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Beryn. Meroto poOotn Oyna mnoOyaoBa MaTeMaTHYHOI MOJENl  IpoLecy
¢binbTpyBaHHS CycrieH3ii Ha GUIBTPI 13 CAMOOYHCHUM (PUIBTPYBAJILHUM €JIEMEHTOM,
10 BUKOHAHHUH Y BUTJISI/II IIWJIIHIPUYHOL IPY>KUHU CTUCKY.

Marepiauu i meToau.

JocmimkeHds: mporiecy GiIbTpyBaHHS MPOBOAWIN Ha (UIBTPI 13 CAMOOYHCHUM
GbUIBbTpYBaTbHUM €JIEMEHTOM. B SKOCT1 JMOCHIIHOI CycHeH3ii BUKOPHCTOBYBAJIU
MOJIOYHY CHpPOBAaTKy, OTPMMaHy Tpd BHPOOHUITBI CHPY KHCIOMOJOYHOTO.
Konuenrpamito  aucnepcHoi  (a3su B CHUPOBATLl  BU3HAYAIU  LUISIXOM
HEeHTpU(YTyBaHHS MPOO 3 MOJAIBIIUM BUCYIITYBAaHHSIM OCaay B CYIIMIbHIN madi.

Pe3yabTaTtu i 00ropopennsi. OTpruMana mMaTeMaTH4Ha MOJENb ITPYHTYETbCS Ha
Mozenl Tpoluecy (UIbTpyBaHHSA 13 3aKyNOPIOBAHHSAM KOXHOI MOPH OKPEMOIO
YaCTUHKOIO.

B mopneni BpaxoByeTbesl, IO HE BCl YACTUHKHM JUCTEPCHOI (a3u, po3Mip SIKUX
NEepeBUIIYE MUPUHY (PUIBTPYBATBHUX OTBOPIB, OYAYTh iX 3aKyNOPIOBATH, a JIMIE iX
YacTKa, 110 IPSIMO MPONOPLIHHA BIJHOIIEHHIO TUIOLI dUBOTO MEepepi3y 10 3arajibHOi
wionr GUIbTPYBAIBHOI TOBEPXHI.

MaremMaTnyHa MOJieib JO3BOJISIE BU3HAYaTH TPUBAIICTh MpoOLECy (PUIbTPYBaHHS
BUXOJAYM 13 00’€My CYCIEH3li Ta BCTAaHOBJIIOBATU PALIOHATILHUN MeEpiod MIX
pereHeparisiMi CaMOOYHCHOTO (PUIBTPYBATBLHOTO EIEMEHTA.

[TopiBHSIHHS MapaMeTpiB OTPUMAHMX HUISIXOM MaT€MaTUYHOTO MOJENIOBaHHS 13
peanbHUM  mporecoM  (QUIBTPYBaHHS  MOJIOYHOI CHUPOBATKM  CBIAYUTH, IO
MaTeMaTHyHa MOJENb aJeKBAaTHO BIJOOpa)kae MpPOLEC PO3AUICHHA CycneH3ii Ha
bUIBTP1 13 caMOOUYUCHUM (UTBTPYBAIBHUM €JIEMEHTOM mpu 00’emi ¢dimbTparty Big 0
0 5 M ma 1 M? QineTpyBansHOi mosepxHi. CepeaHe BiIHOCHE BiJXMIIEHHS
pe3yAabTaTIB OTPUMAHUX 3 JOMOMOTOI MAaTeMaTHYHOI MOJEN1 BijJi €KCHEPUMEHTY
craHoBuTth 11 %.

BucHoBku. MaremarnuHa mojzenb Moxe OyTH 3acCTOCOBaHa NPHU PO3PAXYHKY
napaMeTpiB mpoiiecy GUIBTpYBaHHS CyCIieH3li Ha (UIBTPI 13 CaMOOYHMCHUM
GbUIBTPYBaTEHAM €JIEMEHTOM.

KirodoBi cjoBa: (inbTpyBaHHS, CYCHEH3is, MOPH, 3aKyNOPIOBaHHS, KamiIspH,
pereHepaitisi.
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MaremaTnyeckoe MOJeJTHPOBaHUe MpolLecca pa3ie/IeHUsl CYCIIEH3MU HA
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Beenenne. Ilenpro paboThl OBUIO TOCTPOSHHE MATEMATHYECKOH MOJICIH
npouecca  (QuiabTpanMu  CyCcneH3MM Ha  (QUIbTpe C  CaMOOYHMIIAIOIIMMCSA
GUIABTPYIOUIEM AJIIEMEHTOM, KOTOPHIN BBIMIOJHEH B BUJI€ UIUHIPUYECKOU MIPY>KUHBI
CoKaTusl.

