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3IiH KYCKOBO-OJHOPIJTHOI IINIACTUHKHU 3 KPUBOJIIHIHHUM
PO3PI30M 3A YMOBU KOHTAKTYBAHHS HOI'O BEPET'IB

Pe3tome. TloOyoosano cucmemy CUHSYIAPHUX IHMESPATbHO-OUpepenyianbHux pieHAHb 018 3a0ayi Npo
32UH HECKIHYEeHHOI KYCK080-00OHODIOHOL NAACMUHKYU 3 KPUBOLIHIHUM PO3DI30M 304 YMOBU KOHMAKMYBAHHA 11020
bepecie. Po3paxynok Hanpyjiceno2o cmany 30iCHEHO YUCIOBUMU Memo0amMu MeXaHiYHUX Keaopamyp i
Konoxayii.

Knrwuosi cnosa: HecKiHueHHa NIACMUHKA, [HMeZPATbHO-OUpepeHyianvhi pIGHAHHA, 30HA CRAI,
HanpysiceHutl CIaH, YUniHOPUYHULL 32UH.

A. Syasky, K. Muzychuk

BENDING OF PIECEWISE HOMOGENEOUS PLATE WITH ONE
CURVILINEAR CUT UNDER CONTACTING OF ITS EDGES

The summary. Mixed contact problem for the piecewise homogeneous lamellar construction which
contains the infinite isotropic plate with the curvilinear hole and the complete hard disk, which are partly
soldered between each other on the line of delimiting, is considered. The edges of the cut between the plate and
the disk are contacting along the line providing bending load in the plate which is acting on the infinity in the
direction of the coordinates. As a result of it the plate is in the conditions of the generalized two-dimensional
stress state and the cylindrical bending. The solving of the problem includes the determination of the
components of stress state on the contour of the hole of the plate, the size and the position of the contact zone.

The boundary conditions of the problem on the smooth contact zone of the plate and the disk are
formulated as the equality of the normal displacements of contour points on one of the faces. Thus, it was
considered that the contact stress is brought in the mean plane of the plate with the addition of the
corresponding bending moment. In the zone of the soldered joint the boundary conditions of the problem are
formulated as the equality of contact stresses and moments and also as the equality of the displacement vector
components and the rotation angle of normal line up to the mean plane of the plate and the disk.

The dependencies between the displacement vector components and the rotation angle of normal line in
the plate contour points and the stresses contact are presented in the from of the integral relations with the
logarithmic kernels. Their substitution in the boundary conditions leads to the system of singular integral-
differential equations for the determination of the functions through which the contact stresses and the moments
are determined. Finding an exact solution for this system makes great mathematical problems, so the solution is
found approximately. The decision structure for this system at the contact zones and soldered joint was
determined for the case of the non-full contact of cut banks. As the contact between the plate and the disk is
smooth the normal stresses and the moments are limited in the contact zone and are equal to zero. At the ends of
the zone of the soldered joint the contact stresses and the moments have the root feature on which the local
oscillation is superposed.

The numerical realization of this problem has been conducted by the methods of mechanical
quadratures and the collocation by which the influence upon the size of contact zone and the shape of the hole
on the stress state components allocation at the triangular contour hole of plate have been analyzed. The size
and the position of the contact zone are determined by the method of dichotomy. The results of the numerical
calculation of stress state components are illustrated on the graphs. At the top of the graphs was built
distributions of the contact stresses and the hoop stresses and at the bottom of graphs — distributions of the
contact moments, the hoop and the rotational moments were built. According to the results the size of the contact
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zone considerably depends on its curvature. The values of the contact zone for these examples are presented in
the article.

This problem is new for the formulation and the solution method. In scientific literatures there are only
some published works in which by the reduction to the problem of the linear conjugation the stress state of the
complete infinite isotropic plate with one or two cuts on the arc of the circle, the edges of which are contacting
in the process of the flexible deformation, is researched.

