTh Il
KaHOHIYHOI (Qopmu. KpuBomiHiiiHy cucTeMy KOOpPAWHAT PO3MIIICHO B YSIBHO PO3IIMPEHIN
obnacti. KoopmuuaTHi JiHIT KPHUBOJIHIHHOI CHCTEMH KOOPJHMHAT CITIBIAJAIOTh 3 OCSIMHU
opToTporrii Marepiary 000J0HKH (puc. 1).

31



BICHUK TEPHOIMIJIbCbKOIO HALIOHAJIBHOIO TEXHIYHOIO YHIBEPCUTETY. Ne1 (69) 2013

Pucynoxk 1. LmmirapudaHa 000JI0HKA 3 MHOKUHOIO BKITIOYEHB JIOBUTHHOT KOH(ITYpaIlii Ta 30BHIIIHBOIO TPAHUIICIO
JIOBLITBHOT (hopMu

Figure 1. Cylindrical shell with a set of inclusions of arbitrary configuration and
with external boundary of the arbitrary shape

BuxopuctaHo Taki MO3HAY€HHS: N, T — HOPMaJIbHUN 1 JOTUYHHUN BEKTOPHU Y3IIOBXK
nesikoro Harpsmky; E; — monyni FOura; Gia, Gis, Goz — Moayli 3CyBy Matepiaiy; Viz, Vo —
koegimientu I[lyaccona; p — rycTuHa Marepiary; 24 — TOBIIMHA 000NOHKH; ki =0, k=1/R —
TOJIOBHI KPUBHHHU; ¢;, M; — KOMIIOHEHTH 30BHIIIHLOTO HABAHTAXCHHS; W — TPOTHH; Uy, Uy —
HOpPMaJIbHI Ta TaHTEHIIaJIbHI KOMIIOHEHTH MEPEMillleHb TOUYOK CEePEeAMHHOI MOBEPXHI; Yy, Vi —
HOpMAaJIBHI Ta TAHT€HIIATbHI KOMIIOHEHTH KYTiB MOBOPOTY HOPMaJi 0 CepeNMHHOI TOBepXHi; Oy
— HOpMaJIbHa KOMITOHEHTA Mepepi3yBalIbHUX cuil; M, , N, — HOpMallbHi KOMIIOHEHTH 1 M, N; —
TaHTEeHIIAJTbHI KOMITOHEHTH MOMEHTIB Ta MEMOpPaHHHUX CHJI.

Hexait Ha onHOMY TOpIIi 00OJIOHKH 33J]aHO PO3MOALIEHI KOMIIOHEHTH NIEpEeMIIEHb

w =wy(a)sin(wt), u, =u,y(a)sin(wr), 7y, =7,¢(co)sin(wr),

u, =ug(o)sin(or), vy, =7v.o(a)sin(owr), aell, (1)

a Ha IPYTOMY — 3aJ1aHO PO3HO/iIEH] KOMIIOHEHTH 3yCHIIb
0, =0, (a)sin(wr), M, =M, (a)sin(ot), N, =N, (a)sin(wr),
N, = Np(a)sin(ot), M, =M y(a)sin(ot), ael™), )

FpaHHqu YMOBHU HAa KOHTYpax BKJIFOYCHb MAKOTh BUIJIA

0, (a.t)==p(a,0), M, (a,t)=0, N, (0t,t)=0, M, (a,t)=0, N, (a,t)=0,

. (3)
aeclY, j=1N,
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ne p(j)(oc,t)=k(j)((x)(ﬂ/(j)—w(a,t)) — KOHTAaKTHi CHIM B3acMOJii OOOJOHKM Ta

BKJIFOYCHHS, ) = i) sin(w?) — mepemilienHs j-oro BkmodeHHs, w(a,f) — nporuH

00O0JIOHKM Ha MEX1 3 MPOIIAPKOM, Y )(OL) — Koe(ILieHT MPY>KHOCTI MPOLIAPKY MIXK j-UM

BKJIFOUEHHSIM Ta 000JIOHKOIO, SIKHIi € 3MIHHUM Y3/I0BXK KOHTYPY BKIFOUCHHS.
SIKIo moKjIacTu

wy(a) =u, () =7,0(a) =1 () =7,9(a) =0,
Qn()(a’) = MnO(a’) = Nno(a’) = N‘[O(a’) = M'[O(a’) = 07
TO MaTHUMEMO BHIIQJIOK KOPCTKOTO 3aKPITUICHHS OJTHOTO TOPIIS Ta BITLHOTO JPYTOTrO TOPIIS.