Marepuanasl u MeToabl. MccnenoBanue nporecca GuiIbTpalvy MPOBOIUIN HA
bunpTpe ¢ caMooOYMIIAIOMUMCS (QUIBTPYIOIIEM 2JJIEMEHTOM. B kauecTse
MCCIIEIOBATEIBCKON CYCIEH3UM MCIO0JIb30BaIM MOJIOYHYIO CHIBOPOTKY, MOJTYYEHHYIO
Ipy TPOU3BOJACTBE TBOpora. KoHIEHTpaluio aucrnepcHoil (a3bl B CHIBOPOTKE
ONpeNeNsyid MyTeM HEeHTPpUPyrupoBaHusi Mpod € TMOCICAYIOIIUM BbICYITHBAHUEM
0CaJiKa B CYIIMJIbHOM IIKAQYy.

Pesyabratel u o0cy:xkaeHme. IlonmyueHHas Maremarnyeckas MOJEIb
OCHOBBIBAETCA Ha MOJEINH Mpoiiecca GUIbTPALMH C 3aKyOPUBAHUEM KaXKJOU MOPHI
OTAEIIbHON YacTHUIIEH.

B Mopenu yumThIBaeTCs, YTO HE BCE YACTHIIBI JUCTIEPCHON asbl, pazmep
KOTOpPBIX  TPEBHIIIACT IIMPUHY  (PUIBTPOBAIBHBIX  OTBEPCTHM, OyayT HX
3aKyMOpPUBATh, @ TOJBKO UX YacCTh, IPSAMO MPOMOPIMOHATIEHA OTHOIICHUIO TLIOIIAAH
YKUBOT'O CEYEHUS K OOIIeH MIomaau GuibTPyroieil TOBEPXHOCTH.

MaremaTuueckass MOJE€Nb MO3BOJISIET  ONPENENATh  MNPOAOIKUTEILHOCTD
nporecca (QuiIbTpalldd MCXOJsd U3 o0o0beMa CYCIeH3MHM U YCTaHABJIMBATH
ONTUMAIbHBIN MEPUOJT MEXKIY pereHepalusiMi CaMOOUHUIIAIOIIETOCs (DUIIBTPYIOIIETO
AJIEMEHTA.

CpaBHeHUE MapaMeTPOB MOJYYEHHBIX IyTEM MATEMATUYECKOTO MOAECIHUPOBAHUS
C peajibHBIM IPOIIECCOM (DUIBTPOBAHUS MOJIOYHON CHIBOPOTKHU CBUIETEIIHLCTBYET, YTO
MaTeMaTH4ecKasi MOJIeJib aJIeKBaTHO OTPAXKAET MPOLECC pa3elICHUs] CyCHEH3UH Ha
buIbTpe ¢ CaMOOUYHUIIAIOIIUMCS GUIBTPYIOIIMM 3JIEMEHTOM MpU 00beMe GuIbTparTa
or 0 no 5 M3 ma 1 M® QuibTpyromeii moBepxHocTH. CpeaHEe OTHOCHTENLHOE
OTKJIOHEHUE PE3YJIhTATOB MOJYUYECHHBIX C MOMOIIBI0 MAaTEMAaTUUYECKONW MOJAENIHU OT
sKcriepuMeHTa coctaiser 11%.

BoiBoabl. Marematuueckass MOJENb MOXET ObITh NPUMEHEHAa MpPH pacyeTe
napaMeTpoB mnporecca GUIbTPOBAHUS CYCIIEH3UU Ha (QUIBTPE C CAMOOYMIIIAIOITAMCS
GUIBTPYIOMUM JIEMEHTOM.

KioueBble ciaoBa: (QuiIbTpoBaHUE, CYCIEH3US, BpPEMEHHU, YKYIOPKH,
KaWUISIPbl, pereHeparusi.



Mathematical modelling of the separation of suspension process on the filter
with selt-purifier filter element

Mariia Shynkaryk, Oleh Kravets
Ternopil 1. Puliui National Technical University

Introduction. The aim of the work was to build a mathematical model of the
process of suspension filtering on the filter with self-purifier filter element that is
designed as a cylindrical compression spring.