Key words: infinite isotropic plate, integral-differential equations, zone of the soldered joint, the stress
state, cylindrical bending, generalized two-dimensional stress state, displacement vector, rotation angle of
normal line, smooth contact zone.

Beryn. KyckoBO-oTHOpiIHI TIJIACTHHKH, SIK TOHKOCTIHHI €JIEMEHTH KOHCTPYKIIiM,
IIMPOKO BHKOPHCTOBYIOTHCSA B 1HXKEHEpHIH mpaktumi. [linm dwac ekcruryaramii y HUX Ha
MIOBEPXHI PO3MEKYBAaHHS MarepiajiiB MOXYTh BUHUKHYTU Je(EKTH Yy BHIJIAII po3pi3iB abo
TpimuH. BOHM € OTYXHHUMH KOHLIEHTPATOPAMHU HAIPY)KEHB 1 came OISl HUX 3apOKYIOThCS
Ta PO3BUBAIOTHCS OCEPEAKHU IIacTUyHOi aedopmarii Ta pyldHyBaHHS. 3a Ail 3THHAIBHOTO
HABAaHTA)XCHHA Oeperu TpIlllMH, SKi mepedyBaloTh Yy 30HI CTHUCHEHHMX BOJIOKOH, OymyTh
KOHTakTyBaTu. Orsi myOJikaiiid Ta aHaji3 cTaHy JIOCHiKeHb 3aCBIUY€, 110 TPAKTUYHO BCl
HAYKOBI IMpaIli, e BpaXxoOBaHO KOHTAKT OeperiB, CTOCYIOThCS MPSMOJIHIHHUAX TPIIIHH.

JlocimipkeHHsT  Hampy»XeHO-1e()OPMOBAHOTO CTaHy VY IUIACTHHYACTUX E€JIEeMEHTax
KOHCTPYKIIH 32 HAsIBHOCTI B HUX HACKPI3HUX KPUBOJIIHIHHUX (IO Ty3i KOJIa) TPIIMH, Oeperu
SKUX KOHTAKTYIOTh 10 BCIH JIOBXKHHI ITiJT JI€F0 PIBHOMIPHO PO3IMOAUICHUX YH 30CEPEIHKEHIX
3THHAJILBHUX MOMEHTIB, HaBeJeHO B [1, 2].

Meto10 po6oTH € PO3B’sI3aHHS MIIIAHOI 33a]a4i MPO LUIIHAPUYHUA 3TUH KYCKOBO-
OJIHOPITHOT TUTACTUHKM 3 KPUBOJIHIMHHM pPO3pI30M Ha TMOBEPXHI PO3JUTy MaTepiaiiB 3a
YMOBH KOHTaKTyBaHHS ioro Geperis.

IlocTanoBka 3agaui. Po3risiHeMo HeCKiHUEHHY 130TPOIHY IIACTUHKY TOBIIUHOIO 2/
3 KPHUBOJIHIMHUM OTBOPOM, KOHTYp sikoro [ mae ¢opMmy mnpaBuibHOTO N -KyTHUKa 13
3a0KpYIJICHUMH KyTaMu. B cepenHiil miommHi TUIACTHHKHM JEKApTOBY CHCTEMY KOOPIWHAT
Oxyz BubOepeMo Tak, 1100 MmoyaTok ii BiJUTIKY CHiBIAgaB 3 LEHTPOM OTBOPY IUIACTUHKH, a