Po3B’s130k 3agaui. [y qOCiKEHHSI BUKOPUCTAHO PiBHSIHHS 000JIOHOK, SIKi BPaXOBYIOTh

norepeyHi 3cyBU. PIBHSIHHS pyXy MalOTh BUTJISI [6]

oM, OM, 2n* &%, ON, ON, ou, .
=+ =—0. =—-m, + o S+ —=+ k0 =—q;+2hp— (i=12),
ba T oas OTTMTIPOR Ga T, THO T e e (i512)
00, 00, 0*w
—+——=— (kN +k,N,, ) =—q; +2hp—-. 4
do,, | Oa, ( 14V11 T Ko 22) q3 p8t2 4)

Ha ocHOBI mpuITyIIieHs CTOCOBHO PO3MOJILTY HAlIPY>KEHb 1 IepeMillleHb

0, |os| <,
Ui=u;+v,03, Uy =w, 0O33= ot "
33> 37 ="
0,
N, 3M, 0 losl<ha o
GU.:2;Z+ 2h3j oy, (-h<oy<h), o= 213 o] (i,/=12; i#j) ©)

¢b13uuH1 CIIiBBiIHOIIEHHS HAOYAYTh BUTIISATY

j Ou, . Ou;

o dat; v o o d,
. oy ; 0y,
M, =D, %"'Vi' i , My=M; =D, oY, + Y ) O, =A, Yi+a_w_kz‘”i )
oo, 7 Oa; 7o W da; ooy oo,
’E. 20°G, _
Di:%v Dij= ljaBlj:thiJ" Bi:ﬂ’ A, =2hG;,
3(1_"1‘]"’]'1‘) 3 l_vijvjz'
L j=L2 i#j. (6)

HopmanbHi Ta 1OTUYHI KOMIIOHEHTH MEPEMIIIeHb 1 3yCHJIb BU3HAYaEMO 32 popMyIaMu

_ 2 2 _ 2 2 _
M, =M ni +2M,mn, + Mpny, N, = Nyyni +2N,mn, + Nypny , O, = Omy + 0,y
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M =(Myym +Mppny )ty +(Myym + My )15, No=(Nyyiy + Nigng ) 1y +(Nogiy + Nypy ) 15,
Yo =MY1+ Y0, Yo = UYL T Y00 Uy, = Ml + 1ol , Uy = Tyl + Told; . ()

VYHacnigok migctaHOBKH (i3MUHUX cHiBBigHOmIEHb (6) y piBHAHHSA pyxy (4)
OTPUMYEMO KJTFOUOBI PIBHSHHS

[L]U:_P, U:{ula u2: w, Yl) YZ}TJ P:{(]p 92: 93: m15 mz}Ta

o? or o? o? o, o*
L,=B—+B,———kiA,-2hp—, L,,=B,——+B,——kAy —2hp—,
11 1 0‘12 1 oc% 143 Patg 22 12 6‘&12 26‘0(% EAY) p8t2

o o* o
o ooy ot
o* o* 20 8? o? o? 20 82
L, = +D —-A, - —, Ls&=D,—+D,—-A,—p—,
44 =1 6‘(112 12 6‘(1% 173 p6t2 55 =2 6‘(112 2 Gag 2773 p6t2
a2 a2
L.,=L,,=kA,, L,=(Bv,,+B,)——, L,, =(B,+B,v ,
14 41 14} 12 ( 1V12 12)80c18a2 21 ( 12 2 21)8a180c2
a2 a2
L,.=L,, =k,A,, L, =(D,v,, +D,)————, L, =(D, +D,vy; )————,
25 52 2439 45 ( 1V12 12)(3&16&2 54 ( 12 2 21)80L180c2
0 0
L3, =-Lg =Ala_’ Lys =—Ls;=A;——, Ly, =Ly =0, Liy=Ls5; =0,
o, oo,
0 0
o, da,y
0 0
oL, dot,
PiBHSHHS pyXy BKIIOYCHh MATUMYTh BUTJIS]T
(8 (e : ()
mU)—aﬂ( ) pi) | P (&0)di(g). j=LN. ©

)

VY pesynbTati MaeMo kpaitoBy 3amaqy (1), (2), (3), (8), (9).