Materials and methods. Research of the filtering process was performed on the
filter with self-purifier filter element. As a studied suspension the milk whey was
used, obtained in the production of cottage cheese. The concentration of the dispersed
phase in the milk whey was defined by centrifugation of samples followed by further
drying sludge in a drying oven.

Results and discussion. The gained mathematical model is based on the model of
the filtering process with clogging each pore with the individual particle.

The model takes into account that not all of the dispersed phase particles that are
larger than the width of the filter holes, will clog them, but only their particle that is
directly proportional to the ratio of living area to the total area of the filter surface.

The mathematical model allows to determine the length of the filtering process
based on the volume of suspension, and to set the rational period between
regenerations of self-purifier filter element.

Comparing the parameters obtained by mathematical modelling with the real
process of filtering milk whey indicates that the mathematical model adequately
reflects the separation process of suspension on the filter with self-purifier filter
element with the volume of filtrate from 0 to 5 m® per 1 m? filter surface - the average
relative deviation of the results obtained with the help of the mathematical model of
the experiment is 11%.

Conclusions. The mathematical model can be applied in calculating parameters
of the process of suspension filtering on the filter with self-purifier filter element.

Keywords: filtering, suspension, pores, clogging, capillaries, regeneration.
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Introduction

Regimes of suspensions filtering process are due to the following main factors:
properties of the suspension, properties of the filtration surface and the design
properties of the filter. Regarding filtration properties of the sludge, the impact of
both properties of dispersed environment [1-4] and dispersion [5, 6] should be noted.

Filtering through a layer of sludge is described by Darcy [7]:

1 oP
ur, oh’ (1)
where W — speed of filtering, m/sec;
ro — filtering resistivity, m;
u — dynamic viscosity of suspension, Pa-sec;
P — pressure, Pa;
h — height of sludge layer, m.

In the mathematical description of the filtering process the compressibility of the
sludge and continuity equation of the solid and liquid phase are also taken into
account [8]:
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where ¢ — porosity of the sludge layer;
T — duration of filtering, sec.

For consideration of sludge's compressibility the law of compression can be used
under which the infinitely small change in sludge's porosity is directly proportional to
the infinitely small change of pressure:

oe
G=—,
oP (3)

where G — compressibility module of sludge, Pa;
¢ — coefficient of porosity.

Solving this equation considering filtration and compression properties of
sludge is given in the work [8]
Also [8] the work highlights the need for representation filtering equation as
follows:
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where o — speed of the solid phase movement, m/sec.

W -ec =

In the work [1] it is proposed to consider the dependence of the resistivity to
filtering of the pressure filtering.

In the work [9] non-Newton properties of the dispersion phase, considering Rut's
equation are proposed:
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where q — specific volume of the filtrate obtained of the area unit of filter surface,
m3/m2;
AR — hydraulic resistance to the layer of sludge and filter surface, m?;
k — consistency index;
n — stream index of filtrate;
x — ratio of volumes of the obtained sludge and filtrate;
V — volume of filtrate, m?;
Ve — equivalent volume of filtrate, during the passage of which a sludge layer
with resistance to filtering that equals resistance to filter surface may be
formed, m?.

Secure features of the filtering process are considered in the monograph [1], in
particular filtration at a constant speed, constant pressure of the process, etc.

Common to all these works is filtration with a sludge formation on the filter
surface and change of the layer of sludge's height. However, structures of filtering
machines the height of the sludge layer of which is minimal and unchanged
throughout the whole process are known. This includes filtering centrifuges with
continuous diversion of sludge and filters with self-purifier filter elements [7]. In this
case, resistance to filtering, which creates a layer of sludge, can be considered as
resistance of the filter surface, and filtration process as such that proceeds with
clogging pores.

Filtering theory [7] in this case considers the following cases: filtering with
clogging every pore with a separate solid particle (complete clogging of pores)
filtering with a gradual clogging of every pore with many solid particles.

Mathematical model of filtering every pore process with a separate solid particle is
presented in the publication [7]. The author proposes to consider that on the filtration
surface with area of 1 m? is N identical cylindrical capillaries of radius r and height,
corresponding to the height of the sludge's layer. The initial speed of filtration is
proposed to be determined of the expression:

Wo = AN, (6)
where W, — initial speed of filtering, m/sec;
N — number of capillaries;
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A — volume of filtrate that passes through the capillaries per second, m3/sec, is
found of Hagen—Poiseuille equation:

nr* AP
A= . (7)
8uh

After passing the filtrate in the amount V the number of the clogged capillaries is
the following:
c=nV, (8)
where N — number of the clogged capillaries;
n — amount of the particles of a dispersed phase in one m® of suspension that
clog capillaries, 1/m3.

