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Inemumym npukaaouux npobaiem Mexaniku i Mamemamuxu
im. A.C. Iliocmpueauwa HAH Yxpainu

KOJMUBAHHS OPTOTPOITHOI MAHEJII IOJABIMHOI KPUBUHU 3
MHOKHHOIO OTBOPIB JJOBIJIbHOI KOH®IT'YPAIIIT

Pe3tome. B pamkax ymounenoi mooeni, sika 8paxogye deghopmayiio nonepeyHoco 3cysy, nobyooearo
D038 430K 3a0aui npo yCmaieHi KOAUBAHHA OPMOMPONHOL naneni NoOBIUHOI KpUSUHU 3 O0BIIbHOI KITbKICMIO
0meopie 008LNbHOI 2eomempuutoi Gopmu, opieHmayii ma posmauty8anHs. 306HIWHA 2pAHUYA NAHeNl €
008IbHOI 2eomempuynol KoHpieypayii. Pozensnymo 008LNbHI 2apMOHIUHI 6 YACI SPAHUYHI YMOBU HA KOHMYPAX
omeopie ma Ha 308HIWHII epanuyi naueni. Po3s’sa30k no6y0oeano Ha 0cHOGI HENPAMO20 Memooy ZPAHUYHUX
elleMeHmié ma CeKeeHYIaIbHO20 Nioxody 00 300padcenns Gyuxyii I pina. Kpatiosi 3adaui 36edeno 0o cucmem
JUHIUHUX aneebpaiuHux pieHsHb.

Knwouosi cnosa: opmomponna nawenv nooGitiHOI  KpUBUHU, KOAUBAHHA, 6IACHI uacmomiu,
nocaioogHicHull nioxio, ¢yuxyia I pina, Henpamulli Memoo epaHUYHUX eleMenmis, Memoo KOIOKAYI.

T. Shopa

VIBRATION OF ORTHOTROPIC DOUBLY CURVED PANEL WITH A
SET OF CUTOUTS OF ARBITRARY CONFIGURATION

Summary. In the framework of the refined theory, which takes into account transverse shear
deformation and all inertial components including rotary inertia, the solution of the problem on the steady state
vibrations of the orthotropic doubly curved panel with the arbitrary number of holes of the arbitrary geometrical
form, orientation, and location is constructed. The panel of the uniform thickness with constant curvatures is
considered. External boundary of the panel is of the arbitrary geometrical configuration. This object can be
obtained as the result of an arbitrary cut out from the doubly curved panel of the canonical rectangular shape.
Arbitrary harmonic in time boundary conditions are considered, both on the contours of the holes and on the
external boundary of the panel. The solution of the system of five partial differential equations in the multi-
connected domain with the non-homogeneous boundary conditions of different types is built on the basis of the
indirect boundary elements method. The Green’s functions are found on the base of the sequential approach to
the representation of the Dirac delta function (as the sequence of the delta-like functions) and the Fourier series
method. The boundary value problems are reduced to the systems of the Fredholm type integral equations on the
base of indirect boundary element method and are solved by the collocation method. The cases of external and
internal boundaries of the panel with the corner points, and the cases of holes degenerated into the cracks can
be analysed within the solutions constructed. The solutions for arbitrary mixed cases of the boundary conditions
can be obtained on the base of integral equations constructed in the paper. Different arbitrary mixed boundary
conditions on all subsections, both of the external boundary and of the contours of the cutouts, are also allowed.
The solutions of the analogical problem for the plate can be considered as the partial case. Some aspects of the
efficient numerical schemes of the collocation method in order to obtain the convergent solutions for the ill-
posed problems, considering Fredholm integral equations of the first kind and the cases of non-smooth
boundaries, are discussed.

Key words: orthotropic doubly curved panel, vibration, natural frequencies, sequential approach,
Green function, indirect boundary elements method, collocation method.

IMocTanoBKa nmpobjemMn. B cydacHUX iHXCHEPHUX KOHCTPYKIISAX, SKI MPAIIOOThH 32
3MIHHUX Yy 4Yaci HaBaHTAXXEHb, MIMPOKO BHUKOPHCTOBYIOTHCS aHI30TPOIHI OOOJOHKOBI
€JIEMEHTH 3 OTBOpaMU pi3HOi popmu Ta posramyBanHs. Cepea HUX € 00O0JIOHKOBI MPYXUHU
[1], iKi BUKOPUCTOBYIOTHCS B MAaIMHOOY1yBaHH1 (0ypOBi aMOPTH3aTOPH, BiIOpaIliiiHi MallluHU
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[2] Ta in). ToMy BHHHMKaE 3pocTaroua MoTpeda JOCHIIKEHHS JUHAMIYHOT MOBEIIHKUA TaKUX
€JIEMEHTIB.