It po3B’s3Ky KpaloBOi 3ajadi BUKOPUCTOBYEMO HEMPSMUN METOJ TPaHUIHHX
enemenTiB. @ynkuii ['pina 3Haxoaumo meronom Dyp’e 3a BAKOPUCTAHHS CEKBEHIIAIIBHOTO
miIXOoAy 1O TmpeAcTaBiieHHs nenbTa-QyHkmii Jlipaka (Sk TpaHUIO IOCIIJOBHOCTI
nenbranoaiOnux Qynkuid [6 — 8]). 3Bigcu kpaiioBa 3amaua AN 3HAXOHKEHHS (DyHKIIIT
['pina ckiamaeTbes 3 piBHAHB (8), B AKUX
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(O8]

b

q, =T, (ocl,ocf)ng (az,ag)sin(wt), s=1,

_ r r r : _
mp—T3+p681(ocl,ocl)882(a2,a2)sm(mt), p=12,
r
1 ‘0‘1_0‘1‘ .
. e 81 | O oy |SEp,
S, (ocl,ocl)= & &
0, ‘ocl—ocf‘le,
r
1 ‘0‘2_0‘2 -
. > 8> , 0‘2_0‘2‘382,
S, (az,a2)= ) €

0,

r

B ysaBHO n00ynoBaniii obmacti I1:0<a,</,Qell 1 omHOpimHUX KpallOBUX YyMOB
rpanuti oIl [9, 10]
w=0, M,=0, N,=0, u =0, y,=0.

3rigHo 3 metoaoM Dyp’e dyHkii ['pina mrykaemo B Takii popmi:

.M
Wskm

(ocr )@ifn (o) +w) (ar ) OF (a)} sin(ot),
k=l m=0 -

o)) g ffiale)] )]
M)%ZZ{ )] o)
o)) _gofillalor)] ()] T
{vg(a,a’,t)};%H%Ek:(ar) P v%?i%:(ar) ]

Oyukuii y Bupazax (10) posxiagaemo B psinu Dyp’e

s (a, ar,t) = kf} i)T;Ckm (8)[@& (ar)cbifn (o) + Dy (ar)cbifn (oc)} sin(ot),

1
”

—
R
—_——
R R
Q&
W on
~ _ —

(10)

Ha 11

(11)

(12)

{TV } Cin(€) [(Difn (OLr ) DL (o) + Dy (ocr ) (O (oc)} sin(or),
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=ii{;{}ckm<e>[ (o )0k @)+ 0, (o )0 (@) Jsin (1), (13)

5

4
Crn (&) =1y, 7@1 (}lesl )CPz (szez) )
142

km

mn
klk:l_’}‘ﬁm:l_’ ly=1I,1,=2nR, 1, sxkmo k=0, m =0,
1 2
1
fon (@) = cos (A ap )sin(As,05 ), E,HKI.HOk=0,m¢O,
o (o) =sin(Aq 0 )cos(h,, Oy ), =
i (00) =sin (&0, ) cos (A0 Hi l,;n(mok;to,mzo,
o (@) =sin (A0, )sin (R0, ), 2
°C 1 — —_—
;m(oc)=cos(k1ka1)cos(K2ma2). Z,HKHIOk—O,m—O-
¢ (Ai€r)s  @3(Ayue,) — BaroBi  dyHKuii, sKi BH3HAYAIOTH THIl y3araJlbHEHOTO

nizcymoByBaHHs. MoxHa OpaTy I IPOCTOTH €, =€, =€.

[Ticnst mincranoBku criBBigHOLIEHs (12), (13) y po3B’sByBajbHY cHcTeMy piBHSHB (8)
OTPUMAEMO CHCTEMY JHIHHUX anreOpaiyHuX pPiBHSIHBb BiJIHOCHO HEBIAOMHUX KOe(illi€HTIB.
YacoBa KOOpAMHATA BIIOKPEMIIIOETHCS y BUMANKY YCTaJCHHX TapMOHIYHUX KOJMBaHb. Y
pesynbTari orpuMaemo GpyHkiio [pina B aHaTITHIHOMY BUTIIAII

u° (oc,ocr,t) = lim U° (oc,ocr,e, t) = li_r)%kz_(;% Ciom (8)<[E§€1n)1 (oc)][U&][E% (ocr )} +

e—0

+[ R [ U2 R (o) )17 sin(wr). (14)
T

o (oc, oc’,t) = {ulc (o, 0, 0),us (o, 0", 8), w (o, 0, 1), 7Y (0, oc’,t),sz(oc,oc’,t)}

T ={Tlr’Tzr,T3r,T4r’T;}T,

o) 0 0 0 0 |
0 (o) 0 0 0
[EQ (a)]=| o 0 ap(a) o o |
0 0 0 o(0) 0
0 0 0 0 (o)
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oS o o O

i)
Ui
|:U§c{n):| = wi)!
Yiin

(N
| VZkm

(M _ 1
lkm —

)
U
wi?
Vire
Yon

) ki
L
—————det

())k L
det[L| L

) ki
L

(N3
Uiem

()3
Uyl

2

()3
ylljcm

(/)3
Y ijm

) km
12
(J)k
L™

j) ki
L

(ko
Lss

L(llgkm = _317‘12k - BIZ}\'gm - k12A1 +2pho”,

n ()