In these conditions, the dependence of filtering speed of the volume of filtrate
will be described by the equation:
W=A(N —nV). (9)

However, the formulation of the problem in this form does not allow taking into
account design features of filter and suspension.

The aim of the work was to build a mathematical model of the process of
suspension filtering with every pore clogging of the self-purifier filter element with
one solid particle in the absence of the sludge layer.

Materials and methods

The object of the research was the process of suspension filtering and theoretical
description of this process. Theoretical analysis was performed for the installation
with self-purifier filter element.

This refers to the self-purifier filter element that is designed as a cylindrical spring
of compression, the size of the gap between the turns of which corresponds to the size
of the smallest particle of the dispersed phase that should be impeded [10].

Experimental instalment with a cylindrical filter element consisted of a cylindrical
body 1 (Fig. 1), nozzles 2 and 3, supply and removal of whey respectively, guide
glass 4 with a screw 5, tube to remove sludge 6, filter element 7, ring 8,
electromagnet 9, shaft 10, sludge tank 11 and measuring tank 12. Material of the filter
element is stainless steel; the gap between the turns of the filter element - 0.9 mm, the
proportion of living cut - 38%.

As the pilot suspension the milk whey was used, obtained in the production of
cottage cheese in a periodic way (fat content in the finished product - 9%) using
cheese-producing baths of brand VS-5000.

Firstly a concentration of dispersed particles of protein in whey was defined. For
this case sampling of whey with volume of 500 ml was made every 3 minutes during
the whole time of pouring the whey out of the cheese-producing bath. Then all
samples were poured into one container, mixed and 12 portions of 5 ml each were
selected of the total volume of whey. Then four portions of whey were poured into



7

four tubes, closed with rubber stoppers and placed into a centrifuge of mark OPN-12
with plugs to center. The whey was centrifuged for 5 min at speed of 6000 rev/min
(centrifugation duration was measured from the moment of gaining rotational speed -
6000 rev/min). After centrifugation the tubes were removed from the centrifuge,
opened and the liquid phase was poured so that only the sludge remained in the tube.
The obtained sludge was dried in the oven for 60 minutes at the temperature of 105°
C. The dried sludge was weighed. The concentration of dispersed particles of protein
in the whey was defined as the ratio of dry sludge to the volume of whey of which it
was obtained (2-10-5 m3). The experiment was repeated three times. The
concentration of dispersed particles of protein in the whey was 3.0 kg/m?2.
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Figure 1. Experimental installation with self-purifier filter element
1-body; 2-3, respectively tubes of supply and removal of whey; 4-guide glass;
5-screw; 6-nozzle to remove sludge; 7 self-purifier filter element; 8-ring; 4;
9- electromagnet; 10-shaft; 11-sludge tank; 12-measuring filtrate tank.

Further purification of the whey was performed. Milk whey was given to the
experimental installation directly of cheese-producing bath (without pump) under
the pressure of 3.0 kPa. The whey through the pipe 2 was tangentially given to the
glass 4. From the glass it passed through the filter element 7. The ring 8 with
periodic switch of electromagnet 9 was moved down along the axis of the shaft 10
and thus compressed filter element 7 that ensured its regeneration. The duration of
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the regeneration was 1 sec. The sludge that remained on the filter element was
transported with screw 5 into the bottom of the body 1, where it was removed
periodically through the pipe 6 into the tank 11. The filtrate was removed of the
filter through the pipe 3 into the measuring tank 12.

Screw rotation rate was 9 rev/min. During the experiment every 10 sec the
amount of the sludge was fixed.

After filtering whey samples were collected out of the measuring tank 12, 5 ml
each, and according to the methodology described above, the concentration of the
dispersed phase in the filtrate was defined. It was 1.6 kg/m?.

Results and discussion

In the mathematical model developing the following assumptions were made:
during the accumulation of sludge in the gaps between the turns of the spring the
capillaries were formed, diameter of which is equal to the distance between the coils
of the spring; the height of the capillary is equal to the wall thickness of the filter
element (diameter of the coil spring); dispersed phase particles are uniformly
distributed over the entire area of the filter surface.

It was believed that the number of capillaries N is proportional to the living cut
area of filter surface:

SI

N=—77 (10)

T,

Where S — living cut area of filter surface, m?
rc — capillary radius, m.