Bick Oz Oyna HampsMiIeHa BHU3 NEPHEHIUKYISAPHO JO CEepPelHbOi IUIOIMHH IUIACTHHKH.
BBeneMo KOMIUIEKCHY 3MiHHY z =X +iy =re”, ne (X,y) — JeKapToBi KOOPAMHATH TOYKH
CepeHbO1 TUIOIMHHY TIACTUHH, (7,0) — 11 monsgpHi koopauHatu (puc. 1). B oTBip mimactuaku
BCTABJICHO A0COJIFOTHO JKOPCTKUIM IUCK Takoi X ¢GopMH 1 po3MipiB, SKHH Ha MUISHII
[7+a, ;7 + ] xontypy I' cnasuo 3 mmacTuHkor. Ha pemri KOHTYypy MiXk MJIACTHHKOIO i
JIMCKOM HasiBHUH po3pi3. Ilig giero piBHOMIPHO PO3NOAIICHUX MOMEHTIB M|, M, , mo AioTh
Ha HECKIHYEHHOCTI B HamNpsSMKax KOOPAMHATHHX OCEH, Ha BEPXHIM JIHMIBOBIH MOBEpPXHI
KOHCTPYKIIii Gepery po3pisy Ha ainsuui [c,;B,] npuxoaars y raaakuil kontakr. TyT «,
By, T+a,, T+ B — NONAPHI KYTH MEKOBUX TOYOK 30H KOHTAKTY i CIIAI0.

Po3B’s130Kk 3amadi monsirae 'y BH3HAUEHHI KOMIIOHEHTIB HANpYXEHOTO CTaHy Ha
KOHTYp1 OTBOPY IJIACTUHKH, BEJTMYMHHU 1 ITOJIO’KEHHSI 30HU KOHTAKTY.
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Pucynok 1. Po3paxyHkoBa cxema 3agadi

Figure 1. Analytical model of the problem

MartemaTuuHa moaeJib 3aaa4i. Hexaii panionansna ¢yHkiris [3]

&
Z=w(§)=Ro(§+§N_1] (1)
31MCHIOE KOH(OPMHE BiAOOpaKeHHS 30BHIIIHOCTI S~ OJWHUYHOTO KOja 7 B IUIOUIUHI
&= pe” na obnacte, AKy 3alimMae cepelHs MUIOMMHA TIACTUHKA y miommui z. Tyr R, —
XapaKkTepHUuil po3Mip OTBOpY (BBaxaemo, mo R, =1); & — mapamerp, SIKHH XapakTepusye

BIIXWJICHHSI KOHTYpPY 3a/IaHOTO OTBOpY BiJ Kona; (p,A) — MOJIsIpHA cHCTeMa KOOpAWHAT B

wiomuHi &; i=+—-1.1lpu N=2,

g| <1 ¢ynkunis (1) 3ailicHioe KOH(DOPMHE BiIOOpaKECHHS

Ha 30BHIIIHICTL ) 30BHIIIHOCTI CJIIIICA; IIPpH N=3 , 8| < 5 — 30BHIIIHOCT1 TPUKYTHHKA 13

3a0KPYTJICHUMH KYTaMHU.

YMOBY KOHTaKTyBaHHsI OeperiB po3pidy npu z =—h o0epeMo y BHUIJISAI PIBHOCTI
HOPMaJIbHUX 3MIIICHb KOHTYPHUX TOYOK IUIACTHHKH 1 qucka. [Ipu mpomy OymeMo BBa)kaTH,
I0 KOHTAKTHE 3yCHW/UII N 3HECeHEe B CEpelNHIO IUIONIMHY TUIACTHMHKH 3 J0JaBaHHSAM
BiJIITOBITHOT'O 3TUHAILHOTO MOMEHTY BEITUIHHOIO N/ .

SIKI10 AOMYCTUTH, L0 B 30HI CIAI0 MAE MiCILE 11eaIbHUN MEXaHIYHUN KOHTAKT, a B
30HI KOHTaKTy BiJICYTHI CHJIM TEPTs, TO IPaHUYHI YMOBH IIOCTABJICHOI 3ajadi Ha IiJICTaBi
[1, 4] moxHa 3anmcaTH y BATIISII

X

a(m(v+h@)+b(z)(V+h@j=am>[U0 +h6w°j+b(/1)(Vo +h%j;
Ox oy 0. oy

S,=P=0; M, =—hT,; T,=—-N, Le[ay;f,]; (2)
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ow ow, Ow Ow,
U= UO’ V= VO’ P a_;.gza_;,ﬂe[”+al;ﬁ+ﬁl]' (3)
Tyr a(l)=cosA—g(N —1)cos|(N —=1)A]; b(A)=sinA+e(N-Dsin[(N-DA]; U, V -