()4
Uijom

(/)4
Uyl

i

(/)4
ylljcm

(/)4
Y ijm

) ki
Ly
(J)k
Ly

L
L

) ki
L

(Dk
L22 "

cc

bn(a)

0

()5 ]
Z’tll{m

(/)5
u2£€m

(/)5

Wion ’

(WAR)
’Ylim
s
Yom |

j)km
1)
(/)&
L™
j) ki
g

j)km
12

i (@)

oS o o O

i (@)

= _3127‘12k - BZ}\ém - k22A2 +2phe’,
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2h° 2n

1)km 2 2 2 )k 2 2
L(4z)1 =—D\Aj; — DAy, — A +TP® ; L(sg " = Dpyhiy — Doy, — Ay "‘TP@

Dk Dk )k )k 1)km 1)km 1)km Dk
L(lzm:L(4)lm:klAlaL(ng:L(S%m:kZAZ’L(IS) :L(si :L(zz)t :L(4%m:0,

LY = ~(Byvis + By ) Aoy Ly = ~(Byva1 + Bi ) Mgk
LG =Lg™ ==Ahy L™ =Lg™ =-Aghy,,
L(i:)skm =—(Dyvip + Dpy ) hihy » L(slz)tm =—(DyVvy1 +Dpy )My,
Ly = (kA + Bk + Biky v )y L) =(ki Ay + Biky + Bykyvoy ) i s
L = (ky Ay + Byky + BykyVay ) Mgy LY =(kyAy + Byky + Bikyviy ) Ay

L(lzl)km = _317‘121( - Blzkgm — ki Ay +2phor’, L(zzz)km = _Blzklzk - BZ}\ém —ky Ay +2pho?,
2)km 2 2 2

2h° 2h3
2)km 2 2 2 2)k 2 2 2
L™ = =Dy = Diha, — Ay + 3 PO L2 = DA, — Dy)3, — A, +Tp® ,

2)k 2)kom 2)k 2)kam 2)kom 2)k 2)kom 2)k
L(14) " =L(41) = kA, aL(zs) " =L(52) =k, 7L(15) =L(51) " =L(242 = L(42) "=0,

L(122)]m1 =(Bvia + By hghoy L = (ByVar + By ) Mgk s
LG =R =—Aphy, L™ =LA = Ajhyy,,
L = (Divia +Diy) Mgk s L = (Dyva; + Dy ) Mgy s
LY = (K Ay + Biky + Bikyvy )y Ly =(kAy + Biky + Byky vy )y

2)km 2)km
L(23) = _(szz + Byky + Byky vy )7\‘2m’ L(32) =_(k2A2 + Byk, + Bikyvy, )7\‘2m .

Beomumo ysaramshermii kontyp [9—11] L=IP vV u...oIM UL 1 Taki

¢yHK1ii Ha HBOMY:
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™ (&)= {1 (). (@)} ger™,
TN+ (&) - {Tl(N+1) (&)’___’TS(NH) (g)}T, £e L(N+1)’

T (0)
{10,0(0), (@), wo(@), 7,0(), Vi) |, e L?,
{O, 0, k(l)(oc)(w(oc)—ﬂ/(()l)), 0, O}T, oceL(l),
Up(0) = 9 e

(0, 0, £ (a) w(er) -5, o, o}T, e L™,

{N”O(a)’ Nig(a), Gyo(@), M (), Mro(OC)}T,OceL(N”),

Ha ocnosi 3Haiinenoi ¢yukuii Ipina (12) po3B’I30K MIyKa€EMO y BUIJISAI MOTEHI{ay
IPOCTOTO MIapy

Ut _11mJ'ZZCkm(g)<[ (1)((1)}[ (1)][ (1)(§)]+

HEQ @[ U2 |[ER (2)])T(2)di(&)sin(or), (15)

U () = (01, 2), 115 (0, 1), w(0t, 1), 7, (4, 1), 75 (0, ))

Hns  moOynoBuM  IHTETpajdbHUX pIBHAHb KpaioBOi 3amadi  BHKOPHCTOBYEMO
npezcTaBieHHs po3B’s3ky (15), kpaitoBi ymoBu (1), (2), (3) Ta cniBBigHOmeHHs (7). Y
BUIIAJKY KPAOBUX YMOB, KOJIM Ha KOHTYpPax 3aJIaHO KOMITOHEHTH 3YCHIIb, BUKOPHUCTOBYEMO
MeTOJT (PIKTUBHOTO KOHTYpY Ui YHUKHEHHsS CTpUOKa MOXIAHOI BiJ MOTEHILIaTy MPOCTOrO
I1apy Ha FPaHuIli, KU TOJISITrae B TOMY, IO KPaioBi YMOBH 32JI0BOJIBHSIEMO HE HA PeasIbHIH
rpaHulli, a Ha rpaHuil (IKTUBHO 3MIIICHIH BCEpeAUHY PO3TIsAAyBaHOI 00IAcTi Ha Maly
BifcTaHb €. KpuBi 3MilllEHUX KOHTYPIB MO3HAYATUMEMO Lg(j ). Tonmi cucrema S5(N+2)+N