Then we assume that not all of the dispersed phase particles that are larger than the
diameter of capillaries will clog them, but only their particle that is directly
proportional to the ratio of living cut area to the total area of the filter surface. The
remaining particles will be laid on coils of the spring and will be transported by
screw. Then n will be:

n=n >
0 (1)
where n —number of the dispersed phase particles in 1 m*® of suspension that are
larger than pore diameter, 1/m?;
S — filtering surface area, m?.

We change in equation (9) W to dV/dz:

dv
Pl A(N -nV) (12)

We divide variables:



—dV =dr
AN-1V) , (13)
AN =Wy, mark A-n=m.

After integration of equation (13) from 0 to V and from 0 to t, with boundary
conditions V = 0 and t = 10, we obtain an equation for the duration of filtering:

_ 1 (N-an
T=T, — In , (14)

A-n N
where 1o — duration of the filtering with a clean filter surface (none of capillaries is
clogged), sec.

Verification of the mathematical model for adequacy was performed on the
example of the process of milk whey filtering. Sequence of checking was as follows:
experimental study of the milk whey filtering process in production conditions was
made; mathematical modelling of the milk whey filtering process was performed,;
data obtained in the experimental way with the appropriate calculations were
compared; relative deviation of the mathematical model from the real process of
filtering was defined according to the formula:

i
320%, )
Q=1 i 100%, (15)

> %

i=1

where Q — relative deviation, %;
Xi. — experimental value of filtering duration to filtrate volume Vi, sec;
Yi — calculated value of filtering duration (according to the formula (14)) for
the filtrate volume Vj, sec;
J — number of measurements, j = 10.

Mathematical modelling was carried out in the following sequence:
- number of capillaries was defined according to the formula (10);
- average radius of particles larger than the diameter of the pores of the

expression was defined:
3

2. (:9)
loep = 7 (16)

Z g
i1

Where ri — average radius of i-fraction of protein particles larger than the width of the
filter surface gap;
gi — share of i-fraction protein particles, %.
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- average weight of one protein particle was found:

_3 3
mp.av. - Zn(rc.av.) Py (17)

where mpav. — average weight of protein particles larger than the diameter of the
pore, kg;
r.av. — average radius of capillaries, m;
pp — density protein, kg/md,

- number of particles in 1 m? of suspension larger than the size of the pore was
defined with the help of the formula:

Ny = m (18)

p.av.

where my — total mass of particles larger than the diameter of the pore, kg.

- number of the dispersed phase particles in 1 m® of suspension that clog the pores
according to the formula was defined (11);
- volume of the filtrate that passes through the capillary in one second according
to the equation was found (7);
- length of the filter with a clean filtration surface was defined:
\/
To = mo (19)

where F — area of filter surface, m?.

- calculation of the duration of the filtering process at V =0, 1, 2, 3 ... 10 m3
according to the formula (14) was performed.

Comparison of the data obtained by mathematical modelling with the real
filtering process of milk whey (figure 2) shows that the mathematical model
adequately reflects the process of suspension separation on the filter with self-purifier
filter element with the specific volume of filtrate up to 5 m3/m? - the average relative
deviation of the results obtained with the help of the mathematical model of the
experiment is 11%. With further increase of the specific volume of the filtrate the
relative deviation of the mathematical model increases.

As the concentration of dispersed particles in suspension remains stable and the
number of unclogged filter openings is inversely proportional to the volume of
filtrate, at a constant speed of filtering the process of clogging is eventually
accelerated. So, the lines showing the filter length dependence on the volume of
filtrate are of non-linear character (figure 2).
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Figure 2. Dependence of filtering milk whey duration filtrate on the volume of
filtrate for 1 m? of filter surface:
1 — experimental data; 2 — calculation according to the formula (14).

Conclusions.

The proposed mathematical model of suspension filtering process with every pore
clogging of self-purifier filter element with a separate particle at absence of sludge
layer allows to predict the duration of filtering depending on the volume of the
obtained filtrate and to set a rational value of regeneration period of the filter element.

The mathematical model adequately reflects the separation process of suspension
on the filter with self-purifier filter element with at the volume of filtrate from 0 to 5
m?3 per 1 m? of filter surface - average relative deviation of results obtained with the
help of the mathematical model of the experiment is 11%.

It can be used in calculation of the regeneration process of self-purifier filter
element and when designing new filter installations.
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