KOMIIOHCHTH BCKTOpa 3MiH_IeHH$I TOYOK KOHTYpPY F, SIK1 HaJeXaThb cepeﬂHiﬁ HJ'IOH_[I/IHi

ow ow
IUTACTHHKH,; —, — — KYTH [TOBOPOTY HOpMaJli 0 CEPEAHBOI IUIOIIUHY IJIACTUHKU B IIUX
ox 0Oy
ow, ow, — : .
toukax; U,, V,, o o KOMIIOHEHTH JTIHIHHOTO 3MIIICHHS 1 MOBOPOTY JHUCKa SIK
X V

JKOPCTKOTO Miyoro; 7 b Sy M,, P — CWJIOBI 1 MOMEHTHI KOHTaKTHI Hampy>XeHHS Ha
KOHTYp1 OTBOPY B IUIACTHMHII; W — MPOTUH IUIACTUHKH; [¢,;f,], [7 + o7+ B;] — obpasu

npomikkiB [ay; 3,1, [7 +a ;7 + B] npu Binobpaxensi (1).

Bemnuunun U, V, g—w, ;ﬂ Ha KoHTypi [’ 3rigHO 3 [4, 5] BU3Ha4arOThCSA 3a
x Oy
bopmymamu
A Bo B -
- (1—1/)J.f1’(t)dt+£_[fz’(t)lnsin/1 ta’t+£‘|.f4'(t~)lncos/1 ! dt |+C;;
Eh o 5 Ty
A Bo B 7
— (1—v)jf2'(z)azt—3jfl'(t)lnsin/l_tdt—zjf;(mncos’1 Hat |+ c,;
Eh - T 5 Ty
ow  k t 2 CA-t, 2% A-T
L (1+v)jf5(t)dt——jf6(t)1nsm dt——jfg(t)lncos di + Ry(A) |+Cy ;
ox 3+v - 4 ey
ow  k t 2 CA-t], 2% A-T
L (1+v)jf6(t)dt+—j]g(t)1nsm dt+—jf7(z)1ncos di +0,(A) |+C, ;
oy 3+v - 5 T
€lagB]; “)
a1- v)jf(t)dz+(1 V)J‘f3(t)dt+—J‘f2(t)lncos “Uar 4
2Eh
B N_'\’
Jrijﬁ;(?)lnsin’1 ! d?}cl;
T
—t
{(1 v)jfz(z)dHa v)jﬂ(t)f——jf(t)lncos dt —

2Eh
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t}rCz;

. A=
sin

2ﬁ’1 .
e FAGIY
T

%V = %{(1 + v)j: flnde+(1+ v)j f1@)dt —%/j £1(t)In|cos A=ty
——jfg(t)lnsm }Q,
Z—W =3L{(l+v)ﬁff6’(t)dt+ (1+v)j:f8'(7)df+£?f5’(t)lncos ZinlipP
y  3+v b o 7
+= j f7(t)1ns1n (/1)}(?4, (5)

Aelr+a;n+B]; l,?e[al;ﬂl],
JIe BBEJICHO TI03HAYCHHS

5+3v
Ry(A)=- Trv

M, cos /1—1—M cosﬂ—l—g(M +M )cos[(N 1)/1]—
l+v l+v

—(1-v)&C,sin[(N =1)A]-(3+v)C,sin A ;

5+3v
1+v

0,(A) =  sin A — M, sin A +1_—V5(M1 +M,)sin[(N —1)A]-
+v

-(1- 1/)861 cos[(N - l)/i]+ 3+ 1/)5l cosAd;

fl+if] = ih(T; + iS;)eM s flif = i(M:, +iP")e”*, A elay; B,];

fi+ify= ih(T; +iS;4)€M s +ify = i(M; +iPYe”, Aelr+a;r+ B]; (6)
% S E . ' * ) . , ; 1
T, +iS,, =(Tp ‘HSM)CU(G); M, +iP =(Mp+lP)a)((7); o= k= ) :
2ER’
3(1 v_) E, v —wmonynb FOura i koediuient Ilyaccona matepiany miactunaku; C,, C,,