IHTErpaNbHUX PIBHSHBb BITHOCHO HEBIAOMUX (YHKIIIN TYCTHH T(&,) Ta BIZHOCHO HEBITOMHUX

nepeMilleHb BKIIFOYCHB vT/(()’ ) HaOyBa€e BUTIIAY
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{unO(a)a urO(a)a o (OL), YnO(a)v 'Y‘EO((X’) }T =

= hm_[ Z Z Cin (8)<[ QECQ(U)(OL)][E% (&)] +

L k=0m=0

+[ 2V () |[ER) (g)]>T(§)dl(§), ael?,

{o, 0, k(-’)(a)(w(a)—wgf)), 0, 0}T -

lm { kzg Z_;)Ckm @( 2" @][ED(2)]+

H{ 2@ [BR )] 1)), aerl), <IN,

{Nno(a)a N‘cO(O(')a QnO(a), MnO(a)a MIO(G')}T =

hmj z S C, (g)<[ Q0 (o) |[ B (2) |+

g0 =0 m=0

+[ 02N (@) [ ER () ) T(8)al (), ove ),

—oti Dl = B~ [ KD () (7 - w(e)Jai(c), j=LN.

e

@)= 33 Cun ()], () w055, ()75 (2) w0, ()T ()4
L k=0 m=0
RO, (E)T; (8)+ whl' e, ()T, () +u) 0k ()75 (&) +
+ 0, (o) () i, (B)T; (&) + w0, (B) (8)+ Wl i, (B)T3 (8)+

2o (BT, (8) o, ()7, (2))}ar @),

A 05, (&)Ts () +ul) 05, ()T, (8)+ w0, (8)T5 (8))+
o, (0)(wl' @l (&)T; (&) +wl 0p, (B)T: (&) + i 0is, (B)T: (2)+

2o, (BT (8) o, ()T, (2))} (@),

w(©)=] 33 Cun ()55 ()5 ()T (&) wii s (2)7: (2)+
(
)+
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D (@) ul) () um(a) ul (@) ul)(a) |
ut? (00) uf? (@) ul)(a) uf (o) ulf (@)
[Qﬂq)w)(“)]: W (o) Wi (o) Wi (ar) Wi (o) W ()
(])(a) y(J)(a) y(J)(a) Y(])(a) y(])(a)
v (o) v (@) v (@) v (o) v (@) |

~
I

-
\S]

u$h) (o) = my (0ufp] @i, () +my (S D3 (a)
uD (o) = 7, (u P/ D (o) + 1, (a)ulDI D (),
1t 1 1km 2 2km

YD () = my (Y P, () + my (Y A, ()

Y52 (0) = 7 (Y| @, () + T (v D (@)
wi (o) = wi) D (@),

U (o) = my ()l )] Di (00) + 1y (Yl Do (1),

u? (o) = T () Df, (o) + T (Wl D, ()

Y2 (@) = m ()Y DL (o) + ny ()Y D (o),

15 (@) = 1@y @i, () + T ()Y 5 D, (00),

wi? (o) =win Dje (), j=1,5.

N (@) N(@) N (@) N () NP (@) |
NiP(0) N3P(e) NiP(e) NgP'(@) Ng(o)
@] o o) 0@ ol 0@ | =12,
M (o) M) (o) M) (o) My (@) MG (@)
| M (o) MED () M3 () MEP () M5 (a) )

1 1
Ny () = (oa)[ lhion ~ Vizk a3 + (ki +Viks ) Wi ] +
1)i 1
+2B),mn, @}, (a0) (kzmul(kzjz + Aglhgy ) +
()i

2 35S ()i
+Byn) m(a)[ At =Vttt +(ky +Va1k ) Wi ]’

I 1
NS (@)= Bt @p, (Ot)[ T V12}‘2m”2km+(kl+V12k2)wl(cnzl:|+
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0
+Byy (m 1y +my1y ) @, (@) (}LZmul(kzrlz Al ) +