AHaJ3 BigoMuX pe3yabTaTiB A0caigKeHb. KoMMBaHHIM CyHUTBHUX TOHKOCTIHHUX
€JIEMEHTIB KOHCTPYKI[ii 0araTo yBarm NOPUIAUISIOTH YuMano (axiBIiB 3 MEXaHIKU
nedopMiBHOrO TBepAoro tina [3,4]. OnHak HEIOCTaTHBO € OMYOJIIKOBAaHMX MaTepialiB, sKi
CTOCYIOTBCSl TUHAMIYHOI TOBEMIHKM TOHKOCTIHHUX €JIEMEHTIB KOHCTPYKIIH 3 OTBOpamH,
30KpeMa KpHBOJIHIHHUX TaHeneld. Y poOoTi [5] B paMkax KIIAaCUYHOI Teopii 0e3 ypaxyBaHHS
iHepmii oOepTaHHS METOJOM CKIHYCHHHX €JIEMEHTIB JIOCHIPKCHO BUIbHI KOJHBAHHS
HiKPIIUICHOT B MO30BXHBOMY HANPSIMKY HWIIHIPUYHOI 130TPOITHOT MaHeNl 3 IeHTPaTbHIM
NPSIMOKYTHUM OTBOPOM Ta PI3HUMH THIIAMU TPAHMYHHX YMOB Ha 30BHIIIHBOMY KOHTYpI
naHem. B pob6oti [6] mpoBeneHO YMCIOBI, HA OCHOBI METOJNY CKIHYCHHUX €JIEMCHTIB, Ta
EKCIIEPUMEHTAIbHI JIOCHIKCHHS BIUIMBY EKCIICHTPUYHO PO3TAIIOBAHOTO MPSMOKYTHOTO
OTBOpY Ha 4YacToTH Ta (OpPMHU KOJIMBAaHb KOMIIO3UTHOI IIMIIIHAPUYHOI maHem. B
nocimkeHHsaxX [7] Ha 6a3i MeTOly CKIHYEHHHX €JIEMEHTIB Ta YTOUHEHOI Teopii, sika BpaxoBye
MOTIEPEYHi 3CYyBH Ta IHEpPLIiI0 OOEpPTaHHSA, PO3MISAHYTO JAWHAMIYHY CTIMKICTH JIaMiHOBaHOI
KOMITO3UTHOI ITaHel TOJBIWHOT KPUBHHU 3 IEHTPAIBHUM MPSMOKYTHUM OTBOPOM Ta 3
PI3HMMH TUIIAMU TPAHUYHUX YMOB Ha i1 Mexi. B ctarti [8] MeTOOM CKIHUEHHUX €JIEMEHTIB
JOCITIJKCHO KOJMBAHHS TAHENI MOJABIMHOT KPUBHMHU 3 IIEHTPAJIbHUM KPYTJIUM OTBOPOM Ha
0a3i yrouneHoi Teopii, siKka BpaxoBye IMOMEpPeUHi 3CyBU Ta iHepuio obepraHHs. B po6oTi [9]
JOCITIDKEHO KOJIMBAaHHS TaHEN TOABIMHOT KPUBHHU CYNEPETINTHYHOTO 30BHIIIHBOTO
npodUTIO 3 CYNEepeNinTUYHIM OTBOPOM.

MeTor0 po6oTH € 0OyI0Ba pO3B’SI3KY y3araJlbHEHOI 3a/1a4i PO YCTaJICHI KOJMBAHHS
OPTOTPONHOI TTaHeNi MOBIHHOI KPUBUHH 3 MHOKHHOIO OTBOPIB JTOBUILHOT (hopMH, OpieHTAai]
Ta PO3TANTyBaHHS 3 JOBUILHUMHU TapMOHIYHHMH B Yaci TPaHUIHHUMH YMOBaMHU Ha KOHTYpax
OTBOpIB Ta Ha 30BHINIHIN JOBIILHOT GOPMHU TpaHUIll TTaHeN e(PEeKTUBHUM METOJOM B paMKax
YTOYHEHOI Teopii, siIka BpaXoBYy€ MOMEPEUHi 3CYBH 1 BC1 IHEPIIIiHI KOMIIOHEHTH,