C,, C,, C, — noBinbHi crai.
[TincraBnsroun (4), (5) y rpanuuni ymoBu (2), (3), OTpUMAEMO CHUCTEMY BOCHMU
CUHTYJIIPHUX 1HTErpajbHO-AU(EPeHLIaTbHUX PIBHSAHb 3 JOrapu@MIYHUMHU sApaAMU 7S

BU3HaueHHs dynkuii f/, (j =19)
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?fé(f)dt + Tﬂ(ﬁdf =0; /j fl@ydt + /j fAE)di =0. 9)

~

Crany C, BU3HA4aeEMO 3 YMOBHM OJHO3HAYHOCTI HPOTMHY IJIACTUHKHU [7], Ky A

JaHo1 3az[aqi MOKHa 3aIllMCaTH TaK:

Bo
C. (2 (N -1)+ ) —% [(fi@ycost + f(0)sintyde +

ﬁO ﬁl
+ = [ (i) cos(N =Dt = f(0)sin(N = D)r)dt +2 [ (f5(T)cosT + fi(T)sinT )T +
2 - 2 "

ﬂ]
+ % j (=DM (f(F)cos(N =)t — f(£)sin(N =DE)df =0, y = ? A (10)

a)

Sxwo ¢ynkuii f7, (j=1,8) craHyTh BiZoMi, TO KOHTaKTHi 3yCHJUIA i MOMEHTH Ha

KoHTYpi ' Bu3HauaroThCs 3a popmynamu (6), siKi MOXKHA IEPETBOPUTH JI0 BUTIISLY

it +ins,, = LAOTFOND D) yp VD) + D Na(D) —ib (D),

|a)’(6)|2 g |a)'(6)|2
Aelag; By]s
WT +ins, < LB D) =ibD) - p KD+ (ADNa(D) = ib(2)
Y @) ’ @' (o)
Aelr+asr+ 1, (11)

ne |o'(o)|=a+iB; a(A)=1-&(N —1)cos(NA); B(A)=&(N —1)sin(NA).
Kunbuesi sycuiist 7, 1 momeHntd M, Ta xpyrHi momeHtd H , Ha KoHTypi I

BH3HAUaIOThCA 3a popmynamu, HaBeJCHUMH B [4, 6].
3anexnocti (7)—(10) BU3HA4aOTh MaTeMaTHYHY MOJENb MOCTaBieHOi 3amaui. [lpu
& =0 BOHUW BU3HAYAIOTh PO3B’A30K 3a/1a4i /IS TUIACTUHKU 3 KPYTOBUM OTBOPOM.
Ha0au:kenuii po3p’sizok 3agaui. 3HaiiTu TouHuil po3B’si3ok cuctemu (7)—(10)
HeMOXJIMBO. [l moOynoBu 1i HAOIMKEHOTO PO3B’SA3KY HEOOX1THO BCTAHOBUTH CTPYKTYPY

dynkuiit f7, (j=1,8) Ha KiHIAX 30H KOHTAKTY i craro. OCKINbKM KOHTAKT Mis MIACTUHKOIO i
JIACKOM Tnajikuit, Tomy Bennaunn 7, i M, a omxe i dymkuii f', f), f;, fi oOmexeni B

30HI KOHTaKTy 1 Ha KiHIAX Ii€i 30HU JOPIBHIOIOTH HYII0. Ha KiHIISIX 30HU CHar0 KOHTaKTHI

) e
syewnst T,, S, 1 momentd M, P, a Takox bynkuii f;, f,, f;, f; MaloOTb KOPEHEBY

0COOJIMBICTD, HA SIKY HAKJIQAETHCS JIOKATbHA OCIIMIISLIS.