+Byny 1,0y, (Oﬁ)[ Dyl =V 21M1 (ke + vk ()l]
M) (@) = Dinf @3, () (=AY s = ViahamY o, |+ 2D1mm, @, (a) X
in 111 %k kY ke =~ V122 2m Y 2km 12" %
iy D)L 2 o M i
X\ A2 Ytk + MY aom )+ D2l Poon (O =AY 2iom = VarixYigem )
M (o) = Dy @, () ~hg ¥l = VishamYor |+ Dy (mTy + 1,1 ) D, () X
i () =T P, (& 1Y thm — V12 2m ¥ 21m 12Ty T 7T )P (O
)i )i )i )i
X(szﬁkﬁ + MY ) + Dymy Ty Py, (Oﬁ)(—xsz(zlzrln ~VarhiYim ) ’
0y (@)= Ay ifn(oc)(vfzf;”»lkvvzﬁﬁ’ klul(llczyl;)+A2n2 (oc)(v% Ram Wi~ kZugk)riz);
2 2 2
N () = Bin{ ®y; (G)[ et +Vi2h it (ki +V12k2)wl(cm)l:|+
i
+2By,mn, @y, (1) (_}"Zmul(krll + hyjliSn ) +
2 2
+Byny Dy, (00) [Mm”zkzn +Varhygtgi +(ky +varki ) wi )l] >
2 2 2
N (@) = Bimy,®; (oa)[ lhion + Viz kot + (ki +Vigky ) Wi )l]"‘
2 2
+Byy (mTy + 11 ) @, (a)( Myt +H k“ék%)
+Byny 1,0y (a)[meuzkzn Varkygttgi +(ky +varki) i, )l]a
2 2)i 2)i
MY (o) = D@, (a)(—klkﬁk;)nl +V127V2ngk)nlq)+D2”§ o (Q1) X
2)i 2)i 2 2
x (7\'2mygk)nl1 —Vo ki Yiin ) +2Dp,mny @i, (0‘)( Koo Vi + 1Y 5w )
2 2)i 2)i
M2 () = Dy ®, (a‘)(_}\’lkygkr)ri V12 R 2T 5o ) + Dy Ty P, () X
2)i 2)i 2)i
(xszzkm VZI}"lkygkr)rZ)+D12 (mTy +myr, ) OF, (O(’)(_}\'Zmygkr)r: +7‘1kng¥,)’
2 2 2 2 2 2 2)i
O (o) = Ay s, () (v + My —hulpn )+ Agma @3, (@) (viin = Aol =kl ),

=15.

Po3B’s130K cucTeM iHTErpallbHUX DPIBHSHb MOKHA 3HAMTH HA OCHOBI PI3HHX CXEM
METOAy KoJIOKamiil. J[mst BiamrykyBaHHS pPO3B’SI3KY IHTETpaibHHX piBHSIHb @Dpenroiapma
NEepIIOro POy HEOOXiNHO BHUKOPHUCTOBYBATH PETYJSIPU30BAHI aJrOPUTMH, OCKUIBKH IE €
TPaAMLIHO HEKOpeKTHa 3ajgada. Jlns KOHTYpiB 3 KYTOBHMH TOYKaMH HEOOXiTHO
BUKOPHCTOBYBaTH HEPIBHOMIPHY CITKY 3 JOCTAaTHHO CHJIBHMM YIIUIbHEHHSIM OUIs KYTIiB 3

METOI OTPUMAaHHs 30DKHHUX pO3B’si3KiB. [[iis mpukiany, 10CUTh 100pi pe3ylbTaTH JIa€ METOJ
KOJIOKAIlii, KOJIU KOHTYPH Yy3arajllbHeHOI KpHUBOi L 3aMiHIOEMO JIaMaHUMH (SY) — kinbKicTh
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)

() _ cepennHu BiApi3KiB pO3BUTTS j-0r0 KOHTYPY, [ () —

BiJIPi3KiB pO30OUTTS j-Or0 KOHTYpY, O
JIOBXKMHHU BIAPI3KIB PO3OUTTA ,r=1, ), @ Ha KO)XHOMY 3 NPSAMONIHIHHMX BIJPi3KiB

KOHTYpIB 3a[laEMO PO3MOALIT HEBIIOMHX TyCTUH T(j)(é_,)zT(j)rES(oc(j)r,E_,). MiHimizyemo

HEB’S3Ky B KOHTPOJBHHX TOYKAaX KOJOKAIiN ol

, SKi BUOHMpaeMoO cepeauHaMu BiApi3KiB
PO3OUTTSI KOHTYpiB 200 TOYKaMH, SIKi € Ha BIACTaHI € BiJ HUX 3 OOKY PO3IJISAYBaHOI 00JacTi.
[Ipu inTerpyBaHHi B OCTaHHIX CHiBBiHOMmEHHSIX cuctemu (16) MoxHa BHOHMpaTH CHOCIO
PO3OUTTSI KOHTYPIB BKJIIOUEHB HE3aJIEKHO Bif CIIOCOO0Y PO3OUTTSI KOHTYPIB 32 BUKOPUCTAHHS