IMocTtanoBka 3agaui. Po3risiHyTn 3amady npo ycTaleHi KOJIHMBAHHS OpPTOTPOITHOT
nmaHeNdi ToABIMHOT KpuBWMHU.  [laHens Mictuth N OTBOpIB JIOBUIBHOI (GopMU Ta

posramyBanns. Konrypamu oteopi € kpuBi L), j=1,N. 30BHIUIHS IpaHUIS HaHem €

TaKOX JOBUIBHOI (OpMH, a 11 KOHTYpOM € KpHBa [V Mosxua YSBUTHU LEH 00’ €KT, KU B
TEpMiHAX  CEepeMHHOI MOBEpPXHI 3aliMae 0araTo3B’s3HY o007acTh (, SK pe3ysibTaT
JOBUIBHOTO BUPI3y 3 3 MaHENl MOABIMHOI KpUBUHHU, SIKa B TEPMiHAX CEPEIUHHOI MOBEPXHI
3aiiMae OHO3B’sI3HY 00nacTh I1 KaHOHIUHOI opMu (MpsMOKYTHY B IuiaHi). KpuBomiHiiiHy
CHCTEMY KOOPAMHAT 3 METPUKOIO, OIM3BKOIO JI0 €BKIIIZ0BOI, PO3MIIIEHO B YSBHO PO3MIMPEHIN
o6macti. KoopnuHatHi JiHiT KpUBOJIIHIHHOT CUCTEMH KOOPAWHAT CHIBIAJAIOTh 3 HAIPSIMKaMHU
TOJIOBHUX KPUBHUH Ta OCSIMHU OPTOTPOIii MaTepiany naHeni (puc. 1).

Bukopuctano Taki mo3HauY€HHS: N, T — HOPMAJbHUN 1 JOTUYHUN BEKTOP Y3IOBXK
nesikoro Hanpsmky; E; — monyni FOura; Gia, Gis, Gos — MOAyIi 3CyBY Marepiany; Viz, Vo) —
koediuientu Ilyaccona; p — ryctuHa marepiany; ki, k, — TONOBHI KpUBMHM TaHeni; R, Ry, —
TOJIOBHI pajiycl KPUBHHHU; 2/ — TOBILUMHA MaHENl; @, ¢, — KyTH PO3XWIy HaHemnl; ¢;, m; —
KOMITOHCHTH 30BHIITHHOTO HaBaHTAKEHHS, W — MPOTHH; Uy, U; — HOPMAJIbHI i TaHTCHIIaJIbHI
KOMITOHEHTH TIepEeMIlIeHb TOYOK CEePEAMHHOI MOBEPXHI; Yy, Y: — HOPMaJbHI ¥ TaHTEHILIAIbHI
KOMIIOHEHTH KYTiB ITOBOPOTY HOpMai 0 CEPEIUHHOI MOBEpXHi; (J, — HOpMalbHa KOMIIOHEHTA
nepepizyBajibHuX cuil, M,, N, — HOpMalbHI KOMIIOHEHTH 1  M;, N; — TaHereHmiaibHi
KOMITOHCHTH MOMEHTIB Ta MEMOPaHHUX CHIL
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Posrisinemo ABa pi3Hi TUIM FapMOHIYHHX Yy Yaci TPaHUYHUX YMOB 3 YaCTOTOIO ® Ha BCiX
KOHTYypax:
@) 33JJaHO PO3MOJIIIICHI KOMITOHEHTH MTePEMIIICHb

w =wi (@)sin(ot), u =uf)(a)sin(wr), v =y (@)sin(or) ,
u! =ulf (@)sin(wr), 1 =y ()sin(wr), j=0,N. 1
0) 3a1aHO PO3MOIIIICHI KOMITOHCHTH 3YCHUJIb
0 =0f @sin(or). MY =M (@sin(or). NS =N @)sin(or)
NP =N (oysin(wt), MY =M (o)sin(ot),

=0,N. Q)

Pucynox 1. [Tarens noaBiiiHOT KpHBUHH 3 MHOKHHOIO OTBOPIB JOBUIHHOI KOH(DITyparlii Ta 30BHIITHBOI0 TPAHHUIICIO
JIOBLUIBHOT (hopMu

Figure 1. Doubly curved panel with a set of cutouts of arbitrary configuration and with the external boundary
of the arbitrary form

Po3B’sizok 3amavi. /11 MOCHIDKEHHST  BHKOPHCTAaHO  PIBHSHHA  OOOJIOHOK, 5Kl

BpPaxOBYIOTh TIONEPEYHI 3CYBHM Ta BCl IHEpPLiAHI KOMIIOHEHTH, BKJIIOYAIOYM 1HEPUIIO
oOepranHs. PiBHAHHS pyxy MaroTh BUrz [10]

oM, 0OM, 2n* 8%, 0N, 0N, o*u, .
=+ =—Q =—m; + -, S+ —=+ k0, =—q;+2h - (i=12),
ba T oas QTP Ga T, TRO T e e (i512)
00, 00, o*w
=L 222 (kN +kyNyy ) = —q3 +2hp—-. 3
oo, | Oa, ( 14V11 T Ko 22) q3 p8t2 (3)

Ha ocHOBI mpuIyIieHs CTOCOBHO PO3MOJILTY HAlIPY>KEHb 1 IepeMillleHb

0, |oc3|<h,
Ui=u;+y03, Uy =w,  033=9 |
033, OL3:i]’l,
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Q.
N, 3M, S o <h -
;= 2;1 + 2h3f oy, (-h<oy<h), o= 2l+1 s (Lj=12i%j) (4