Ha mincraBi [3] HaOmmKeHWH pO3B 30K 3a1adi MOXKHA BHU3HAYUTH METOIOM
MeXaHIYHUX KBajpaTyp 1 Kojokauii. [Ipy 1poMy BelM4MHA 30HHM KOHTAKTY 1 11 MOJOXKEHHS
BCTAHOBJIFOETHCS. METOJIOM TUXOTOMII.

JInst HeCKiHYeHHO1 130TPONHOI MIAaCTUHKHU 3 TPUKYTHUM (N =3; & =10.2) oTBOpOM
JIOCITIJKEHO BIUIMB Ha 11 HAPY>KEHUI CTaH BEIMYMHHM 1 IOJIOKEHHS 30HU cnato. PesymnbraTu
YHCIOBOTO pO3paxyHky npu M, =M,; M, =0, a, =—7x/6, B, = n/6 HaBeneno na puc. 2, 3.

VY BepxHill YaCTHHI PUCYHKIB MOOYJOBAaHO €MIOPH PO3MOJALTY 3YCHJb, & B HUKHIM YacTHHI —
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MOMEHTIB. Po3Mipu 30HH KOHTAKTy Ul PO3IVISIHYTOrO BUMAAKY Taki: —o, = [, = 74.9817

(rpam.)mpu € =0.2; —, = f,=57.4928 (rpan.) mpu & =—-0.2.

PrcyHoxk 2. Po3moiin KOMIOHEHTIB HANPYXKEHOTo CTaHy Ha KOHTypi otBopy (£ = 0.2)

Figure 2. Components distribution of the stress state on the contour of the hole (& = 0.2)

Pucynok 3. Po3moin KOMIOHEHTIB HANPYKEHOTO CTaHy Ha KOHTYpi otBopy (& = —0.2)

Figure 3. Components distribution of the stress state on the contour of the hole (& = —0.2)

BucHoBku. BenuunHa 30HM KOHTAaKTy CYTTEBO 3aJeKUTh Bix il kpuBuHHU. 3i
301IbIICHHSIM KPUBUHH B IEHTP1 30HU KOHTAKTY ii BEJIMUMHA 1 BiIMOBITHO KOHTAKTHI 3YCHILIS
Ta MOMEHTH 3pOCTaroTh. [Ipu BijmaneHHi BiJ KIiHI[IB 30HH CIIAl0 BIUIMB 30HM KOHTaKTy Ha

14
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BEJIMYMHY KOMIIOHEHTIB HANPYXXEHOTO CTaHy He3HauHWi. Ha Topusx 30HM craro BCi 3ycuyuis
Ta MOMEHTH HeoOMexeHi. Kimplesi 3ycHiuis, MOMEHTH Ta KpPyTHI MOMEHTH HaOyBarOTh
HEOOMEKEHHX 3HAYEHb TPH ITiIXO1 /10 KiHIIB 30HM CHAf0 BiJI KiHIIB 30HA KOHTAKTY.

3anponoHOBaHU METOJI MOKe OyTH BUKOPHUCTaHWW NPH PO3B’SI3yBaHHI aHAIOTIYHOI
3aj1a4i Uil OPTOTPOIHOI IUTACTHHKH 3 EIITUYHUM OTBOPOM.

The conclusions. The size of the contact zone considerably depends on its curvature.
The size of the contact zone and the contact stresses and moments, respectively, are
increasing in its center with the increase of the contact zone curvature. The influence of the
contact zone on the size of the components of the stress state is insignificant if the distance
from the ends of zone of the soldered joint is increased. In the zone of the soldered joint faces
all stresses and moments are unlimited. The hoop stresses, moments and toques are getting
unlimited when approaching the ends of the zone of soldered joint from the ends of the
contact zone.

The proposed method can be used in the solving of the similar problems for the
orthotropic plate with the elliptical hole.
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