METO/Y KOJIOKAIiN JJIsl alpOKCUMAIlii HEB1IOMUX T'yCTHH.
N+1 )

3Bigcu cucremMa 5 Z SY 4 N ninittaux anreOpaiyHUX pPIBHSAHb BIJHOCHO HEBIJIOMHUX
Jj=0

w(()"),j LN ta TV, j=0,N+1, r=1, s Ha0y/ie BUTTISITY

{uno(a(‘))"), ufo(a(o)"), wo(oc(o)q), yno(a(o)q), vro(a(‘))q) }T _
555 o o (e ()

+Eggn)w) (G(O)qﬂ[Egn) (a(f)’)DT(f)’, a1 5=1,50

{O, 0, k(j)(au)q)(w(a(m) wgl-))’ 0, O}T:

N+1SY) K

AR ) g

Jj= 1 k=0 m=0

0 r=
+[Q§jn)(”>(oc(f)q )}[Eﬁ?(amr )DT(/)r’ o e ) 2150 TN,

1s()

£5 5w [or e onle)

{NnO (a(NH)q )’ N (a(N+1)q ) o (a(NH)q ) M, (a(N+l)q ) M., (OL(N+1)q )}T _
0 r=
_{ Q2P (a(zv+1)q )}[Egn) (a(j)r )DT(;)V’ a0 @ gV (V)
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S(f)

sY [(n+1sY) kM _ _ _
=y ZZZZ{_Ckm(S){ iin( (s)p )[W(l)lq) (a )1/ +W;(c22q)ifn(0‘(])r)7§(])r+
p=1| j=0 r=1 k=0m=0

swRop, (o) T e wiog (a0 )T+ w oy, (o)) ﬂ

e (Ot(s)p)[wzﬁfn“@ifn (a(j)r) I s w20 (a(j)r) T w3 (a(j)r) o 4

w2, (o) T ey, (o)1 )”}}}+ @(a(s)")wé”‘)} ~o?il i), s=1N.

(17)
( ) jk 5 (Q)dI(C).
o (at?) = j KO (), (2)di ().

o)~ | ks)(c)dz(e;), s=LN.
9o

BrnacHi yacToTH 3HaXOAMMO 3 YMOBH iCHYBaHHS HETPHUBIaJIbHOTO PO3B’SI3KY BiIMOBIIHOT
CHUCTEMHU OJHOPIAHUX JIHIHHUX anreOpaiuHUX PIBHSAHB, MPUPIBHIOIOUM BHU3HAYHHUK CHCTEMH
70 HyJsl. XapaKTepUCTHKH HANpPYKEHO-1e(hOPMOBAHOTO CTaHy B3JIOBXK JIOBUTLHOTO HAIIPSMKY
3 HopMammo n(a) = {n (o), ny(a)} Ta HOTMYHOI T(a)={T (), T,(0t)} MOXKHA OTPHMATH Ha
OCHOBI 3HAMJICHUX JUCKPETHUX 3HAUCHb (DIKTUBHHUX 3YCHJIb HA 30BHIIIHIX KOHTYpax Ta KOHTYpI
BKJIFOUEHb, BAKOPUCTOBYIOUH TaKi PopMyIH:

u,(o,t)

u(a,1) N+SY) K M

w (0,0) b= z z Z Z Ci (g)<[ Q&(u)(a)}[Eiﬁ (a(f)r)}+

y ((X t) j=0 r=1 k=0 m=0
n U

V. (0,1)

J{ QS{fn)(U)(O(«)] [Egn) (Oc(j)r )}>TU)’ sin (or);

N, (c1)

Ne(o,t) N+1SY) K

O, (0,0 f=> 3 Z C,, (g)<[ o(P) (oc)][E“) ( () ):|+

=0 r=1 k=0m=0
M, (a,t)| =0 r=HEEOm=

M (o,t)

+[ Q2™ (a)][Egjn) (at )D T sin(wt). (18)