GE;, OL3 = ih,

¢b13uuH1 CIiBBiIHOIIEHHS HAOYAYTh BUTIISATY

ou . Ou;
N, B{a—ﬂ/ —+(k+vk) } N..:N..:Bij[au’ +—’],

o dat; v v do; 0o
. oy ; 0
M; =D, %-ﬁ-vi. Yy M M D 5% L ) 0, =A, Yi"'a_w_ki”i )
oo, 7 oot do; 0o, oo,
3p 20°G., :
p - 2E, -0, =25 5 _2nG,, B - __2hE A oG,
3(1 Vl]v]l) 3 1- Vljvjl
Lj=L2 i#j. )

HopwmanbHi Ta JOTHYHI KOMITOHEHTH TIEPEMIIIEHb 1 3yCHIIb BU3HAYAEMO 32 (POpMyJIaMu
Yn =MY1+MY2, Yo =TV T oY, Uy =Myt Uy, U =Ty + Tl
_ 2 2 _ 2 2 _
M, =Mni +2Mymny +Mpny, N, = Nynj +2Nypmny + Nyny , O, =0im +Ohny
M =(Myym + My )ty +(Moygmy + Moy, )1y, No=(Nyymy + Nypng )ty +(Nyyny + Npny ) 1. (6)

VYHacniiok miAcTaHOBKU (hI3MUHUX CIIBBIAHOIIEHD (5) y piBHSHHS pyxy (3) oTpumMyeMo
KJIFOYOB1 PiBHSIHHS

[LI{U}=={P}, {U)={u,m wonvafs {Py={d1, 25 455 1 Mo}

2 2 2 2 2 2
L, =B 8?11 +By, 8(12 ki Ay — 2hp%, Ly, =Blz%12+328%§_k22/\2 _2hP§7,
o* 0 0
Ly; = A, aTLl2+A2 GTL%—[lel (K, +Vioky )+ Ky By (K +v21k1)]—2hp¥,
2 2 30042 2 2 3042
Ly =D 8?112 +Dy, 8?1% —A _222 957’ Lss :Dlza%lﬁDst%_Az _%P%,
o o
Ly, =Ly =kA;, L= (Blvlz +312)M , Ly = (Blz +B,vy )M
o o
Lys =Ls; =kyAy, Lys= (D1V12 +D12)ma Ls, = (DIZ +D2V21)m,

0 0
Ly =Ly :Ala’ L;s =-Ls; :Azg’ L,y =Ly =0, Ljs=Ls =0,

1 2
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0 0
1 %
0 0
A A

VY pesynbTaTi MaeMo JIBi kpaiioBi 3afaui: 3aaaqy (1), (7) ta 3agauay (2), (7).

Jlnist po3B’sI3Ky 3rajlaHuX BHIE KPaHOBHX 3a7a4 BUKOPHUCTOBYEMO HETIPSIMHIA METOT
rpaHnuHuX enemeHTiB. @ynkuii ['pina 3Haxomumo MmetogoM Dyp’e 3a BUKOPUCTAHHS
MOCTIIOBHICHOTO MIiJIXOAYy HO TpencTaBieHHs nenbra-QyHkumii Jlipaka (K TpaHUIIO
MOCIIOBHOCTI  fenbramomiOnnx  ¢yaknid [10-12]). 3Bimcu kpaiioBa 3amada s
3HaxO/pKeHHS QyHKIIT ['piHa ckiaanaeTbes 3 piBHIHD (7), B AKHX

q, =T.8,, (al,ocf)&gz (az,ag)sin(cot), s=13,

mp:T§+p681(al,ocf)ng(az,ag)sin(cot), p=1,2, (8)
ig M ‘a_gr <eg

68 (é:ér): 2e & ’ ’
0, |e-2>s,

B yaBHO moOymomamiii oOmacti I1:0<o, <[,0<a, <[,,Qell 1 omHOPIiZHHX KpaHOBHUX
Y Y. 134 2=h P p

yMOB Ha ii rpanumi oIl

w=0, M, =0, N, =0, u,=0, y.=0 . (9)

T

3rigHo 3 metoaoM Dyp’e pO3B’ 30K MIYKAEMO B Takiit Gpopmi:

w(oc,ocr,t) = i i Wejom (ocr) i (00)sin (01 ),

k=1 m=1

:ii Mlskm(ar; ifn(og)sin((l)t),

(o) sin (1) . (10)

@Oynkii y Bupazax (8) poskianaemo B psiau Oyp’e

4 (oc,oc’,t) = g i;:lT;Ckm (e)D (ar) o (@)sin(ot),

q (a,ar,t)

ii{?:}ckm@)@;;(ar) o (@)sin(or),
m=1 | L4

p
m, (a,a ,t) k=0
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‘12(0"0‘ ’t) ZZ{ }Ckm (ar)q);fn(a)sin(mt), (11)

mz(oc,ocr,t) k=1m=0

4
Crn(€) =Ly, F(P(}\’lkg)(p(}\ime) )
12

T
=l_ m=l_a11=R1(Plalz=R2(P2a
1 2

O, (o) = cos (A0 )sin(A,,05),

Oy, () =sin (Ao )cos(A,,0, ),

@, (o) =sin (A a;)sin(,,0,),
O, (o) = cos (A0 )cos(A,,0,),
1, sikmto k # 0, m # 0,

%,ﬁxmok=0,m¢0,

Wi = l,}IKI_HOkiO,m=O,

[\

l,HKI_uOk=0,m:O,

B

(p(k1 ks) , (p(k 2m8) — BaroBi QyHKIIIi, IKi BU3HAYAIOTh THII y3araJbHEHOTO IiCYMOBYBaHHS.

[Ticns mipcranoBku criBBigHomeHs (10), (11) y BupimryBaneHy cucremy piBHSHB (7)
OTPUMAEMO CHCTEMY JIIHIHHUX anreOpaidyHuX PIBHSAHD BiTHOCHO HEBIJOMUX KOE(]ili€HTIB.
YacoBa KOOpAMHATa BiJOKPEMIIIOETHCS Y BHUIAJIKY YCTAJICHMX TFapMOHIYHMX KOJIMBaHb. Y
pesynbTari oTpuMaemMo GpyHkiuiro [piHa B aHATITUMHOMY BT

U(oa’ ) =limU (a0, t)—hmzZCkm(e)[Ekm(oc)][Ukm][Ekm( )}{Tr}sin(wt),

e—>0

U(oc,ocr,t) = {ul(oc, a’,t),u, (0,0, 1), wla,a”,t),y,(a,0",1),7,(a, ocr,t)} , (12)
DF (a) 0 0 0 0 |
0 @F(a) 0 0 0
[E(a)]=| 0 0 @P(a) 0 0o |
0 0 0 @ (a) 0
0 0 0 0 OF(a)
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o(0) 0 0 0 0
0 (o) 0 0 0
[Ekm(arﬂ= 0 0 ofar) 0 o |
0 0 0 o(0) 0
0 0 0 0 e
_ul u2 u3 u4 us
1km 1km 1km 1km 1km ki k ki k
tm Yk . i 4 i
Wkm Yokm Uokm U2tm U2im Lkm Lkm Lkm Lkm
U 1=l . 23 4 5 1 det| 32 H33 taa Ls
km | = Wi Wiin Wisn Wi Wi | Uigm = C ’

det[L”| L L L L

1 2 3 4 5
Yiem Yvkem Yiem Yiem Vikm km ykm ykm ykm
L5, Lsy Lsy Lis

L Y2km V2km YV 2km ’YAZ‘km ngm_
L]inf = _317“121( - 3127\‘§m - klel + Zthz ) Lk2n21 = _Bl2}‘lzk - BZ}\’gm - k22A2 + 2Ph032 )

L =DA% — D22 A+2h3 2 L =—D,Af —D,03 —A, 2
44 = —DiA — Doy — 1y pra 55 = iy —hryy, +TP(D

L]i’if :L]anl = klAl > Lkzrg :Lksrg = szz > Llf km —Lk = LTzl =0,

LYy = ~(Bvia + Bip ) Mgk LS = ~(Byvay +Biy ) Mghoay »
LS =L = Ay, L =L =—Ajh,,,,
L = ~(Dyvay + Dy ) Ay hays L = ~(Dyvip + Dip ) Mgk
LYy = (kA + Bk, +Bkyvyy ) Ay LYY =(k Ay + Biky + Byky vy ) Ay
Lkzn; = (kyAy + Boky + Byky Vi )My L’;’Z =(kyAy + Byky + Bikyvin ) by

JUtst moOyI0BH iHTErpaJIbHUX PIBHSHD KPaioBOI 3a/1a4i Y BUIA/IKY 3aJaBaHHs Ha TPaHHILIIX
posmoziTeHx mepemimens BBoauMO y3aramsaennii koutyp L =LY UV ur? oo™
Taki QyHKII{ Ha HBOMY:

{TI(O),...,TS(O)}T, eer®,

{TI“),...,TS“)}T, el

{Y](N),...,TS(N)}T, ee1™),
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(1 (0, 9 (@), W (@), 1R, v | s ae L,

(Uy(a)} = (1 (@), uB (@), W@, 9@, 0@ ], aeL?,

Ha ocnogi 3Haiinenoi pynkuii Ipina (12) npeacraBieHHs po3s 13Ky yepe3 MOTEHIa
IPOCTOTO MIapy