BucnoBku. BukopucroBytoun moOyaoBaHi B poOOTi iHTerpalibHi pPiBHSHHS, MOKHA
OTpUMATH PO3B’SI3KM Ml JOBUIBHHX MIIIaHUX BUIMAAKIB KpPailOBUX YMOB Ha 30BHIIIHIX
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IPaHUIIX OOOJIOHKHM, PO3IIIANAI0YM JOBiIbHI KoMOiHamii ammmityn w(a),u,(a), v,(a),

u(a), v.(a), 0,(a), M,(a), N,(a), M (a), N (o). Takoxk J0O3BONAIOTECS NOBiNBHI i3Hi

n T
MiIlIaHl KpaioBi YMOBHM Ha BCIX CKJIQJIOBUX KOXKHOI 30BHINIHBOI rpaHuili. Tomy B pamkax
nocraBieHoi 3amadi He OOOB’A3KOBO, MIOO MM 30BHIMIHIA KOHTYp OOOJOHKH OyB
3akpiruiennii. OmHa abo KiJbKa CKIIAJ0BUX 30BHIIIHIX KOHTYPIB MOXHA PO3TJISAATH SKUMOCH
YUHOM 3aKkpirieHuMH. KITFouoBi piBHSHHS BPaxOBYIOTH JeOpMAIlifo MOTICPEYHOTO 3CYBY Ta
BCl 1HEPIIiiiHI KOMIIOHEHTH, BKJIIOYaO4M iHepIito oOepTtanHs. Lle mo3Bosie AOCHIIKYBaTH Y
Kpaliiii SKOCTI pi3HI THUNHU KOJIMBaHb, CIPUYMHEHUX PI3HUM XapakTepoMm 30ypeHHS
30BHIIIHBOI TpaHUIl y BHUMAAKY aHI30TPOIHUX MaTepiamiB. Y paMKax MM00yZ0BaHOTO
PO3B’S3KY MOYKHA PO3IIISIIATH BUIIAJAKH 30BHIIIHIX 'PAHUIE O0OJIOHKH Ta KOHTYPIB BKIIFOUCHb
3 KyroBUMH To4ykamu. OJHaK y BHIAAKy KOHTYpPIB 3 KYTOBHMMH TOYKAMH HEOOXIJTHO
pO3TIIAIaTH HEPIBHOMIPHE PO3OUTTS B CXEeMi METOAY KOJOKAIii 3 JOCUTh CHIIBHHUM
YIIUTBHEHHSIM O1JIs1 KyTiB 3 METOI0 OTPUMAaHHs 301KHUX PO3B’SI3KiB. A Ui PO3B 3Ky PiBHIHb
O®pearonpbmMa MEPHIOTO POIYy HEOOXIAHO BHKOPHUCTOBYBATH CTAOIII30BaHI aJITOPHTMH,
OCKIUIBKH 1€ € TPAIHIIfHO HEKOPEKTHA 3a1a4a. Ha erari 4ncioBoro po3paxyHKy HEOOXiTHIUM
€ JOCHiIKEeHHs 30DKHOCTI W ONTHUMAalbHOTO BHOOPY 3HAYEHb MapaMeTpiB ampoKCHUMaIlii

NY ),K ,M,e y paMKax KOXKHOTO KOHKPETHOTO BMIIAJKy JJIsi OTPUMAaHHS TOYHHX YHUCIIOBUX

pe3yabTaTiB. 3alporoHOBaHA B CTATTi CXeMa Ja€ PO3B’S3KH, SIKi J00pe Y3rOJKYHOTHCS 3
BIJIOMUMH pe3yJIbTaTaMH JUIsl YACTKOBUX TPAaHUYHUX BHIIA]IKIB, OTPUMAHHMH IHIIIUMUA METO/IaMH.

Conclusions. Using integral equations constructed in the paper, the solutions for
arbitrary mixed cases of the boundary conditions on the external boundaries of the shell can
be obtained considering arbitrary combinations of the magnitudes w(a), u,(a), v,(a),

u(a), v.(a),0,(a), M,(a), N,(a), M (a),N,(a). Different arbitrary mixed boundary
conditions on all subsections of each external boundary are also allowed. Such that it is not
mandatory within the problem statement that the whole external contour of the shell is fixed.
One or several subsections of the external contours can be considered somehow fixed. The
key equations take into account transverse shear deformation and all inertial components
including rotary inertia. This allows to investigate in higher quality different types of
vibrations caused by different character of external boundary excitation in the case of
anisotropic materials. The cases of external boundaries of the shell and the contours of the
inclusions with the corner points can be analysed within the solution constructed. However,
non-uniform meshes with the strong mesh refinements near the corners in the collocation
scheme must be considered for the cases of the contours with corner points in order to obtain
the convergent solutions. And the stabilized procedures must be used for the solution of the
system of the Fredholm equations of the first kind, because this is conventionally ill-posed
problem. It is indispensable to investigate the convergence and optimal choice of the values of

the approximation parameters st ), K, M, ¢ on the stage of numerical computation within each

particular case in order to get the numerical results efficient enough. The scheme proposed in
the paper provides the solutions which are in reasonable agreement with the known results for
the partial limiting cases obtained by the other methods.
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Cnucox BUKOPHUCTAHOI JIiTepaTypu

1.

10.

11.
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