U(our)=lim z z Cin(®)| B (@) || U || B (8) |{T(2)} dl (E)sin (1),

LkOmO

U(OL,Z) = {ul(aat)’MZ(a’t)a W(a,t)’YI(O'at)>Y2 (O,,t)} ’

KpaiioBux ymoB (1) 1 ciBBigHOMLIEHB (6) cucTeMa iHTErpaIbHUX PIBHSIHD BITHOCHO HEBITOMHX

byukuiit ryctun T (&) HaOyBa€e BUTIIALY

{U(@)} =lim j Z Z Cin (&) 2 (@) || By, (8) [{T ()} U (2), (13)

=07 k=0m=0

1,(00) 145, (0) 143,,(0) 11y, () 25, (0) |
up (o) uy (o) us () wy (o) us (o)
(20 @) ] =] w (@) wy(@) wy(@) wyla) ws(@)
Vin (0 Y2, () 13, () Y4, () Vs, (0t)
| Vie(@) Vo (o) y3.(a) vy () vs (o) ]

-

u, (o) =m (i, DE, (o) + 1, (g, DI (at),
1o (00) = Ty (W, D, () + T (a3, P ()
V(@) =n (Q)Y{kmq)ifn (a)+n, (OL)Yékmq)ifn (a),

'Yj'r (OL) =T (a')’yljkmq)ifn (OL) + T (a’)’yékmq)ifn ((X) ’

w; (o) = wkaDifn (a), j

AHAJOTiYHO MOOY/ZOBAHO CHCTEMY IHTETPAJbHUX PIBHSAHb Yy BUIMAJIKY, SKIIO Ha
OTBOPI 33JaI0ThCA 3yCHIUTA. PO3TIsiHYTO (yHKIIIT, BU3HAYEH] HA y3aralbHEHOMY KOHTYpi L
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(M@, @, 0@, MG, MP@] . acL?,

(Fy(o)} = IND @), NG (@), (), MP(a), Mgg(a)}T, well

T
(NG (@), N (@), 0% (@), M (@), M @)}, aer™.

3BiACH OTPUMYEMO CUCTEMY 1HTETpAIbHUX PiBHIHb

{FO(OL)}:_ (T (@)} +lim j ZZCkm(s)[Q“’)(a)][Ekm(a)]{T(a)}dz(a), (14)

=07 k=0 m=0

3HaK “—", AKIIO O € [ , 3HaK “+” , KOJIU o € JAVIS

| Niy(@) No (@) Ny, (@) Nyy(o) Ny, () ]
N (o) Ny (o) N3 (o) Ny (o) Ns ()
[ Q@] =] 0,(@) 01,(0) 05(@) 04(@) O5,(@)
M, (o) My, (o) Ms,(a) My, (o) Ms, ()
| My () My (o) My (o) My (o) M (o))

-

N, = Binf®p, (a)[ Mttt = Vizh ot + (ko +V12k2)W1{m}+
+2B),mn, @}, (a1) (7\'2muljkm + Mgt o ) +
By}, (0)] gty =V kit + (Fy Vo ), |
272 km 2m™2km 211k 1km 2 21°1 ) Ykm |
Nje = Bt @y, (o) [‘Mk”ljkm =Vighoutt + (ki + VIZkZ)WI{m]+
+Byy (mTy + 11 ) D, (a)(x‘Zmulj}cm + Ayt ) +
+Byny T, @, (@) [_7\‘2mu{km ~Varhytt, +(ky +Varky ) Wl{m] ’
M, = D @, (Ot)( MY _V12}"2mYékm)+2D12nln2q)ifn (o)
x(k Vi + Ay Y )+D oY (a)(—?» Vi =V hsYi )
2m 1 1km 1k 1 2km 272 km 2m 1 2km 2171k V' 1km | »
M, = 1 D, (a)(_klk'Y{km _V127\'2m'Y£km)+D12 (”172 +”271)q)ifn (a)x

x (7\'2my1jkm + MY Do ) + Dyny T, @y, (G)(—kszékm VoM Viom ) )

an = Alnlq)i:n (a)(yllkm + }\’lkwkm klulkm)+ AZnZ(D (a)(Yka +}\’2mwkm k2u2km) J = 1’5 :

Po3B’s130K cucTeM IHTETrpadbHUX pIBHSHB MO)KHA 3HAWTH HAa OCHOBI PI3HUX CXEM
MeTOAy KoJloKamiid. /{7 BiAmIyKyBaHHs pO3B’SI3Ky CUCTEMH IHTETpajabHUX piBHAHB (13), sika €
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CHCTEMOIO HTETpalbHUX PiBHSIHb Dpenronbpma nepuoro poay, HeoOXiTHO BUKOPUCTOBYBATH
PETYISIpU30BaHi aITOPUTMH, OCKUTBKH II€ € TPAAMIIIHHO HEKOPEKTHA 3a1a4a. JIJis KOHTYpIB 13
KYTOBUMH TOYKaMH HEOOXITHO BHKOPHUCTOBYBATH HEPIBHOMIPHY CITKY 3 JOCHTH CHUJIBHHUM
VIIUTBHEHHSIM OiNie KyTiB 3 METOI0 OTPUMaHHSA 30DKHUX po3B’s3KiB. s mpuKiamy,
JOCTaTHBO A00pi pe3yiIbTaTh Ja€ METOJ KOJOKAIlii, KO KOHTYpH y3arajabHEHOI KpHBOi L

saminroemMo tamasumu (S — KinbKicTh BiJIPi3KiB PO30OUTTS j-OTO KOHTYDY, o — CepeIuHA

BiZIpi3KiB PO3OMTTA j-0oro KoHtypy, r=1,5)), a Ha kOXHOMY 3 HpPAMONIHIMHUX BiApi3KiB
KOHTYpIiB 3a/1aEMO PpO3NOALNT HeBigoMux ryctun 7" (g):T(f)rS(a(j)’,i). Minimizyemo
HEB’S3Ky B KOHTPOJBLHHMX TOYKaX KoJOKamiii of, siki BHOMpaeMoO cepelMHAMHU BiIpi3KiB

PO3OUTTSI KOHTYPIB.

N
3BiAcu I BUMAAKY IHTerpadbHuUX piBHSIHBb (13) cuctema SZ S niniitaux

j=0
anredpaiyHuX piBHSAHB HaOy/e BUTIISILY
N SY K M . ——
{Uo((ﬂ)} ZZZZCkm<s)[Q<U>( )J[ km(ar)J{T(f)’}, g=13 5.
=0 r=1 k=0m =

A y BUNaJKy IHTETpalbHUX PiBHSHD (14) cucTeMa NiHIHHUX anreOpaidyHuX piBHIHBb
MaTHME BUTJIST

s

M

{Fy(a)} == {T(f)‘f}+ i i

j=0 r=1 k=0

ckm(g)[ Q) (o )}[Ekm (a’)]{TW}, g= 1,?50).

0

3
Il

Brnachi 9yacTtoTM 3HaXOAMMO 3 YMOBHM ICHYBAaHHS HETPHBIAIFHOTO PO3B’SI3KY BiIIMOBIIHUX
CHCTEM OJHOPIIHUX JHIMHUX anreOpaidHuX piBHSAHB, MPUPIBHIOIOYN BU3HAYHUK CHUCTEM JI0
HyJs. XapaKTepUCTUKU HANpyKEHO-1e(hOPMOBAHOTO CTaHY B3J0OBXK JOBUIHHOTO HAIPSIMKY 3
HOpMaIo n(a) = (m(a),n, (o)) Ta JOTHYHOW o) = (T;(at),T,(0)) MOXKHA OTPUMATH HA OCHOBI
3HAH/IEHNX JHUCKPETHUX 3HAa4eHb (DIKTUBHHX 3yCHJIb HAa KOHTYpPI OTBOPY, BHKOPHUCTOBYIOUH
bopmynu

u,(o,t)

u‘r(a’it) N S K M

w (o= > > > Cp, (8)|: Q%)(a)][Ekm (ocr )}{TU)’} sin(ot), o €L,

y (a t) j=0 r=1 k=0 m=0
n\%s

V. (0,1)
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MEXAHIKA TA MATEPIAJIO3HABCTBO

N, (o,t)

N‘C(a’ﬁt) N SY K M

0,(0.0) =3 33 " Cn @] &) ]| By () | {7 Jsin(or).  a” eL.

M, (1) 7=0 r=1 k=0 m=0

M (o,t)

BucHoBku. BuxopucroByroun nmoOynoBaHi B poOOTi iHTETpaibHI PIBHSIHHS, MOXHA
OTPUMATH PO3B’SI3KH JUIA JOBUIBHUX MIIIaHUX BUIA/IKIB KPailOBUX YMOB. MO)KHa pO3TIIAIaTH

JOBiIBHI ~ KOMOIHAIl  aMILTTyq w(a),u, (), v,(a), u (o), v.(a), Q,(a), M,(ax),

N,(a), M (a),N (o) Ha KOHTypi SIK 30BHILIHBOI TDAHHIN, TaK i Ha KOXKHOMY KOHTYpi
BHYTPIIIHBOI IpaHuIi. TakoX TO3BOJSIOTHCS Pi3HI JAOBUIBbHI MillIaHi KpaiiloOBI YMOBH Ha BCiX
CKJIaJIOBHX SIK 30BHIIIHBOI TPAHMUIl, TaK 1 KOHTYpiB OTBOpiB. ToMy B pamKax IHOCTaBIIEHOi
3amadi He 00O0B’A3KOBO, 10O 30BHINIHIA KOHTYp OyB 3akpimieHwil. OauH abo JeKinbka
BHYTPIIIHIX KOHTYpPIB MOXHA PO3IIISAATH SKHMOCh YHHOM 3aKpilUIEHUMH. Takok MOXHa
PO3TJIsIaTH BUMAJIKW, KOJM 3aKpIIUICHI TUTBKHM JESKi YaCTWMHW BHYTPIIIHIX Ta 30BHIMIHIX
KOHTYpiB. KiTto4oBi piBHSIHHS BpaxoBYIOTh Ae(opMallito mornepeyHoro 3CyBy Ta BCi iHEPIiiHI
KOMITOHEHTH, BKITIOYAIOUH iHEpLit0 ob0epTanHs. Lle m03Bossie MocipKyBaTH y Kpamlii SKOCTi
pi3HI TUOM KOJIMBaHb, CIPHYMHEHUX PI3HUM XapakTepoM 30ypeHHs TpaHUIl y BHIIAJKY
aHI30TPOITHUX MaTepiaiiB. Y pamMKax MoOyIOBaHHX PO3B’S3KIB MOXKHA PO3TJISAATH BUIAIKA
30BHIIIHIX Ta BHYTPIIIHIX TPAaHUIb 3 KYTOBUMH TOYKAMH, a TaKOXX BHITAJKH OTBOPIB, fKi
BUPO/DKYIOTBCS B TpimuHA. OHAK y BHIAJKy KOHTYPIB 3 KYTOBUMH TOYKaMH HEOOXiTHO
pO3TIIAIaTH HEPIBHOMIPHE PO3OUTTS y CXEeMi METOAYy KOJIOKAIid 3 JOCUTh CHIIBHHUM
YIIUTBHEHHSIM O1J151 KYTiB 3 METOIO0 OTPUMaHHS 301KHUX PO3B’S3KiB. A ISt pO3B’SI3KY CUCTEMHU
piBHsiHE DpenronpMa MepuIoro poay HeoOXiJHO BUKOPUCTOBYBATH CTAa01II30BaH] alTOPUTMH,
OCKIJIBKH 1€ € TPAIHIIifHO HEKOPEeKTHA 3a1a4a. Ha erari 4ncioBoro po3paxyHKy HEOOXiTHIUM
€ JOCIIDKeHHS 301KHOCTI # ONTHMaibHOTO BHOOpPY 3HAYEHb MapaMeTpiB ampoKCHUMaIlii
SV K, M,e B paMKax KOXHOTO KOHKPETHOTO BHIIAAKY UL OTPHMAHHS JOCTATHBO TOYHHX
YHCIIOBUX PE3YJbTaTiB. 3alPONIOHOBAHA B CTATTI CXeMa Ja€ pO3B’SI3KH, SIKi 100pe y3rOIKYIOThCS
3 BIJIOMUMH pe3yJbTaTaMH ISl YaCTKOBHX BHIIAIKiB, OTPUMAHHX IHIIMMH MeToJaMH. Bumamox
TUTACTHHU MOYKHA OTPUMATH, SIKIIIO TOJIOBHI KPUBUHHM JIOPIBHIOBATUMYTb HYITIO.

Conclusions. Using integral equations constructed in the paper, the solutions for
arbitrary mixed cases of the boundary conditions can be obtained. Arbitrary combinations of
the magnitudes w(a), u,(a), v,(a), u (), v.(a),0,(a), M,(a), N,(a), M (a),N,(a)
can be considered, both on the contour of the external boundary and on each contour of the
internal boundary. Different arbitrary mixed boundary conditions on all subsections, both of
the external boundary and of the contours of the cutouts, are also allowed. Such that it is not
mandatory within the problem statement that the external contour is fixed. One or several
internal contours can be considered somehow fixed. The cases when only some subsections of
the external or internal contours are fixed can be also considered. The key equations take into
account transverse shear deformation and all inertial components including rotary inertia.
This allows to investigate different types of vibrations caused by different character of
boundary excitation in case of anisotropic materials in the higher quality. The cases of
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external and internal boundaries of the panel with the corner points, and the cases of holes
degenerated into the cracks can be analysed within the solutions constructed. However, non-
uniform meshes with the strong mesh refinements near the corners in the collocation scheme
must be considered for the cases of the cutouts with corner points in order to obtain the
convergent solutions. And the stabilized procedures must be used for the solution of the
system of the Fredholm equations of the first kind, because this is conventionally ill-posed
problem. It is indispensable to investigate the convergence and optimal choice of the values of
the approximation parameters Y, K, M, ¢ on the stage of numerical computation within each
particular case in order to get the numerical results efficient enough. The scheme proposed in
the paper provides the solutions which are in reasonable agreement with the known results for
the partial cases obtained by the other methods. The case of the plate can be obtained by
putting the main curvatures equal to zero.
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